∞ I\⊔∇≀⌈⊓⌋⊔⟩≀\ T⟨⌉ ⟩\⌋∇⌉⊣∫⟩\} }⊣√ ⌊⌉⊔⊒⌉⌉\ √∇≀⌋⌉∫∫≀∇ ⊣\⌈ ⇕⊣⟩\ ⇕⌉⇕≀∇† ∫√⌉⌉⌈∫ ⟨⊣∫ {≀∇⌋⌉⌈ ⌋≀⇕√⊓⊔⌉∇ ⌈⌉∫⟩}\⌉∇∫ ⊔≀ ⌉§√↕≀⟩⊔ ⌋⊣⌋⟨⌉ ⇕⌉⇕≀∇⟩⌉∫↙ A ⌋⊣⌋⟨⌉ ⟩∫ ∫⇕⊣↕↕⌉∇ ⊔⟨⊣\ ⊔⟨⌉ ⇕⊣⟩\ ⇕⌉⇕≀∇† ⊣\⌈⇔ ⟩{ √∇≀√⌉∇↕† ⇕⊣\⊣}⌉⌈⇔ ⌋⊣\ ⟨≀↕⌈ ⊣ ⇕⊣|≀∇ √⊣∇⊔ ≀{ ⊔⟨⌉ ⊒≀∇‖⟩\} ∫⌉⊔ ≀{ ⊣ √∇≀}∇⊣⇕ ∪⊎̸↙ T⟨⌉ }≀⊣↕ ≀{ ⇕⌉⇕≀∇† ∫⊓⌊∫†∫⊔⌉⇕ ⌈⌉∫⟩}\⌉∇∫ ⟩∫ ⊔≀ ⟩⇕√∇≀⊑⌉ ⊔⟨⌉ ⊣⊑⌉∇⊣}⌉ ⇕⌉⇕≀∇† ⊣⌋⌋⌉∫∫ ⊔⟩⇕⌉↙ R⌉⌈⊓⌋⟩\} ⊔⟨⌉ ⌋⊣⌋⟨⌉ ⇕⟩∫∫ ∇⊣⊔⌉ ⟩∫ ≀\⌉ {⊣⌋⊔≀∇ {≀∇ ⟩⇕√∇≀⊑⟩\} ⇕⌉⇕≀∇† ⊣⌋⌋⌉∫∫ √⌉∇{≀∇⇕⊣\⌋⌉↙ C⊣⌋⟨⌉ ⇕⟩∫∫⌉∫ ≀⌋⌋⊓∇ {≀∇ ⊣ \⊓⇕⌊⌉∇ ≀{ ∇⌉⊣∫≀\∫¬ ⌋≀↕⌈ ∫⊔⊣∇⊔⇔ ⌋⊣√⊣⌋⟩⊔†⇔ ⊣\⌈ ⌋≀↕↕⟩∫⟩≀\∫ ∪∞∈⊎↙ A \⊓⇕⌊⌉∇ ≀{ ⌋⊣⌋⟨⌉ ↕⟩\⌉ ∇⌉√↕⊣⌋⌉⇕⌉\⊔ ⊣↕}≀∇⟩⊔⟨⇕∫ ⟨⊣⊑⌉ ⌊⌉⌉\ √∇≀√≀∫⌉⌈ ⊔≀ ∇⌉⌈⊓⌋⌉ ⊔⟨⌉ \⊓⇕⌊⌉∇ ≀{ ⌋⊣⌋⟨⌉ ⌋≀↕↕⟩∫⟩≀\∫ ∪∈⇔ ∞∋⇔ ∞⊎↙ I\∫⊔⌉⊣⌈ ≀{ ⌋≀\⌋⌉\⊔∇⊣⊔⟩\} ≀\ ⌋⊣⌋⟨⌉ ≀∇}⊣\⟩‡⊣⊔⟩≀\ ⊒⌉ ⌋≀\⌋⌉\⊔∇⊣⊔⌉ ≀\ ⊔⟨⌉ ↕⊣†≀⊓⊔ ≀{ ⊣ √∇≀}∇⊣⇕ ≀\ ⊔⟨⌉ ⇕⌉⇕≀∇† ∫√⊣⌋⌉↙ B⌉∇∫⟨⊣⌈ ⌉⊔↙⊣↕↙ ∫⊓}}⌉∫⊔⌉⌈ ∇⌉⇕⊣√√⟩\} ⌋⊣⌋⟨⌉ ⊣⌈⌈∇⌉∫∫⌉∫ ⌈†\⊣⇕⟩⌋⊣↕↕† ⊔≀ ⊣⊑≀⟩⌈ ⌋≀\⊙⟩⌋⊔ ⇕⟩∫∫⌉∫ ⟩\ ↕⊣∇}⌉ ⌈⟩∇⌉⌋⊔↖⇕⊣√√⌉⌈ ⌋⊣⌋⟨⌉∫ ∪∋⊎↙ A\ ⊣↕⊔⌉∇\⊣⊔⟩⊑⌉ ⊣√√∇≀⊣⌋⟨ ⟩∫ ⊔≀ √⌉∇{≀∇⇕ ⌋≀⌈⌉ ∇⌉√≀∫⟩⊔⟩≀\⟩\} ⊣⊔ ⌋≀⇕√⟩↕⌉ ≀∇ ↕⟩\‖↖ ⊔⟩⇕⌉ ∪∀⇔ ∞′⇔ ∞∞⇔ ∞▽⇔ ∞∀⊎↙ T⟨⌉ ⟩⌈⌉⊣ ⟩∫ ⊔≀ √↕⊣⌋⌉ {∇⌉∐⊓⌉\⊔↕† ⊓∫⌉⌈ ∫⌉⌋⊔⟩≀\∫ ≀{ ⊣ √∇≀}∇⊣⇕ \⌉§⊔ ⊔≀ ⌉⊣⌋⟨ ≀⊔⟨⌉∇ ⟩\ ⊔⟨⌉ ⊣⌈⌈∇⌉∫∫ ∫√⊣⌋⌉⇔ ⊔⟨⌉∇⌉⌊† ∇⌉⌈⊓⌋⟩\} ⊔⟨⌉ ⌋⟨⊣\⌋⌉∫ ≀{ ⌋⊣⌋⟨⌉ ⌋≀\⊙⟩⌋⊔∫ ⊒⟨⟩↕⌉ ⟩\⌋∇⌉⊣∫⟩\} ∫√⊣⊔⟩⊣↕ ↕≀⌋⊣↕⟩⊔† ⊒⟩⊔⟨⟩\ ⊔⟨⌉ √∇≀}∇⊣⇕↙ C≀⌈⌉ ∇⌉≀∇⌈⌉∇⟩\} ⊣↕}≀∇⟩⊔⟨⇕∫ {≀∇ ⟩⇕√∇≀⊑⌉⌈ ⇕⌉⇕≀∇† √⌉∇{≀∇⇕⊣\⌋⌉ ⌋⊣\ ∫√⊣\ ∫⌉⊑⌉∇⊣↕ ⌈⟩{{⌉∇⌉\⊔ ↕⌉⊑⌉↕∫ ≀{ }∇⊣\↖ ⊓↕⊣∇⟩⊔†⇔ {∇≀⇕ ⌊⊣∫⟩⌋ ⌊↕≀⌋‖∫⇔ ⊔≀ ↕≀≀√∫⇔ ⊣\⌈ ⊔≀ √∇≀⌋⌉⌈⊓∇⌉∫↙ R⌉∫⌉⊣∇⌋⟨ ⟨⊣∫ ∫⟨≀⊒\ ⊔⟨⊣⊔ ⌊⊣∫⟩⌋ ⌊↕≀⌋‖ ∇⌉≀∇⌈⌉∇⟩\} ⊣\⌈ √∇≀⌋⌉⌈⊓∇⌉ ∇⌉≀∇⌈⌉∇⟩\} ⌋⊣\ ∫⟩}\⟩⊘⌋⊣\⊔↕† ⟩⇕√∇≀⊑⌉ ⊣ √∇≀}∇⊣⇕≃∫ ⌉§⌉⌋⊓⊔⟩≀\ √⌉∇{≀∇⇕⊣\⌋⌉↙ P⌉⊔⊔⟩∫ ⊣\⌈ H⊣\∫⌉\ ∪∞∞⊎ {≀⊓\⌈ ⊔⟨⊣⊔ ⊔⟨⌉ ∇⌉⌈⊓⌋⊔⟩≀\ ⟩\ ⌉§⌉⌋⊓⊔⟩≀\ ⊔⟩⇕⌉ ⊒⟨⌉\ ⊓∫⟩\} √∇≀⌋⌉⌈⊓∇⌉ ∇⌉≀∇⌈⌉∇⟩\} ⊒⊣∫ ⊣∇≀⊓\⌈ ∀↗⇔ ⊣\⌈ ⊔⟨⌉ ∇⌉↖ ⌈⊓⌋⊔⟩≀\ ⟩\ ⌉§⌉⌋⊓⊔⟩≀\ ⊔⟩⇕⌉ {≀∇ ⌊⊣∫⟩⌋ ⌊↕≀⌋‖ ∇⌉≀∇⌈⌉∇⟩\} ⊒⊣∫ ⊣∇≀⊓\⌈ ∞∈↗ ≀\ ⊣\ HP↖UX ∀∈▽ ⊣∇⌋⟨⟩⊔⌉⌋⊔⊓∇⌉ ⊒⟩⊔⟨ ⊣ ∞K̸ ⌈⟩∇⌉⌋⊔ ⇕⊣√√⌉⌈ ⊓\⟩⊘⌉⌈ ⌋⊣⌋⟨⌉↙ W⟨⌉\ ⌊≀⊔⟨ ≀{ ⊔⟨⌉ ≀√⊔⟩⇕⟩‡⊣⊔⟩≀\∫ ⊒⌉∇⌉ ⊣√√↕⟩⌉⌈ ⊔≀}⌉⊔⟨⌉∇ ⊣\ ⊣⊑⌉∇⊣}⌉ ⟩⇕√∇≀⊑⌉⇕⌉\⊔ ≀{ ∞▽↗ ⊒⊣∫ ⊣⌋⟨⟩⌉⊑⌉⌈↙ T⟨⌉ ⇕⊣√√⟩\} ⊣↕}≀∇⟩⊔⟨⇕ ⊒⌉ √∇≀√≀∫⌉ ⟩\ ⊔⟨⟩∫ √⊣√⌉∇ ⟩⇕√∇≀⊑⌉∫ ⊓√≀\ √∇⟩≀∇ ⊒≀∇‖⇔ √⊣∇⊔⟩⌋⊓↕⊣∇↕† ⊒⟨⌉\ ⊣ √∇≀}∇⊣⇕≃∫ ⌋≀\⊔∇≀↕ ⊙≀⊒ }∇⊣√⟨ ⟩∫ ↕⊣∇}⌉∇ ⊔⟨⊣\ ⊔⟨⌉ ⌋⊣⌋⟨⌉ ⌋⊣√⊣⌋⟩⊔†↙ S⟩\⌋⌉ ⊒⌉ ⊣∇⌉ ⟩\⊔⌉∇⌉∫⊔⌉⌈ ⟩\ ⌈⌉⊣↕⟩\} ⊒⟩⊔⟨ }∇⊣√⟨∫ ⊔⟨⊣⊔ ⊣∇⌉ ↕⊣∇}⌉∇ ⊔⟨⊣\ ⊔⟨⌉ ⊔⊣∇}⌉⊔ ⟩\∫⊔∇⊓⌋⊔⟩≀\ ⌋⊣⌋⟨⌉⇔ ⊒⌉ ⌋≀\⌋⌉\⊔∇⊣⊔⌉ ≀⊓∇ ⌈⟩∫⌋⊓∫∫⟩≀\ ⟩\ ⊔⟨⟩∫ √⊣√⌉∇ ≀\ ∇⌉≀∇⌈⌉∇⟩\} √∇≀⌋⌉⌈⊓∇⌉∫↙ E⊑⌉\ ∫≀⇔ ≀⊓∇ ⊣↕}≀∇⟩⊔⟨⇕ ⌋⊣\ ⊣↕∫≀ ⌊⌉ ⊓∫⌉⌈ ⊒⟩⊔⟨⇔ ⊣\⌈ ⌋⊣\ ⌊⌉\⌉⊘⊔ {∇≀⇕⇔ ⌊⊣∫⟩⌋ ⌊↕≀⌋‖ ∇⌉≀∇⌈⌉∇⟩\} ⊣\⌈ √∇≀⌋⌉⌈⊓∇⌉ ∫√↕⟩⊔⊔⟩\}⇔ ⊣∫ ⌈⌉∫⌋∇⟩⌊⌉⌈ ↕⊣⊔⌉∇ ⟩\ §▽↙ O⊓∇ ∇⌉∫⌉⊣∇⌋⟨ ⌈⟩{{⌉∇∫ {∇≀⇕ √∇⟩≀∇ ∇⌉∫⌉⊣∇⌋⟨ ⟩\ √∇≀⌋⌉⌈⊓∇⌉ ∇⌉≀∇⌈⌉∇⟩\} ⌊⌉⌋⊣⊓∫⌉ ≀⊓∇ ⊣↕}≀∇⟩⊔⟨⇕ ⊓∫⌉∫ ⊔⟨⌉ ⌋⊣⌋⟨⌉ ∫⟩‡⌉⇔ ⌋⊣⌋⟨⌉ ↕⟩\⌉ ∫⟩‡⌉⇔ ⊣\⌈ ⊔⟨⌉ √∇≀⌋⌉⌈⊓∇⌉ ∫⟩‡⌉ ⊔≀ √⌉∇{≀∇⇕ ⊣ ⌋≀↕≀∇ ⇕⊣√√⟩\} ≀{ ⌋⊣⌋⟨⌉ ↕⟩\⌉∫ ⊔≀ √∇≀⌋⌉⌈⊓∇⌉∫↙ T⟨⟩∫ ⌋≀↕≀∇ ⇕⊣√√⟩\} ⊣↕↕≀⊒∫ ≀⊓∇ ⊣↕}≀∇⟩⊔⟨⇕ ⊔≀ ⟩\⊔⌉↕↕⟩}⌉\⊔↕† √↕⊣⌋⌉ √∇≀⌋⌉⌈⊓∇⌉∫ ⟩\ ⊔⟨⌉ ↕⊣†≀⊓⊔ ⌊† √∇⌉∫⌉∇⊑⟩\} ⌋≀↕≀∇ ⌈⌉√⌉\⌈⌉\⌋⟩⌉∫ ⊒⟩⊔⟨ ⊣ √∇≀⌋⌉⌈⊓∇⌉≃∫ √⊣∇⌉\⊔∫ ⊣\⌈ ⌋⟨⟩↕⌈∇⌉\ ⟩\ ⊔⟨⌉ ⌋⊣↕↕ }∇⊣√⟨⇔ ∇⌉∫⊓↕⊔⟩\} ⟩\ {⌉⊒⌉∇ ⟩\∫⊔∇⊓⌋⊔⟩≀\ ⌋⊣⌋⟨⌉ ⌋≀\⊙⟩⌋⊔∫↙ I\ ⊔⟨⟩∫ √⊣√⌉∇ ⊒⌉ ⊒⟩↕↕ ⌈⌉∫⌋∇⟩⌊⌉ ≀⊓∇ ⊣↕}≀∇⟩⊔⟨⇕ ⊣\⌈ ⌈⌉⇕≀\∫⊔∇⊣⊔⌉ ⟩⊔∫ ⇕⌉∇⟩⊔ ⊔⟨∇≀⊓}⟨ ⊔∇⊣⌋⌉↖⌈∇⟩⊑⌉\ ⌋⊣⌋⟨⌉ ∫⟩⇕⊓↕⊣⊔⟩≀\↙ I\ §∈ ⊒⌉ ⌈⌉∫⌋∇⟩⌊⌉ ≀⊓∇ ⌋≀↕≀∇ ⇕⊣√√⟩\} ⊣↕}≀∇⟩⊔⟨⇕ ⊣\⌈ ⌋≀⇕√⊣∇⌉ ≀⊓∇ ⊣↕}≀∇⟩⊔⟨⇕ ⊒⟩⊔⟨ √∇⟩≀∇ ⊒≀∇‖ ′A⊓⊔⟨≀∇∫≃ ⊣⌈⌈∇⌉∫∫⌉∫¬ A↙H↙ H⊣∫⟨⌉⇕⟩ ⊣\⌈ D↙R↙ K⊣⌉↕⟩ ⊣∇⌉ ⊣⊔ ⊔⟨⌉ D⌉√⊣∇⊔⇕⌉\⊔ ≀{ E↕⌉⌋⊔∇⟩⌋⊣↕ ⊣\⌈ C≀⇕√⊓⊔⌉∇ E\}⟩\⌉⌉∇⟩\}⇔ N≀∇⊔⟨⌉⊣∫⊔⌉∇\ U\⟩⊑⌉∇∫⟩⊔†⇔ ∋∞∀ D⊣\⊣ R⌉∫⌉⊣∇⌋⟨ C⌉\⊔⌉∇⇔ B≀∫⊔≀\⇔ MA ′∈∞∞▽∅ B↙ C⊣↕⌈⌉∇ ⟩∫ ⊣⊔ ⊔⟨⌉ D⌉√⊣∇⊔⇕⌉\⊔ ≀{ C≀⇕√⊓⊔⌉∇ S⌋⟩⌉\⌋⌉ ⊣\⌈ E\}⟩\⌉⌉∇⟩\} ′∞∞△⇔ U\⟩⊑⌉∇∫⟩⊔† ≀{ C⊣↕⟩{≀∇\⟩⊣⇔ S⊣\ D⟩⌉}≀⇔ ∃▽′′ G⟩↕⇕⊣\ R≀⊣⌈⇔ L⊣ J≀↕↕⊣ CA ∃∈′∃∋↖′∞∞△↙ ∞

⟩\ ⌋≀⌈⌉ ∇⌉≀∇⌈⌉∇⟩\}↙ T⟨⌉ ⇕⌉⊔⟨≀⌈≀↕≀}† ⊓∫⌉⌈ ⊔≀ }⊣⊔⟨⌉∇ ≀⊓∇ ∇⌉∫⊓↕⊔∫ ⟩∫ ⌈⌉∫⌋∇⟩⌊⌉⌈ ⟩\ §∋↙ I\ §△ ⊒⌉ √∇≀⊑⟩⌈⌉ ∐⊓⊣\⊔⟩⊔⊣⊔⟩⊑⌉ ∇⌉∫⊓↕⊔∫ ⊓∫⟩\} ≀⊓∇ ⟩⇕√∇≀⊑⌉⌈ √∇≀⌋⌉⌈⊓∇⌉ ≀∇⌈⌉∇⟩\} ⊣↕}≀∇⟩⊔⟨⇕↙ W⌉ ⊔⟨⌉\ ⌈⟩∫⌋⊓∫∫ ⟩⇕√↕⟩⌋⊣⊔⟩≀\∫ ⊣\⌈ {⊓⊔⊓∇⌉ ⊒≀∇‖ {≀∇ ≀⊓∇ ⊣↕}≀∇⟩⊔⟨⇕ ⟩\ §▽⇔ ⊣\⌈ ⊒⌉ ∫⊓⇕⇕⊣∇⟩‡⌉ ≀⊓∇ ⌋≀\⊔∇⟩⌊⊓⊔⟩≀\∫ ⟩\ §↙̸

∈ P∇≀⌋⌉⌈⊓∇⌉ M⊣√√⟩\} I\ ⊔⟨⟩∫ ∫⌉⌋⊔⟩≀\ ⊒⌉ ⌈⌉∫⌋∇⟩⌊⌉ ≀⊓∇ √∇≀⌋⌉⌈⊓∇⌉ ⇕⊣√√⟩\} ⊣↕}≀∇⟩⊔⟨⇕↙ F≀∇ ⊔⟨⌉ {≀↕↕≀⊒⟩\} ⌈⌉∫⌋∇⟩√⊔⟩≀\⇔ ⊒⌉ ⊒⟩↕↕ ⊣∫∫⊓⇕⌉ ⊔⟨⊣⊔ ⊔⟨⌉ ⟩\∫⊔∇⊓⌋⊔⟩≀\ ⌋⊣⌋⟨⌉ ⟩∫ ⌈⟩∇⌉⌋⊔ ⇕⊣√√⌉⌈ ⇐⟩\ §▽ ⊒⌉ ⌈⟩∫⌋⊓∫∫ ⟨≀⊒ ⊔≀ ⊣√√↕† ≀⊓∇ ⊣↕}≀∇⟩⊔⟨⇕ ⊔≀ ∫⌉⊔↖⊣∫∫≀⌋⟩⊣⊔⟩⊑⌉ ⌋⊣⌋⟨⌉∫⇒↙ T⟨⌉ ⌊⊣∫⟩⌋ ⟩⌈⌉⊣ ⌊⌉⟨⟩\⌈ ⊔⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕ ⟩∫ ⊔≀ ⊔∇⌉⊣⊔ ⊔⟨⌉ ⇕⌉⇕≀∇† ⊣⌈⌈∇⌉∫∫ ∫√⊣⌋⌉ ⊣∫ ⊔⊒≀ ⌈⟩⇕⌉\∫⟩≀\⊣↕ ⌊† ⌊∇⌉⊣‖⟩\} ⊓√ ⊔⟨⌉ ⊣⌈⌈∇⌉∫∫ ∫√⊣⌋⌉ ⟩\⊔≀ √⟩⌉⌋⌉∫ ⊔⟨⊣⊔ ⊣∇⌉ ⌉∐⊓⟩⊑⊣↕⌉\⊔ ⊔≀ ⊔⟨⌉ ∫⟩‡⌉ ≀{ ⊔⟨⌉ ⌋⊣⌋⟨⌉⇔ ⊣\⌈ ⊓∫⟩\} ⊔⟨⌉ ⌋⊣⌋⟨⌉ ⌊↕≀⌋‖∫ ≀⌋⌋⊓√⟩⌉⌈ ⌊† ⌉⊣⌋⟨ √∇≀⌋⌉⌈⊓∇⌉ ⊔≀ }⊓⟩⌈⌉ ⊔⟨⌉ ⇕⊣√√⟩\}↙ I\ ⌋≀\⊔∇⊣∫⊔⇔ √∇⌉⊑⟩≀⊓∫ ∇⌉∫⌉⊣∇⌋⟨ ⟨⊣∫ ⊔∇⌉⊣⊔⌉⌈ ⇕⌉⇕≀∇† ↕⊣†≀⊓⊔ ⊣∫ ⊣ ≀\⌉ ⌈⟩⇕⌉\∫⟩≀\⊣↕ ⊣⌈⌈∇⌉∫∫ ∫√⊣⌋⌉↙ E⇕√↕≀†⟩\} ⊣ ∫⌉⌋≀\⌈ ⌈⟩⇕⌉\∫⟩≀\ ⊣↕↕≀⊒∫ ≀⊓∇ ⊣↕}≀∇⟩⊔⟨⇕ ⊔≀ ⟩\⊔⌉↕↕⟩}⌉\⊔↕† ⊣⊑≀⟩⌈ ⌋⊣⌋⟨⌉ ⌋≀\⊙⟩⌋⊔∫ ⊒⟨⌉\ ⇕⊣√√⟩\} ⊣ √∇≀⌋⌉⌈⊓∇⌉ {≀∇ ⊔⟨⌉ ⊘∇∫⊔ ⊔⟩⇕⌉⇔ ⊣\⌈ ⟩⊔ √∇≀⊑⟩⌈⌉∫ ⊔⟨⌉ ⊣⌊⟩↕⟩⊔† ⊔≀ ⇕≀⊑⌉ √∇≀⌋⌉⌈⊓∇⌉∫ ⊔⟨⊣⊔ ⟨⊣⊑⌉ ⊣↕∇⌉⊣⌈† ⌊⌉⌉\ ⇕⊣√√⌉⌈ ⟩\ ≀∇⌈⌉∇ ⊔≀ ⌉↕⟩⇕⟩\⊣⊔⌉ ⊣⌈⌈⟩⊔⟩≀\⊣↕ ⌋≀\⊙⟩⌋⊔∫ ⊣∫ ⊔⟨⌉† ⊣∇⟩∫⌉↙ T≀ ⊣⊑≀⟩⌈ ⌋≀\⊙⟩⌋⊔∫⇔ ⊒⌉ ‖⌉⌉√ ⊔∇⊣⌋‖ ≀{ ⊔⟨⌉ ⌋≀↕≀∇∫ ⌉⊣⌋⟨ √∇≀⌋⌉⌈⊓∇⌉ ⟩∫ ⇕⊣√√⌉⌈ ⊔≀ ⊣\⌈ ⊣ ∫⌉⊔ ≀{ ⌋≀↕≀∇∫ ⟩\⌈⟩⌋⊣⊔⟩\} ⊒⟨⟩⌋⟨ ⌋≀↕≀∇∫ ⊣∇⌉ ⌋⊓∇∇⌉\⊔↕† ⊓\⊣⊑⊣⟩↕⊣⌊↕⌉ ⊔≀ ⊔⟨⊣⊔ √∇≀⌋⌉⌈⊓∇⌉↙ W⌉ ⊒⟩↕↕ ∇⌉{⌉∇ ⊔≀ ⊔⟨⟩∫ ∫⌉⊔ ≀{ ⌋≀↕≀∇∫ ⊣∫ ⊔⟨⌉ ⊓\⊣⊑⊣⟩↕⊣⌊↕⌉↖∫⌉⊔↙ F≀∇ ⊣ }⟩⊑⌉\ √∇≀⌋⌉⌈⊓∇⌉⇔ ⊔⟨⌉ ⊓\⊣⊑⊣⟩↕⊣⌊↕⌉↖∫⌉⊔ ≀{ ⌋≀↕≀∇∫ ∇⌉√∇⌉∫⌉\⊔∫ ⊔⟨⌉ ⌋≀↕≀∇∫ ≀⌋⌋⊓√⟩⌉⌈ ⇐⟩↙⌉↙⇔ ⌋⊣⌋⟨⌉ ↕⟩\⌉∫ ⊓∫⌉⌈⇒ ⌊† ⊣↕↕ ≀{ ⊔⟨⌉ ⟩⇕⇕⌉⌈⟩⊣⊔⌉ √⊣∇⌉\⊔∫ ⊣\⌈ ⌋⟨⟩↕⌈∇⌉\ ≀{ ⊔⟨⊣⊔ √∇≀⌋⌉⌈⊓∇⌉ ⟩\ ⊔⟨⌉ ⌋⊣↕↕ }∇⊣√⟨ ⊒⟨⟩⌋⟨ ⟨⊣⊑⌉ ⊣↕∇⌉⊣⌈† ⌊⌉⌉\ ⇕⊣√√⌉⌈ ⊔≀ ⌋⊣⌋⟨⌉ ↕⟩\⌉∫↙ O⊓∇ ⊣↕}≀∇⟩⊔⟨⇕ ⊓∫⌉∫ ⊣ ⌋⊣↕↕ }∇⊣√⟨ ⊒⟩⊔⟨ ⊒⌉⟩}⟨⊔⌉⌈ √∇≀⌋⌉⌈⊓∇⌉ ⌋⊣↕↕ ⌉⌈}⌉∫ {≀∇ ⟩\⌈⟩⌋⊣⊔⟩\} ⊔⟨⌉ ⟩⇕√≀∇⊔⊣\⌋⌉ ≀{ ⇕⊣√√⟩\} √∇≀⌋⌉⌈⊓∇⌉∫ \⌉§⊔ ⊔≀ ⌉⊣⌋⟨ ≀⊔⟨⌉∇↙ T⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕ ⌋≀\⌋⌉\⊔∇⊣⊔⌉∫ ≀\ ≀\↕† ⌉↕⟩⇕⟩\⊣⊔⟩\} ⊘∇∫⊔↖}⌉\⌉∇⊣⊔⟩≀\ ⌋⊣⌋⟨⌉ ⌋≀\⊙⟩⌋⊔∫⇔ ⊒⟨⟩⌋⟨ ⊣∇⌉ ⊔⟨⌉ ⌋≀\⊙⟩⌋⊔∫ ⌊⌉⊔⊒⌉⌉\ ⊣ √∇≀⌋⌉⌈⊓∇⌉ ⊣\⌈ ⊔⟨⌉ ⟩⇕⇕⌉⌈⟩⊣⊔⌉ √⊣∇⌉\⊔∫ ⊣\⌈ ⌋⟨⟩↕⌈∇⌉\ ≀{ ⊔⟨⊣⊔ √∇≀⌋⌉⌈⊓∇⌉ ⟩\ ⊔⟨⌉ ⌋⊣↕↕ }∇⊣√⟨↙ W⟨⌉\ ⇕⊣√√⟩\} ⊣ √∇≀⌋⌉⌈⊓∇⌉⇔ ≀⊓∇ ⊣↕}≀∇⟩⊔⟨⇕ ⊔∇⟩⌉∫ ⊔≀ ⊣⊑≀⟩⌈ ⌋⊣⌋⟨⌉ ⌋≀\⊙⟩⌋⊔∫ ⌊† ⊣⊑≀⟩⌈⟩\} ⌋⊣⌋⟨⌉ ↕⟩\⌉ ⌋≀↕≀∇∫ ⟩\ ⟩⊔∫ ⊓\⊣⊑⊣⟩↕⊣⌊↕⌉↖∫⌉⊔↙ O\⌋⌉ ⊣ √∇≀⌋⌉⌈⊓∇⌉ ⟨⊣∫ ⌊⌉⌉\ ⇕⊣√√⌉⌈⇔ ⊣ √∇≀⌋⌉⌈⊓∇⌉ ⌋⊣\ ↕⊣⊔⌉∇ ⌊⌉ ⇕≀⊑⌉⌈ ⊔≀ ⊣ \⌉⊒ ↕≀⌋⊣⊔⟩≀\ ⊒⟩⊔⟨≀⊓⊔ ⌋⊣⊓∫⟩\} ⌋⊣⌋⟨⌉ ⌋≀\⊙⟩⌋⊔∫⇔ ⊣∫ ↕≀\} ⊣∫ ⟩⊔ ⌈≀⌉∫ \≀⊔ ⇕≀⊑⌉ ⊔≀ ⊣ ↕≀⌋⊣⊔⟩≀\ ⇐⌋≀↕≀∇⇒ ⊒⟨⟩⌋⟨ ⟩∫ ⟩\ ⟩⊔∫ ⊓\⊣⊑⊣⟩↕⊣⌊↕⌉↖∫⌉⊔↙ I\ ⊓∫⟩\} ⊔⟨⌉ ⌋≀↕≀∇ ⇕⊣√√⟩\} ⊔≀ √↕⊣⌋⌉ ⊣\⌈ ⇕≀⊑⌉ √∇≀⌋⌉⌈⊓∇⌉∫ ⟩\ ⊔⟨⟩∫ ⊒⊣†⇔ ⊒⌉ ⊣∇⌉ }⊓⊣∇⊣\⊔⌉⌉⌈ ⊔⟨⊣⊔ ⊔⟨⌉ \⌉⊒ ↕≀⌋⊣⊔⟩≀\ ⊒⟩↕↕ \≀⊔ ⟩\⌋∇⌉⊣∫⌉ ⊔⟨⌉ \⊓⇕⌊⌉∇ ≀{ ⊘∇∫⊔↖}⌉\⌉∇⊣⊔⟩≀\ ⌋≀\⊙⟩⌋⊔∫ {≀∇ ⊔⟨⌉ √∇≀⌋⌉⌈⊓∇⌉∫ ⟩\ ≀⊓∇ ⌋⊣↕↕ }∇⊣√⟨↙ O\⌉ ≀{ ⊔⟨⌉ ⟨⊓∇⌈↕⌉∫ ⟩\ ⊣ ⇕⊣√√⟩\} ⊣↕}≀∇⟩⊔⟨⇕ ⊒⟨⌉∇⌉ ⌋≀⌈⌉ ⟩∫ ⊣↕↕≀⊒⌉⌈ ⊔≀ ⇕≀⊑⌉ ⊣{⊔⌉∇ ⟩⊔ ⟨⊣∫ ⌊⌉⌉\ ⊣↕∇⌉⊣⌈† ⇕⊣√√⌉⌈⇔ ⟩∫ ⊔⟨⌉ √∇≀⌊↕⌉⇕ ≀{ ⟨≀⊒ ⊔≀ ⟨⊣\⌈↕⌉ ⊔⟨⌉ ⌉⇕√⊔† ∫√⊣⌋⌉ ↕⌉{⊔ ⌊⌉⟨⟩\⌈ ⌊† ⊔⟨⌉ ⇕≀⊑⌉⌈ √∇≀⌋⌉⌈⊓∇⌉∫↙ I{ √≀∫∫⟩⌊↕⌉⇔ ⊔⟨⟩∫ }⊣√ ∫⟨≀⊓↕⌈ ⌊⌉ ⊘↕↕⌉⌈ ∫⟩\⌋⌉ ⊔⟨⌉ √∇≀}∇⊣⇕ ⟩∫ ↕⊣⟩⌈ ≀⊓⊔ ⟩\ ⊣ ⌋≀\⊔⟩}⊓≀⊓∫ ⇕⌉⇕≀∇† ∫√⊣⌋⌉↙ T⟨⌉∇⌉{≀∇⌉⇔ ⇕≀⊑⟩\} ⊣ √∇≀⌋⌉⌈⊓∇⌉ ∫⟨≀⊓↕⌈ ⌊⌉ {≀↕↕≀⊒⌉⌈ ⌊† ⊘↕↕⟩\} ⊔⟨⌉ ∫√⊣⌋⌉ ↕⌉{⊔ ⌊† ⊔⟨⌉ √∇≀⌋⌉⌈⊓∇⌉ ⊒⟩⊔⟨ ≀⊔⟨⌉∇ √∇≀⌋⌉⌈⊓∇⌉∫⇔ ≀⊔⟨⌉∇⊒⟩∫⌉ ⊔⟨⟩∫ ⌋⊣\ ∇⌉∫⊓↕⊔ ⟩\ ⊣ ⌋⟨⊣⟩\ ≀{ ∇⌉↕≀⌋⊣⊔⟩≀\∫ ⊔⟨⊣⊔ ⊣∇⌉ ⟨⊣∇⌈ ⊔≀ ⇕⊣\⊣}⌉↙ S⊔⊓⌈⟩⌉∫ ≀{ √∇≀}∇⊣⇕ ⌊⌉⟨⊣⊑⟩≀∇∫ ∫⟨≀⊒ ⊔⟨⊣⊔ ∞′↗ ⊔≀ ∋′↗ ≀{ ⊣ √∇≀}∇⊣⇕ ⊣⌋⌋≀⊓\⊔∫ {≀∇ ∃′↗ ≀{ ⟩⊔∫ ⌉§⌉⌋⊓⊔⟩≀\ ⊔⟩⇕⌉ ∪▽⊎↙ T⟨⌉ ∇⌉∫⊔ ≀{ ⊔⟨⌉ ⌋≀⌈⌉ ⟩∫ \≀⊔ ⟨⌉⊣⊑⟩↕† ⌉§⌉∇⌋⟩∫⌉⌈ ≀∇ ⟩∫ ≀{⊔⌉\ \≀⊔ ⌉⊑⌉\ ⌉§⌉⌋⊓⊔⌉⌈↙ O⊓∇ ⊣↕}≀∇⟩⊔⟨⇕ ⊔⊣‖⌉∫ ⊣⌈⊑⊣\⊔⊣}⌉ ≀{ ⊔⟨⟩∫ √∇≀√⌉∇⊔† ⌊† ⌈⟩⊑⟩⌈⟩\} ⌉⊣⌋⟨ √∇≀}∇⊣⇕ ⟩\⊔≀ {∇⌉∐⊓⌉\⊔↕† ⌉§⌉⌋⊓⊔⌉⌈ ⇐√≀√⊓↕⊣∇⇒ ⊣\⌈ ⟩\{∇⌉∐⊓⌉\⊔↕† ∈

