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Prefiltered Antialiased Lines Using Half-Plane Distance Functions

Robert McNamara Joel McCormack Norman P. Jouppi

Abstract correctly. Typical line-drawing algorithms sample a line at
] ) ] .. the center of each pixel, so that a pixel displays either the

We describe a method to compute high-quality antiali- packground color or the line color. This point sampling
ased lines by adding a modest amount of hardware to agjiows the irreproducible high frequencies to manifest
fragment generator based upon half-plane edge functions.ihemselves (alias) at lower frequencies. Line edges appear
(A fragment contains the information needed to paint one gtaircased and jagged rather than smooth and continuous.
pixel of a line or a polygon.) We surround an antialiased \when animated, these aliasing artifacts are even more ob-
line with four planar edge functions 'Fo create a long, thin, jectionable, as they seem to crawl along the line edges.
rectangle. Wg scale the edge functions so that they com- Antialiasing techniques apply a low-pass filter to the
pute signed distances from the four edges. For each frag-gesjred scene in order to attenuate these high frequencies,
ment within the antialiased line, the four distances to the gnq thus display smooth line edges. With filtering, a
fragment are combined and the result indexes an intensitypixeyS color is computed byonvolvingthe filter with the
table. The table is computed by convolving a filter kernel gesired scene. That is, the pixel color is a weighted aver-
with a prototypical line at various distances from the line’s age of an area of the desired scene around the pixel’s cen-

edge. Because the convolutions aren't performed in hard-ter and so a pixel near a line edge is a blend of the back-
ware, we can use wider, more complex filters with better gyound color and the line color.

high-frequency rejection than the narrow box filter com- Antialiasing trades one artifact for another—filtering
mon to supersampling antialiasing hardware. The resultis pjyrs the edge of the line. A good filter blurs less than a
smoother antialiased lines. poor filter for the same degree of high-frequency rejection,

~ Our algorithm is parameterized by the line width and ¢ ysyally requires a more complex weighting and sam-
filter _radlus. These parameters do not affect tht_a rendering ples a larger areaPrefiltering techniques hide this com-
algorithm, but only the setup of the edge functions. Our pexity from hardware by delegating to software the work
algorithm antialiases line endpoints without special han- of convolving the filter with a prototypical line at several
dling. We exploit this to paint small blurry squares as ap- gjstances from the line. The results are used to create a
proximations to small antialiased round points. We do not i5pje that maps the distance of a pixel from a line into an
need a different fragment generator for antialiased lines, intensity. The table can be constructed once at hardware
and so can take advantage of all optimizations introduced design time, or for more accuracy can be recomputed each

in an existing half-plane fragment generator. time an application selects a different line width, filter ra-
] dius, or filterkernel(weighting function).
1. Introduction This paper describes a way to draw antialiased lines

using prefiltering. We use four half-plane edge functions,
as described by Pineda [8], to surround a line, creating a
long, thin rectangle. We scale these functions so that each
computes a signed distance from the edge to a pixel. Scal-
ing requires computing the reciprocal of the length of the
line, but only to a few bits of precision. We push the edge

A device that displays an array of discrete pixels, such
as a CRT monitor or a flat-panel LCD, has a finite fre-
qguency response. The abrupt step transition from a back-
ground color to a line color and back again—a square
wave—requires an infinite frequency response to reproduce

- functions out from the line by an amount that depends upon
! Compag Computer Corporation Systems Research Center ; ; Al ; inhic wi
paq p p Yy the filter radius, so that the antialiased line, which is wider

130 Lytton Avenue, Palo Alto, CA 94301. and longer than the original line, is surrounded by the
Bob.McNamara@Compag.com scaled edge functions. We evaluate the four edge functions
2 Compaq Computer Corporation Western Research Labo- at each pixel within the antialiased ”ne, and the resulting
ratory, 250 University Avenue, Palo Alto, CA 94301. distances index one or more copies of a table to yield inten-
[Joel.McCormack, Norm.Jouppi]@Compag.com. sities. We show several ways to combine the distances and
_ _ ) _ ) intensities, as combinations that yield better-looking line
This report is a superset d®refiltered Lines Using Half- endpoints have a higher implementation cost. We also

Plane Distance Functiongublished inProceedings of the show how to exploit the combination of nicely rounded
2000 EUROGRAPHICS/SIGGRAPH Workshop on Graph-  endpoints and varying line and filter widths to approximate

ics Hardware small antialiased circles (e.g., OpenGL antialiased wide
© 2000 Association for Computing Machinery. points [Q]) by painting blurry squares with an appropriate
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This paper first reviews some filter theory (Wolberg
[11] is good source for more detail) and Pineda’s work [8].

X
BN

We then show how to turn edge functions into distance ‘\\\\si..:g......
functions that depend upon the line width and filter radius. ‘&\\3\\‘\(#::%.
We show how different combinations of distance functions °° ".:.'

affect the quality of line endpoints, and how to paint small ~ °?2®
antialiased points. We compare our algorithm with previ-

ous work. Finally, we present the details of the complete
algorithm along with precision requirements and our con-
clusions.

2. Filtering and Prefiltering

A finite impulse response (FIR) low-pass filter maps Figure 1: A conical filter kernel of radius 1 centered

an ideal infinite-resolution image onto a discrete array of ~ ©napixel. The height at any,(y) point is the relative
weight that the ideal image contributes to the pixel.

pixels by weighted averaging@nvolving a small area of
the image around the center of each pixel. We refer to this
area as thdootprint of the filter; if the filter is circularly
symmetric then the filter's radius determines its footprint.
The weighting function is called the filtdernel

The simplest possible kernel—point-sampling—uses a
single point in the scene for each pixel, and produces the
aliased line and polygon edges seen with low-end graphics
accelerators.