F⟩}⊓∇⌉ ∞¬ E§⊣⇕√↕⌉ ⌋⊣↕↕ }∇⊣√⟨↙ E⊣⌋⟨ \≀⌈⌉ ∇⌉√∇⌉∫⌉\⊔∫ ⊣ √∇≀⌋⌉⌈⊓∇⌉ ⊣\⌈ ⌉⊣⌋⟨ ⌉⌈}⌉ ∇⌉√∇⌉∫⌉\⊔∫ ⊣ √∇≀⌋⌉⌈⊓∇⌉ ⌋⊣↕↕↙ T⟨⌉ \⊓⇕⌊⌉∇∫ ⊣∫∫≀⌋⟩⊣⊔⌉⌈ ⊒⟩⊔⟨ ⌉⊣⌋⟨ ⌉⌈}⌉ ⟩\⌈⟩⌋⊣⊔⌉∫ ⊔⟨⌉ \⊓⇕⌊⌉∇ ≀{ ⊔⟩⇕⌉∫ ⊔⟨⌉ √∇≀⌋⌉⌈⊓∇⌉ ⌋⊣↕↕ ⊒⊣∫ ⌉§⌉⌋⊓⊔⌉⌈↙ T⟨⌉ ⊔⊣⌊↕⌉ ∫⟨≀⊒∫ {≀∇ ⌉⊣⌋⟨ √∇≀⌋⌉⌈⊓∇⌉ ⟨≀⊒ ⇕⊣\† ⌋⊣⌋⟨⌉ ↕⟩\⌉∫ ⟩∫ \⌉⌉⌈⌉⌈ ⊔≀ ⟨≀↕⌈ ⊔⟨⌉ √∇≀⌋⌉⌈⊓∇⌉↙ ⌉§⌉⌋⊓⊔⌉⌈ ⇐⊓\√≀√⊓↕⊣∇⇒ √∇≀⌋⌉⌈⊓∇⌉∫↙ T⟨⌉ ⊓\√≀√⊓↕⊣∇ √∇≀⌋⌉⌈⊓∇⌉∫ ⊣∇⌉ ⊔∇⌉⊣⊔⌉⌈ ⊣∫ ⊙⊓{{ ≀∇ }↕⊓⌉⇔ ⊣\⌈ ⊣∇⌉ ⊓∫⌉⌈ ⊔≀ ⊘↕↕ ⊔⟨⌉ ⌉⇕√⊔† ∫√⊣⌋⌉ ↕⌉{⊔ ⌊⌉⟨⟩\⌈ ⌊† ⇕≀⊑⌉⌈ √∇≀⌋⌉⌈⊓∇⌉∫ ⟩\ ≀⊓∇ ⊣↕}≀∇⟩⊔⟨⇕↙ W⌉ ⊒⟩↕↕ \≀⊔ ⊒≀∇∇† ⊣⌊≀⊓⊔ ⌋≀\⊙⟩⌋⊔∫ ⊒⟨⌉\ √≀∫⟩⊔⟩≀\⟩\} ⊓\√≀√⊓↕⊣∇ √∇≀⌋⌉⌈⊓∇⌉∫⇔ ∫⟩\⌋⌉ ⊔⟨⌉∫⌉ √⊣∇⊔∫ ≀{ ⊣ √∇≀}∇⊣⇕ ⌈≀ \≀⊔ ∫⟩}\⟩⊘⌋⊣\⊔↕† ⌋≀\⊔∇⟩⌊⊓⊔⌉ ⊔≀ ⊔⟨⌉ \⊓⇕⌊⌉∇ ≀{ ⊘∇∫⊔ ↕⌉⊑⌉↕ ⌋⊣⌋⟨⌉ ⌋≀\⊙⟩⌋⊔∫↙ ∈↙∞ C⊣⌋⟨⌉ C≀↕≀∇⟩\} A↕}≀∇⟩⊔⟨⇕ W⌉ ⊒⟩↕↕ \≀⊒ ⌈⌉∫⌋∇⟩⌊⌉ ⊔⟨⌉ ⌈⌉⊔⊣⟩↕∫ ≀{ ≀⊓∇ ⌊↕≀⌋‖ ⌋≀↕≀∇⟩\} ⊣↕}≀∇⟩⊔⟨⇕ ⊣\⌈ ⊓∫⌉ ⊣\ ⌉§⊣⇕√↕⌉ ⊔≀ ⌈⌉⇕≀\∫⊔∇⊣⊔⌉ ⟨≀⊒ ⊔≀ ↕⊣†≀⊓⊔ √∇≀⌋⌉⌈⊓∇⌉∫↙ F⟩}⊓∇⌉ ∞ √∇⌉∫⌉\⊔∫ ⊣\ ⌉§⊣⇕√↕⌉ ⌋⊣↕↕ }∇⊣√⟨⇔ ⌋≀\⊔⊣⟩\⟩\} √∇≀⌋⌉⌈⊓∇⌉∫ A through G where nodes represent procedures and the edges represent procedure calls▷ Each edge contains a weight indicating how many times that procedure was called▷ The Figure also contains a table indicating the number of cache blocks each procedure occupies▷ In this example and algorithm description we assume the instruction cache is direct mapped and contains only 4 cache lines▷ Figure 2 shows the steps taken by our algorithm in mapping the example call graph given in Figure 1▷ The cache is divided into a set of colors one color for each cache block▷ The four cache lines are given the colors red green blue and yellow▷ In Figure 2 the αrst column shows at each step which edge or procedure is being processed▷ The second column shows which of the four edge processing cases the current step corresponds to in our algorithm▷ The third column shows the current mapping of the processed procedures and edges over the colored 4 block cache space▷ The last column shows the changes to the unavailableset of colors for the procedures being processed at each step▷ If a procedure spans multiple

Figure 2. Procedure mapping using cache line coloring▷ The αrst column indicates the steps taken in our color mapping algorithm and each edge and procedure processed at each step▷ The second column shows which of the four edge processing cases the current step corresponds to in our algorithm▷ The third column shows the address space divided into sizes equal to the instruction cache and shows the mapping of the program at each step▷ The instruction cache contains 4 blocks labeled. red green blue and yellow▷ The last column shows the unavailablesets as they are changed for the procedures at each step in the algorithm▷ cache lines ↼as does C in our example↽ it will generate multiple mappable elements ↼e▷g▷ C1 and C2↽ as is shown in Figure 2▷ Our algorithm maintains three important pieces of state for each procedure. the number of cache lines ↼colors↽ needed to hold the procedure the cache colors used to map the procedure and the unavailableset of colors which represents the cache lines where the procedure should not be mapped to▷ We do not actually store the unavailableset of colors▷ Instead each procedure contains pointers to its parents and children in the call graph▷ The unavailableset of colors is then constructed for a procedure as needed by unioning all the colors used to map each of the procedureφs parents and children only if the edge joining the procedure to the parent or child has already been processed in the algorithm▷ Our algorithm starts by building a procedure call graph similar to the one shown in Figure 1▷ Every procedure in the program is represented by a node in the graph and each edge between nodes represents a procedure call▷ Multiple call sites to the same procedure from a single procedure are represented as a single edge in our call graph▷ The edge values represent the number of times each edge ↼i▷e▷ call path↽ was traversed▷ The sum of the edge weights entering and exiting a node indicates the number of incoming and outgoing procedure calls and this determines that procedureφs popularity▷ After the call graph is built the popularity of each procedure is considered▷ Based on popularity the graph is split into the popular procedures and edges and the unpopular procedures and edges▷ The popular procedure set contains those procedures which are frequently a caller or a callee and the popular edge set contains the frequently executed procedure call edges▷ The unpopular procedures and edges are those not included in the above two popular sets▷ Note there is a difference between popular procedures and time consuming procedures ↼procedures that consume a noticeable portion of a programφs overall execution time↽▷ A time consuming procedure may be labeled unpopular because it rarely switches control βow to another procedure▷ If a procedure rarely switches control βow one does not have to worry