Supersampling examines the image at a large number
of discrete points per pixel, applying the appropriate filter
weight at each sample point. But even high-end antialias-
ing hardware [1][7] tends to use a square box filter of ra-
dius %. This filter weights all portions of the image within
the footprint equally, and has poor high-frequency rejec-

tion. Further, such implementations sample the desired Figure 2: A conical filter kernel of radius 1 and a
image with only 8 or 16 points per pixel, and so can vary ~_line of width 1. Only the portion of the filter that
widely from the true analytic convolution result. intersects the line contributes to the pixel’s intensity.

More sophisticated kernels use more complex weight-
ings, and reduce aliasing artifacts more effectively and with
less blurring than a box filter. The best practical filters
have a two or three pixel radius, with negative weights in
some regions. Filters with a smaller radius and non-
negative weights limit quality somewhat, but improve
drawing efficiency and match OpenGL semantics, where
an unsigned alpha channel represents pixel intensity. One
good compromise is a cone with a radius of one pixel, that
is, a circularly symmetric linear filter.

Figure 1 shows this filter. The grid lines are spaced at
distances off.o of a pixel, with unit pixel distances labeled
on thex andy axes. Bold lines demarcate pixel “bounda-
ries,” for readers who think of pixels as tiny squares. This
kernel has a maximum valdeat the center of the pixel.

A filter with only positive weights that is too narrow
(its radiusr is too small) leaks a good deal of high fre-
guency energy, resulting in lines with a “ropy” appearance.
A filter that is too wide creates fat blurry lines. In practice,
the “best” filter radius is chosen by gathering a bunch of ! Our algorithm is not limited to white lines on black
people around a screen and asking which lines they like packgrounds. The antialiased intensity is used as an alpha
best. Since one person’s smoothness is another person’sialue to blend the background color and the line color. Our
blurriness, our algorithm allows loading data for an arbi- algorithm also paints good-looking depth-cued lines, which
trary filter, with programmable radius and weights. change color along their length, even though it does not

quite correctly compute colors near the line endpoints.

We wish to paint an antialiased approximation to a de-
sired lineL g, which has an intensity of 1 at all points inside
the line, and an intensity of 0 at all points outside thelline
Since all points inside the desired line have unit intensity,
the convolution at each pixel simplifies to computing the
volume of the portion of the filter kernel that intersettg
(which has unit height). To create amtialiasedline L,,
we place the filter kernel at each pixel inside or near the
desired lineLy, and compute the pixel's intensity as the
volume of the intersection of the kernel with the line.
Figure 2 shows a desired line with a width of one pixel,
intersected with the filter kernel placed at a pixel center.
The portion of the line that doesn’t intersect the filter ker-
nel is shown slightly raised for clarity of illustration only.
Since the left and right edges of the filter kernel extend
beyond the sides of the line, they have been shaved off.
The intensity for the pixel is the volume of the filter kernel
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that remains. Note that the antialiased Ilng will light up
pixels “outside” the desired linky with some intensity less
than 1.

In theory, the heighh of the kernel should be chosen
to normalize the filter kernel volume to one, so that filter-
ing doesn’'t change the overall brightness of the line. In

FREFILTEREDANTIALIASED LINES USINGHALF-PLANE DISTANCE FUNCTIONS

Figure 3 shows a graph of such a mapping, where the
filter kernel is a cone with a radius of one pixel, the desired
line’s width is one pixel, and the height of the filter kernel
has been chosen so that the maximum intensity value is 1.0.
The horizontal axis is the perpendicular distance from the
centerline of the desired line, the vertical axis is the inten-

practice, this makes antialiased lines seem slightly dim. A sity value for that distance. When the filter is placed over
filter with a diameter wider than the line always spills over the center of the line (distance 0), the intersection of the
the edges of the line, and so no pixel has the maximum filter kernel with the line is as large as possible, and so the
intensity of 1. Though nearby pixels slightly light up to resulting intensity is at the maximal value. When the filter
compensate, the antialiased line nonetheless appears dimis placed a distance of 1.5 pixels from the center of the line,
mer than the equivalent aliased line. We've chosen the the intersection of the filter with the line is empty, and so
heighth in the following examples so that when the filter the resulting intensity is 0.

kernel is placed over the middle of a line, the intensity is 1.

This is an esthetic decision, not an algorithmic requirement, . .

though it does slightly simplify some of the endpoint com- 3- Half-Plane Distance Functions

putations described below in Section 5. In order to use a distance to intensity table, we need a
A prefiltered antialiasing implementation need not 4y to efficiently compute the distance from a pixel to a
compute the volume of the intersection of a filter kernel |ine. \We were already using half-plane edge functions
with a desired line at each pixel in the antialiased line. 58] to generate fragments for polygons and aliased lines
Instead, for a given line width and filter kernel we can pre- jn'the Neon graphics accelerator [6]. Thus, it was natural
compute these convolutions at several distances from thegng cost-effective to slightly modify this logic to compute
line, and store the results in a table. distances for antialiased lines.
For now, we’'ll ignore pixels near line endpoints, and Given a directed edge from a poink(Yo) to a point
assume the filter intersects only one or both of the long (y, v.) we define the edge functidg(x, y):
edges ofLy. The orientation of the line has no effect upon
its intersection volume with a circularly symmetrical fil-
ter—only the distance to the line matters. Gupta & Sproull
[3] summarized the two-dimensional volume integral as a E(X, y) = (Xx—Xo)*Ay — (Y — Yo)* AX
one-dimensional function. Its input is the distance between Given the value of at a particular )(, y), itis easy to

a piXeI center and the centerline of the desired line. Its incrementa”y Compute the value & at a nearby pixe|_

output is an intensity. This mapping has a minimum inten- For example, here are the four Manhattan neighbors:
sity of 0 when the filter kernel is placed so far away that its
E(x+1,y) =E(x,y) + Ay

intersection with the desired line is empty. The mapping
has a maximum intensity when the filter kernel is placed E(x-1,y) = E(x,y) -8y
directly on the centerline. If the filter's diameter is smaller E(x, y+1) =E(x, y) —Ax
than the line width, this maximum intensity is also reached E(x, y-1) =E(x, y) + Ax
at any point where the filter kernel is completely contained An edge function is positive for points to the right side
within the line. This mapping is then reduced to a discrete of the directed edge, negative for points to the left, and zero
table; we have found 32 5-bit entries sufficient to avoid for points on the edge. We surround a line with four edge
sampling and quantization artifacts. functions in a clockwise fashion; only pixels for which all
four edge functions are positive are inside the line.