about eliminating cache conβicts between this procedure and the rest of the call graph▷ In the example in Figure 1 popular procedures are A B C D and E and the unpopular procedures are F and G since they are never executed▷ The popular edges are A → B B → C C → D A → E and E → C and the unpopular edges are E → F and F → G▷ The algorithm then sorts the popular edges in descending order using the edge weights▷ The unpopular procedures are sorted by procedure size and are used to αll in spaces created by our color mapping▷ After the programφs popularity has been decided we process all of the popular edges starting with the most frequently executed and ending with the least frequently executed▷ There are four possible cases when processing an edge in our algorithm▷ The αrst case occurs when an edge connects two procedures that have not yet been mapped▷ In this case the two procedures are merged into a compound node▷ The two procedures are placed next to each other in the layout and they are assigned cache line colors starting at an arbitrary color ↼position↽▷ Each procedure is assigned the number of cache line colors equal to (procedure^0s size in bytes)/(cache line size in bytes). After the colors have been assigned, the unavailable-set for each procedure includes the colors (cache lines) used by the other procedure at the other end of the call edge. The remaining three cases encountered when processing an edge include: when the call edge links two procedures in two different compound nodes, when the edge is between an unprocessed procedure and a procedure in a compound node, and when the edge being processed is a call between two procedures in the same compound node. The following four paragraphs discuss the details for the four edge processing cases in our algorithm.

Case I: The ↑rst case, when an edge connects two unmapped procedures, is shown in the ↑rst two steps of Figure 2. The algorithm starts with the heaviest edge (most heavily traversed) in the call graph’s set of popular edges, E → C and forms a compound node E − C▷ This compound node is arbitrarily mapped to the cache line colors▷ The unavailableset of colors for E now includes blue and yellow ↼the colors C maps to↽ and the unavailableset for C now includes red and green ↼the colors E maps to↽▷ The second step in Figure 2 processes the edge A → B between two unmapped procedures▷ The two procedures are combined into a compound node and their unavailablesets are shown in the Figure▷ Note that the unavailableset for A does not include colors red and green even though there is an edge A → E in the call graph and node E is mapped to the colors red and green▷ This is because the procedureφs unavailableset only includes parent and children procedures connected by edges that have been processed and the edge A → E has not yet been processed▷ We chose this restriction since the unavailableset of colors is used to restrict where to place procedures and when placing a procedure the procedure should only be restricted by the edges with the heaviest ↼most important↽ weights▷ Case II. The second case occurs when the edge being processed connects two procedures in different compound nodes▷ For this case the two compound nodes are merged together concatenating the compound node that is shorter in length ↼number of procedures↽ to the larger compound node▷ This is shown in step 3 of Figure 2 for edge B → C which combines two compound nodes E − C and A − B▷ The compound nodes both contain the same number of procedures so we arbitrarily choose A − B to be the smaller compound node▷ Our algorithm now decides where to map and how to order A − B since there are four possibilities. A − B − E − C B − A − E − C E − C − A − B and E − C − B − A▷ The αrst decision to make is on which side of compound node E − C should A − B be placed▷ This is decided by taking the shortest mod(distance to procedure in compound node/cache size). For our example, the distance to C is used and is calculated to be the distance in the number of cache line colors from the middle of procedure C to each end of the compound node▷ From the mapping in step 1 of Figure 2 this distance is 1 cache line to the right of C in the compound node E − C and 3 cache lines to the left of C in compound node E − C▷ Therefore the algorithm decides to place A − B to the right of E − C▷ The mod(distance to procedure/cache size) heuristic is used to increase the probability of being able to easily map the 2nd compound node to non- con↓icting cache colors. Note, that placing A − B to the right of