An edge function indicates which side of the edge a

AX = (X1~ Xo)
Ay = (Y1 —Yo)

0.9 point lies, but we need to know the distance from an edge
0.8 \ to a point &, y). Careful examination of the edge function
0.7 \ shows that idoescompute the distance to a point §), but
206 N\ that this distance is multiplied by the distance between
2 05 AN (%o, Yo) and &, y1). By dividing an edge functioiE by the
g 04 \ distance bgtweem(, Yo) and &, y1), we can derive a dis-
03 \ tance functiorD:
02 \\ D(x,y) = E(x, y) * 1/ sqrt(x’ + Ay?)
O'; The fragment generation logic we use for aliased ob-

jects has four edge function evaluators. The setup se-
guence for an aliased line initializes these evaluators with
four edge functions that surround the aliased line. If we
surround an antialiased line in a similar manner, no

0 0.25 0.5 0.75 1 1.25 15

Distance from Center of Line in Pixels

Figure 3: Mapping of the distance between a
pixel and the center of the line into an intensity.
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changes are needed in the logic used to traverse objectsdescribed byD(x, y) = 0 is parallel toL,.) Their distance
Changes are limited to the setup of the edge evaluators forfrom the mathematical line is ¥+ r. The %w term is the
antialiased lines, which differs from aliased line setup in distance that the desired lihg sticks out from the mathe-
two ways. First, we multiply the values loaded into the matical line. Ther term is the distance from the desired
edge evaluators by the reciprocal of the length of the de- line L4 at which the filter kernel has an empty intersection
sired line, so that the edge evaluators compute Euclideanwith the desired line. The two end cap distance functions
distances that we can later map into intensities. When we D; and D; are perpendicular to the mathematical ling.
refer to the four distance functiom3, throughD3, remem- Their distance from the start and end pointd gfisr. The
ber that these distance functions are computed by the samesnd caps can optionally be extended an additional distance
edge evaluators that aliased lines use. Second, we “push’of %2 w to make wide antialiased lines join more smoothly.
the edge evaluators out from the desired line, as the antiali- Gupta & Sproull map the distance between a fragment
ased line is longer and wider than the desired line. and the mathematical line,, into an intensity. In contrast,
Figure 4 shows how the edge evaluators are positionedwe have introduced four distances, one from each edge of
for antialiased lines. The grid demarcates pixel boundaries. the antialiased liné ,,. This is convenient for reusing frag-
The solid line L, is the one-dimensional (zero width) ment generation logic, but has other advantages as well.
mathematical line segment between the endpoixysy) The next two sections show how the four distance functions
and &, y1). The dashed lind is the desired line, with a  can easily accommodate different line widths and filter
width w of one pixel (measured perpendicularly to the radii, and how they nicely antialias line endpoints without
mathematical lind_;)). The four distance function3,, Dy, special casing them.
D,, and D; surround the antialiased link,, which is
lightly shaded. Each distance function computes a signed . . . .
distance from an edge or end of the antialiased line to a4~ Varying Line and Filter Widths
point. Points toward the inside of the antialiased line have We would like to support various line widths and filter
a positive distance; points away from the antialiased line (agjj in a uniform manner. We therefore don't actually use
have a negative distance. A fragment has non-zero inten-he Eyclidean distance functions described above. Instead,
sity, and thus is part of the antialiased libg, only if each  \ye scale distances so that a scaled distance of 1 represents
of the four distance functions is positive at the fragment. e Eyclidean distance from the edge of the antialiased line
We derive the position of each distance function from 4 the point at which the filter function first reaches its

the desired line’s endpointy yo) and i, y), its widthw, maximum intensity. This scaling is dependent upon both
and the filter radius. The two side distance functiori the filter radius and the line width, and falls into two cases.
andD, are parallel to the mathematical lig, and on op- In one case, the filtediameteris equal to or larger

posite sides of it. (D is parallel toL,” means that the line  han the linewidth, so the filter kernel can't entirely fit in-
side the desired line, as shown in Figure 5. The grid de-

Dy=0 r D,=0 marcates pixels. The solid line is the infinitely thin
| - mathematical line_,,, between provided endpointgo Yo)
Lﬂ Y and (&, y,). The thick dashed line is the desired libg,
with a widthw of one pixel. The circles represent the foot-
>
. filter yields filter yields
Lo | L | Ln A k) minimum —— maximum
| | e e s intensity of 0.0 intensity
N— P 7
) .- P /\ filter /L
i s L radiug N
\< . I { ( ) ///\(Xl' y,)
// ,/ // /)
- <, ’

; X
0 0% Rs Satid
- . < Ui
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[ “d
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Figure 5: Scaling when the filter is wider than the desired

Figure 4: An antialiased line surrounded by four line. Minimum intensity occurs when the filter is at
four distance functions. All four functions have distance outside the desired line, while maximum
a positive intensity within the shaded area. intensity occurs at distane®'2 inside the desired line.
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print of the filter, which also has a radiusof one pixel. changes vyields the best possible results. (A high-resolution
The minimum intensity occurs when the filter is located at summed area table of the filter kernel [2] provides an effi-
leastr pixels outside the edge of the desired line, and so cient way of computing a new distance to intensity table,

does not overlap the desired lihg. The maximum inten- especially for the two-dimensional table described below in
sity occurs when the filter is centered g, and so is lo- Section 5.)

cated Yaw pixels inside the edge of the desired line. Our In practice, we can accommodate the typical range of
scaled distance of 1 corresponds to a Euclidean distance ofratios using a single mapping and still get visually pleasing
the filter radiusr plus ¥z the desired line widtlv. In this (though slightly inaccurate) results. At one extreme, the

case, the table entries (which map distances from the near-maximum filter radius will probably not exceed 2; larger
est line edge into intensities) automatically compensate for radii result in excessive blurring. Coupled with a minimum
the filter “falling off’ the opposite line edge farther away. line width of 1, the largest possibléw ratio is 2. At the

In the other case, the desired line is wider than the fil- other extreme, alt/w ratios of %2 or smaller use the same
ter diameter, as shown in Figure 6. The desired line has amapping.
width w of three pixels, while the filter’s radiusis still one
pixel. Again, the minimum intensity occurs when the filter . .
is r pixels outside the edge of the desired line. But the 9- Line Endpoints

maximum intensity is reached as soon as the filter footprint We have so far begged the question of how to map the
is completely inside the desired line, at a distance pik- values of the four distance functions at a fragment’s posi-
els inside the edge of the desired line. A scaled distance ofjon into an intensity. The answer is intimately related to
1 corresponds to a Euclidean distanc@opixels. how accurately we antialias the line’s endpoints. All tech-
Thus, we compute the scaled distance functions as:  piques described in this section compute the same, correct
if (w>2%*r){ intensity for fragments sufficiently distant from the line’'s
filter_scale= 1/(2*r); two endpoints, but differ substantially near the endpoints.
}else { In general, the more complex implementations compute
filter_scale=1/(r + %2w); better-looking endpoints. Figure 8 shows a 3D graph of the
correct intensities, computed by convolving the filter kernel
scale= filter_scale* 1/ sqrt(Ax* + Ay?) at each point on a fine grid near a line endpoint.
D(x,y) = E(x, y) * scale The simplest mapping takes the minimum of the four

Measuring distance from the edges of the antialiased distances at a fragment, and then indexes the intensity table

line (where the action is), combined with scaling, means [© g€t the fragment's intensity. Figure 9 shows the result,

that the distance-to-intensity function no longer depends Wh.ICh looks something like a chisel. This makes .I|ne.end-

upon the exact values of andr, but only upon their ratio. ~ POINts appear more square than they should, which is par-

Figure 7 shows the mapping for three different ratios. ticularly noticeable when many short lines are drawn close
If the intensity mapping table is implemented in a (©9ether, such asin stroke fonts.

RAM, recomputing the mapping each time the ratio Allowing one distance function to modulate another
' decreases intensities near the antialiased line’s corners. We

improved endpoint quality considerably by taking the

filter yields filter yields minimum of the two side distance functioi¥ and Do,
minimum ——— maximum taking the minimum of the two end distance functidds
intensity of 0.0W intensity andD;, and multiplying the two minima to get a composite
filter
7 N 0.9
k \. 3 / \Exl' ¥ 0.8 / /

%
— —;7\ \ — radius = 2 * width ///'

( al ( > 06 771 = radius = width //
filter - - ’ 0.5 ////
radius \ 2 _/ R 0.4

% g e 03 //5//

Xy Y < P .

oW Ly o i
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\\ . s L L .
\v/ m d 0 / T T T
0 0.2 0.4 0.6 0.8 1
Figure 6: Scaling when the filter is narrower Scaled Distance From Edge
than the desired line. Maximum intensity Figure 7: Distance to intensity mappings for
occurs at distanceinside the desired line. a range of filter radius to line width ratios.
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distance, which we use to index the distance to intensity minimum distance and the end minimum distance into the

table. Figure 10 shows the result, which more closely
matches the desired curve.

correct intensity that was computed by convolution. This

However, note also that theresults in the ideal curve shown in Figure 8. Since this

center of the line near the endpoint shows a slightly sharp two-dimensional table is symmetric around the diagonal,
peak, rather than a smoothly rounded top, and that the end-nearly half of the table can be eliminated. A 32 x 32 table

point resembles a triangular wedge. This difference is in-
distinguishable from the exact convolutions for lines of
width one, but is slightly noticeable on lines of width three.

We can remove the peak with another increase in im-
plementation complexity. Rather than multiplying the side
minimum by the end minimum, we duplicate the distance
to intensity table, look up an intensity for each minimum,
then multiply the resulting intensities. Figure 11 shows the
result. It is hard to visually distinguish this from the de-
sired curve. Subtracting the desired curve from the multi-
plied intensity curve shows that the multiplied intensities
don't tail off as quickly as the ideal curve, and so the end-
points stick out slightly further than desired.

is plenty big—we could detect no improvement using lar-
ger tables. A 32 x 32 table requires 1024 entries, or only
528 entries if diagonal symmetry is exploited. A 16 x 16
table, which more closely matches the resolution of many
hardware antialiasing implementations, requires 256 en-
tries, or only 136 entries if diagonal symmetry is exploited.

It is instructive to contrast these small tables with
Gupta & Sproull’s [3] endpoint tables. For integer end-
points, their table uses 17 rows, each composed of six en-
tries for the six pixels most affected near the endpoint, for a
total of 102 entries. They state that allowing four bits of
subpixel precision for endpoints requires a 17x17x17x6
table, with a total of 29,478 entries! In reality, the table

The most accurate mapping leverages the relatively would be even larger, as some subpixel endpoint positions

small number of entries in the distance to intensity table.

We can use a two-dimensional table that maps the side

{2
R 71/
e gy
&322 11T T
.0:‘0:'0'.""’””""'
0.0.:0.‘0,,’""""" []

Figure 8: Ideal intensities near an endpoint computed
via convolution create a smoothly rounded tip.

Figure 9: Intensities using the minimum distance
function create an objectionable “chisel” tip.

can substantially affect more than six nearby pixels.

Figure 10: Intensities from multiplying the minimum
side distance by the minimum end distance slightly
but noticeably project the center of the endpoint.

Figure 11: Intensities from multiplying the minimum
side intensity by the minimum end intensity are
indistinguishable from the ideal computation.
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6. Antialiased Points filter radius is equal to the square’s width. Each intensity is
_ o ) computed by multiplying the end minimum intensity by the

OpenGL wide antialiased points [9] should be ren- gige minimum intensity, as described above in Section 5.
dered by convolving a filter kernel with a circle of the Figure 12 is the usual 3D plot; Figure 13 is a contour plot
specified diameter. With a circularly symmetric filter, the showing iso-intensity curves. Each iso-intensity curve
resulting intensities are circularly symmetric around the gphows the set of( y) locations that have the same intensity
center of the antialiased point—intensity is strictly a func- jye: the different curves represent intensity level of 0.1,
tion of the distance from the center of the circle. We might o 2 etc. Note that only the lowest intensity curve deviates
have implemented a quadratic distance evaluator and a spengticeably from a circle. This deviation is undetectable on
cial distance to intensity table for antialiased points. Or we he display, and the antialiased square is indistinguishable
could have left antialiased points up to software. Instead, from an antialiased circle.
we observed that most applications paint relatively small If we always use a one to one ratio between square size
antialiased points, and that we could use the programmablegng filter radius, in order to make the antialiased square
line width and filter radius to paint small slightly blurry |50k circular, and then paint larger and larger squares,
squares as an approximation to small slightly blurry points. - eyentyally the filter radius becomes so large that the an-

If the filter radius is large enough compared to the jzjiased square line appears unacceptably blurred. We can
square, _the antialiased intensities are nearly circularly 5ccommodate slightly larger squares by limiting the filter
symmetric, as the corners of the antialiased square haveggius to some maximum that doesn’t blur things too much,

intensities_ that are effectively zero. Figure 12 and Figure hen allow the size of the square to increase a bit beyond
13 show intensity plots of an antialiased square when the

NS
&2 V:{%h.
o I NNNN
U

Figure 12: Intensities are nearly circularly symmetric Figure 14: Intensities are slightly non-circular at low inten-
when the square size is equal to filter radius. sities when the square size is 1.5 times the filter radius.
Figure 13: Contour lines when the Figure 15: Contour lines when the
square size is equal to filter radius. square size is 1.5 times the filter radius.
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this. The antialiased “point” gradually becomes more like The RealityEngine [1] and InfiniteReality [7] treat pix-

a square with rounded corners, but it takes awhile for this els as squares, and allow an antialiased line intensity to be
to become objectionable. Figure 14 and Figure 15 show an computed as the intersection of a line with a pixel's square.
antialiased square whose width is 1.5 times the filter radius; The result is a separable (square) box filter with a radius of
most of the contour lines still look like circles. For typical Y. This narrow linear filter results in ropiness (blurry
displays, we've found that antialiased squares up to aboutstaircasing) along the length of the line.

five or six pixels in size look quite good. (Note that this Figure 16 shows a starburst pattern of one-pixel wide
may increase the filter radius beyond the 2 pixels “maxi- lines’, magnified 2.3 times to show greater detail, and an-
mum” hypothesized previously in Section 4, but that this tialiased using a regular 4 x 4 subpixel grid like that in the
does not increase the maximutiw ratio beyond 2, as the  RealityEngine. Although the 16 sample points allow 17

square size is increasing, too.) levels of intensity, lines that are almost vertical or horizon-
tal tend to have intensities that poorly match the pixel area
7. Comparison With Previous Work covered by the line. Since their edges nearly parallel a col-

) umn or row of 4 sample points, a slight increase in area

_Our algorithm owes much to Gupta & Sproull [3], but  coverage from one pixel to another may jump up to four
differs in several important ways. We compute four dis- jntensity levels. (The RealityEngine does allow sample
tances from a pixel to the edges and endpoints of the line; points to be lit with an “area sample” algorithm, which
they use a single Bresenham-based distance to the center ofjtigates this problem, at the expense of other artifacts due
the line. We combine distances before table lookup, and/or tq lighting up sample points that are outside the object.)
intensities after table lookup, in a fashion that automatically Figure 17 shows the same starburst with 8 supersample
antialiases line endpoints; they handle endpoints as a spepoints, but arranged in a less regular sparse pattern on an
cial case using a special table. We allow non-integer end- g x 8 subpixel grid, similar to InfiniteReality. One sample
points by adding a few bits of precision to computations; point is used on each row and column of the subpixel grid,
non-integer endpoints explode their special endpoint table and each quadrant contains two samples. Since half as
into InfeaSIblllty We Support different line widths and many Sample points are used, there are Only 9 levels of
filter radii via setup computations that merely alter the edge intensity, which makes lines at about*4@oticeably more
functions’ increments and initial values; they require gjiased. However, the intensity more accurately matches
changing rendering operations to paint different numbers of the areq covered by near horizontal and vertical lines, and
pixels on each scanline, and a new endpoint table with a g5 those are slightly improved.

different number of entries. . _ Figure 18 shows the starburst painted with our algo-
Turkowski [10] proposes two distance functions, one yithm: the two minimum distances are multiplied to get a
along the length of the line and one perpendicular to that. single distance that is then mapped into an intensity. Since
Along the length of the line, he obtains results identical to \ye accurately represent distances to the line edges and di-
us. Atthe endpoints, his algorithm can paint better-looking rectly map that to an intensity, we do not suffer the large
wide lines, as he defines the endpoints to be Sem'(_:'rdes-intensityjumps that plague supersampling. Since we use a
Unfortunately, this requires using a CORDIC evaluation to \ider filter with better high-frequency rejection, we also

compute a distance at each pixel location, which is much paint lines with less aliasing (stairstepping) than existing
more expensive than our two-dimensional table lookup or supersampling hardware.

our limited precision multiply. _ _ Our technique is susceptible to artifacts when different
_Neither of the two previous techniques map directly cojored lines are near or cross each other. We treat each
into a fragment generator based on half-plane edge func-|ine independently: the precomputed convolution assumes a
tions, though Turkowski's work could conceivably be jine interacts only with the constant background, and not
wedged into such a design. Two other techniques, both ih other lines. If the OpenGL [9] frame buffer raster
used in half-plane fragment generators, are worth noting.  operationCOPYis naively used, these artifacts are severe,

~ The PixelVision chip [S] paints antialiased lines by a4 the second line overwrites much of the previous line.
linearly ramping the intensity from O at one edge of aline The  OpenGL blending function SRC_ALPHA
to 1 at the center, and then back down to 0 at the other -

edge. Due to a lack of gamma correction on this hardware,

this results in a filter with a very sharp central cusp, with 2 All image examples have been grouped onto a single
poor high-frequency rejection. It computes the edges of an color page. Please print the examples on a high-quality
antialiased line as +%2 the width in the horizontal direction ink-jet printer for best results. Laser printers are mediocre
for x-major lines, and in the vertical direction fgrmajor at reproducing subtle color gradations. If you insist on
lines, rather than perpendicular to the line. This results in viewing with Adobe Acrobat, which uses a mediocre re-
antialiased lines that change width as they rotate, and areduction filter, please magnify example pages to the full
nearly 30% too narrow at 45 Finally, it simply truncates  width of your screen, or you will see artificially bumpy

endpoints to the nearest integer, so that several small lineslines, and please ensure that your display is properly
drawn in close proximity look ragged. gamma corrected, or you will see ropy lines when you

shouldn’t.
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DST_ONE_MINUS_SRC_ALPHA&ombines the new line  nearer in the right half. In the top half, there is no way to
with existing information from the frame buffer: show which line is nearer when lines cross. The brain must
use other cues, like perspective foreshortening (not present
in this flat image), to discern this information. In the bot-

This blending reduces such artifacts. However, the tom half, the near lines clearly paint over the far lines,
most recently painted line still tends to underweight any yielding additional clues as to depth relationships. Such a
previously painted lines nearby, and our technique cannotsjtuation might occur when different subassemblies of a
use anyZ depth information to give a sense of far and near wireframe image (engine block, pistons, etc.) are displayed
at line intersections. These artifacts are unnoticeable whenyith different colored lines.

all antialiased lines are the same color, but give misleading Figure 21 shows how our algorithm paints the same
depth cues when different portions of a wireframe object pattern of crossing lines. Like-colored lines cross
area are painted with different colors. smoothly, without noticeable artifacts, and again with no
Supersample techniques have one nice advantage ovekense of near and far. However, different colored lines can
our algorithm, as they maintain information about the sub- provide false depth cues. The most recently painted line
pixel coverage and depth values of both lines, and then appears nearer than older lines, regardless of actual depth.
compute a filtered pixel value based upon this information. Wwe tried the OpenGL blending functiorSRC_ALPHA
However, maintaining equivalent rendering speed requires DST_ONB, which fully weights existing frame buffer in-
scaling frame buffer memory capacity and bandwidth up by formation. We hoped that when different colored lines
the number of sample points. crossed, this would create a neutral blend with no depth
And note that typical hardware supersampling is still cues. However, this blending function can make one color
subject to large errors in color due to the narrow box filter. Jine look like it is always nearer than another color line,
As an artificially worst case example, consider several ver- regardless of the order that they are painted, and so still
tically adjacent horizontal lines, each 1.05 pixels in width, provides incorrect depth cues. Further, this blending func-
alternating between red and green. This pattern is just be-tion erroneously brightens the intersection of like-colored
low the Nyquist limit (the highest theoretically reproduci- [ines.
ble frequency with a perfect reconstruction filter), but far Rendering high quality images without artifacts re-
beyond the highest reproducible frequency of any actual quires (1) using a wide, non-box filter like our algorithm,
display device. Since any attempt to display individual and (2) maintaining accurate geometry information for each
lines will show aliasing artifacts, a perfect filter matched to |ine or surface that is visible within a pixel, like supersam-
the display would render the entire scene as a muddy yel-pling with many sample points. We suggest that future
low. supersampling hardware could adopt more sample points
Figure 19 shows such alternating lines rendered three over a wider area, such that adjacent pixels’ sample points
different ways. The left portion was rendered using a 4x4 0\/er|ap one another, and that these Samp|e points be
dense supersampling pattern. When a linet®ordinate is  weighted unequally. The weighting requires at least a
vertically near the center of a pixel, the pixel displays in- small multiplier per sample point, but current silicon fabri-
correctly as a nearly saturated red or green, because theation technology makes this feasible. Allowing sample
adjacent lines contribute almost nothing to the pixel's points to extend farther from a pixel center requires gener-
color. But when a line'y coordinate is nearly equidistant  ating more fragments for a line or surface, but it is easy to
between two pixel centers, the pixels display as the correctincrease the fragment generation rate by increasing the
muddy yellow, because adjacent red and green lines arenumber of fragments generated in parallel. More problem-
almost equally weighted. Lines with intermediateoor- atic is the increased memory capacity and bandwidth re-
dinates result in intermediate colors. quirements of current supersampling hardware when the
The middle and right portions of Figure 19 were ren- number of sample points is increased. We suggest that this
dered with our algorithm, blending new line information problem is tractable if a sample point mask, rather than a
with  existing frame buffer information using single sample point, is associated with each color/Z entry,
(SRC_ALPHADST_ONE_MINUS_SRC_ALPHAIn the as described by Jouppi & Chang in [4]. This technique

middle portion, we painted all red lines, then all green allows many sample points with just a few color/Z entries
lines. It shows less variation in color than the supersam- per pixel.

pling images due to the wider filter. But the color is heav-
ily biased away from yellow and toward green, as the more 8. Algorithm Details
recently painted green lines underweight the contribution of

dst=src_alpha* src+ (1 —src_alphg * dst

the previously painted red lines. In the right portion, we We now present the complete algorithm at a detailed
painted lines from bottom to top. While ttaeragecolor level, including the setup of the edge functions. The algo-
is now correct, the variations in color are larger. rithm is parameterized by the line widili and the filter

Figure 20 shows crossing lines of like (top half) and radiusr.
different (bottom half) colors, painted with a 4x4 super-
sampling pattern. The starburst lines are nearer than the
horizontal lines in the left half, and the horizontal lines are

9
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Computex andy deltas

AX = X1 —Xo
Ay =y1—Yo,
Compute the length of the line and the reciprocal
square root. The length and reciprocal square root

need only a few bits of precision, and can use a small
table lookup after a normalizing shift.

lengthf = A + Ay,
if (lengttf 0 == 0) {

We're done with this line
}

reciprocal_sqrt= 1 / sqrt{engtif);

Compute a scale factor for turningx and Ay into
scaled distances. We want a scaled distance of 1 to
represent the Euclidean distance from an edge at which
the filter function first reaches its maximum value. We
must compensate for this stretching or compression of
Euclidean distances when we “push” the sides and
ends of the line out in steps 8 and 9 below.

if (w>2%*r){

filter_scale= 1/ (2 *r);
}else {

filter_scale=1/(r + %2w);
}

scale= reciprocal_sqrt* filter_scale

Compute the scaled increments for use with the dis-
tance function. These multiplies must be high preci-
sion, in order to keep the slope of the antialiased line
sufficiently close to the slope of the desired line.

Asx= Ax* scale
Asy= Ay * scale

Compute the scaled increments for each distance func
tion. Referring back to Figure 4, is to the left of the
mathematical line fromxg, Yo) to (X1, y1). D; is at the
end of the line, a little pasi(, y;). D, is to the left of
the line from ki, y1) to (Xo, y1). D3 is at the beginning

of the line, a little pastx, yo). The antialiased line is
thus surrounded by the distance functions in a clock-
wise fashion. Note that the start and end distance
functionsD,; and D5 reverse the roles disx and Asy;,

as they are perpendicular to the original line.

Do.inc.x = +Asy,
Do.inc.y = -Asx,

Di.inc.x = -Asx
D;.incy = -Asy;

Do.inc.x = —Asy;
D,.inc.y = +Asx

Da.inc.x = +Asx
Da.inc.y = +Asy,
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6. Compute the initial X, y) position from which frag-

ment generation will proceed. The details of proce-
dure InitialPosition are not relevant, except that we
generate fragments fromy( y;) toward &, Yo) SO as to
maximize the number of fragments generated before
generating fragments that overlap the previous con-
nected line.

(Xinitiat» Yinitiar) = InitialPosition(xy, y1);

Compute thex andy distances from the initial position

to the starting and ending points of the line. We actu-
ally compute the reverse subtract for the deltas, as the
initial position’s coordinate are chosen to be less than
or equal to the endpoint coordinates. The reverse sub-
tract yields small nonnegative numbers fox.,q and
AYeng Which can reduce some setup time later on.

DXstart= Xo — Xinitial;

AYstart= Yo — Yinitial;

DXend = X1 — Xinitial;

AYend= Y1 = Yinitial;

Compute the initial value of the two side edge distance
evaluatorsDy and D, at position &niia, Yinitia)- W€
“push” the two side edges out by the Euclidean dis-
tance v + r from the mathematical link,, that goes
from (Xo, Yo) t0 (X1, y1). The ¥4 is obvious: if we want

a line that isw pixels wide centered around,, we
need half the line width on either side. We addition-
ally push the side edges out by because that is the
distance from the desired line where the intensity
should be 0. Sinc®, andD, are parallel to the origi-
nal line, we can compute this initial value from the
point (X, Yo) Or (X, Y1). Since we have chosen an ini-
tial point for fragment generation that is near the line
endpoint i, Y1), AXeng @and Ayeng are small numbers.
We use these small numbers in the computations
shown here so that hardware takes fewer cycles to
multiply them by the increments. Finally, remember
that the distance functions are not operating in Euclid-
ean distance, but are scaledfiiier_scale

side_pushe (Yaw +r) * filter_scale
Asides= (AXeng™ ASY) — (AYena™ ASX);
Do.current= side_push- Asides
D,.current= side_push- Asides

Compute the initial values of the start and end edge
distance evaluatof®; andD; at position Knital, Yinitial)-

We “push” the start and end edges out a distance of the
filter radius from the start and end points, as that is the
distance at which the intensity should be 0. To make
connected lines somewhat prettier, we can also push
out an by additionalv/2.

if (project_end}p{

cap_pushr side_push
}else {

cap_pushe r * filter_scale
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Astart= (Aystart* ASY) + (Axstart* ASX);
Ds.current=cap_push- Astart,
Aend= (AXeng* ASXY) + (AYend* AsY);
D,.current= cap_push+ Aend

10. Visit all fragments in the antialiased line (the traversal
algorithm is not relevant). For each fragment visited,
evaluate the four distance functions, clamp them to the
range 0.0 to 1.0, and attach the four clamped distances
to the fragment.

11. For each generated fragment, with associated clamped
distance®,, D4, D,, andDs, convert the four distances
into a single intensity. We show all four methods for
computing an intensity described above in Section 5.

if (use minimum of all four function for combining) {
intensity= integral_table 1D
[min(Do, Dy, Dy, D3)l;
} else if (multiply side minimum by end minimum) {
intensity= integral_table 1D
[min(Do, Dy) * min(Dy, Dy)];
} else if (multiply intensities) {
intensity= integral_table_1min(D,, D,)]
* integral_table_10min(D,, D3)];
} else if (two-dimensional distance to intensity table) {
intensity= integral_table_2D
[min(Do, DZ)l min(Dll D3)]1

9. Precision Requirements

When rendering aliased objects, each edge evaluator
must compute its value exactly, as the four results must
determine unequivocally if a fragment is contained inside
an object. If the supported address space"iz 2" pixels,
with an additionah bits of subpixel precision, eachandy
coordinate requirestn bits. Each edge evaluator requires
a sign bit, 2n integer bits, andn fractional bits. (An
evaluator doesn’t neech2-1 integer bits, because it is im-
possible for both terms of the edge function to be at oppo-
site ends of their ranges simultaneously. An edge evaluator
doesn’t need 2 fractional bits, because only fractional
bits change when moving from one fragment to another.)

Unlike edge functions, distance functions and the sub-
sequent derivation of intensity are subject to several
sources of error. Since antialiased lines are inherently
blurred, most of these errors won't create a visual problem
as long as sufficient precision is maintained. We discuss
the following sources of errors:

* The error in the computation afandy increments for

the evaluators, and the subsequent accumulation of this
error, which alters the slope of the line and thus moves
the position of one endpoint;

the number of entries in the distance to intensity table,
which affects the magnitude of intensity changes;
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overflow of the distance function, which most likely
causes some fragments in the antialiased line to be ig-
nored; and

error in the computation of the reciprocal square root,
which alters the width of the line.

When the scaledk and y incrementsAsx and Asy
(computed in Section 8, Step 4 above) are rounded to some
precision, their ratio is altered. In the worst case, one in-
crement is just over % the least significant bit (Isb), the
other has just under % the Isb. They round in different di-
rections, creating nearly a bit of difference between the
two. If a line extends diagonally from (0, 0) to"{22"™), we
add theAsy error into the edge accumulatof™21 times,
and subtract thésx error 2"-1 times, thus affecting the
bottomm+1 bits of an edge evaluator. The net effect is to
change the slope of the line, which moves the endpoint
farthest from the starting position. We therefore require
m+1 bits to confine the error, and must allocate these bits
sufficiently far below the binary point of the edge accumu-
lator so that one endpoint doesn’t move noticeably. Limit-
ing endpoint movement th: of a pixel seems sufficient.

But how many bits in an edge accumulator represents
¥. of a pixel? The distance functions operate in a scaled
space. If we limit the largest filter radius to four pixels,
then the minimunfilter_scale(computed above in Section
8, Step 3) isk. And so we require 5+3=8 more bits below
the binary point in addition to thex1 accumulation error
bits.

We also need enough bits to index the distance to in-
tensity table so that the gradations in intensity aren’t large
enough to be noticeable. We tried four bits (16 table en-
tries of four bits), which is typical of many antialiasing
implementations, but found we could detect Moiré effects
when displaying a starburst line pattern. Using five bits (32
table entries of five bits) eliminated these patterns com-
pletely—we couldn’t reliably tell the difference between
five and more bits. Fortunately, we need not add these five
bits to the eight already required to limit endpoint move-
ment—the index bits lie just below the binary point, and so
they overlap the top five of the eight bits that limit endpoint
movement.

Finally, we need enough integer bits above the binary
point to accumulate the worst-case maximum value.
Again, we are operating in a scaled space, and so must al-
low for the worst possibldilter_scale If the minimum
allowed line width is one pixel, and the minimum allowed
filter radius is ¥z pixel, then at these limits scaled distances
are equivalent to Euclidean distances. In the worst case of
a line diagonally spanning the address space, at one end-
point we are sqrt(2)*2 pixels from the other endpoint. So
we need a sign bit plus another1 bits.

All told, the edge evaluators needan211 bits for an-
tialiased lines. If we have=4 bits of subpixel precision,
this is an increase of 6 bits over the aliased line require-
ments. Intermediate computations to set up the edge evalu-
ators require a few more bits.
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We still need to determine precision requirements for References

the reciprocal square root. Gupta & Sproull [3] have a
similar term in their algorithm, which they imply must be
computed to high precision. In truth, high precision is un-
necessary in both their algorithm and ours. Note that a
distance function divides theandy increments of an edge [2]
function by the same value. Errors in the reciprocal square
root change the mapping of Euclidean space into scaled
space, and thus change only the apparent width of the line.
The reciprocal square root need only be accurate enough tol3]
make these width differences between lines unnoticeable;
five or six bits of precision seem sufficient.

10. Conclusions [4]

We have described an algorithm for painting antiali-
ased lines by making modest additions to a fragment gen-
erator based upon half-plane edge functions. These edge
functions are commonly used in hardware that antialiases
objects via supersampling, but these implementations in-
variably use a narrow box filter that has poor high-
frequency rejection. Instead, we implement higher quality
filters by prefiltering a line of a certain width with a filter
of a certain radius to create a distance to intensity mapping.
This prefiltering can be done once at design time for a read-
only table, or whenever the line width to filter radius ratio
changes for a writable table. We don’t require special han-
dling for endpoints, nor large tables for subpixel endpoints.
By scaling Euclidean distances during antialiased line
setup, we can accommodate a wide range of filter radii and
line widths with no further algorithm changes. We can
exploit these features to paint reasonable approximations to
small antialiased circles. The resulting images are gener-
ally superior to typical hardware supersampling images.

We implemented a less flexible version of this algo-
rithm in the Neon graphics accelerator chip [6]. Additional
setup requirements are small enough that antialiased line
performance is usually limited by fragment generation
rates, not by setup. High-quality antialiased lines paint at
about half the speed of aliased lines. An antialiased line [8]
touches roughly three times as many pixels as an aliased
line, but this is somewhat offset by increased efficiency of
fragment generation for the wider antialiased lines. The
additional logic for antialiasing is reasonable: Neon com- [°]
putes the antialiased intensity for four fragments in parallel,
with an insignificant increase in real estate over the existing
logic devoted to traversing object and interpolating vertex [10]
data.

[5]

[6]

[7]
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Figure 19: Alternating adjacent red and green lines, 1.05
pixels in width. 4x4 supersampling (left) has large varia-
tions in color. Our algorithm painting first red, then green
lines (middle), has a greenish bias. Our algorithm painting
bottom to top (right) has large variations in color.

Figure 16: 4x4 dense supersampling aliases noticeably.

Figure 20: 4x4 supersampling paints crossing lines of like
color (top half) with no sense of near and far. Lines of dif-
ferent colors (bottom half) display near lines over far lines.

Figure 17: 8x sparse supersampling also aliases noticeably.

" 4 ' 4 ’ ’ ] . ) ) \ » -

Figure 21: Our algorithm paints crossing lines of like color

(top half) with no sense of depth. Lines of different colors

(bottom half) display recently painted lines over older lines.

Figure 18: Our algorithm exhibits only slight ropiness.
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