E − C produces a mapping where no cache conβicts occur whereas if we would had chosen to put A − B on the left side of E − C this would have caused a cache coloring conβict▷ The next decision our algorithm makes is in which order to place A − B either E − C − A − B or E − C − B − A▷ This is decided by choosing the ordering so the two procedures connected by the edge being processed ↼i▷e▷ B → C↽ are closest to each other in the program layout▷ Thus we arrive at a mapping of E − C − B − A▷ After this is decided the algorithm makes sure that the two nodes for the edge being processed B and C have no cache lines that conβict▷ This is done by comparing the colors used by C with the colors used by B▷ If there is a conβict the smaller compound node is shifted away from the larger compound node until there is no longer a conβict▷ The space left in the mapping will be αlled with unpopular procedures▷ If a conβict cannot be avoided then the original location is used▷ When the αnal position for the smaller compound node is determined the algorithm goes through each procedure and updates the colors ↼cache lines↽ used by each procedure▷ Notice that this changes the unavailableset of colors. Aφs set of unavailable colors changes to red and Bφs changes to green blue and yellow▷ Case III. The third type of edge connects an unmapped procedure and a procedure in a compound node▷ We process this case similarly to case II as described in the previous paragraph▷ In this situation the unmapped procedure is placed on either end of the compound node which side is decided by using the shortest mod(distance to procedure/cache size) heuristic as described above. Once a side is chosen, the cache line colors used by the newly mapped procedure are checked against the colors used by its corresponding procedure in the compound node. If there is a con↓ict, space is inserted in the address space between the newly mapped procedure and the compound node until the newly mapped procedure can be assigned colors which do not con↓ict. If this is not possible, the procedure is left at its original position, adjacent to the compound node. Step 4 in Figure 2 shows this scenario. The algorithm next processes edge C → D where C is contained in a compound node and D has not yet been mapped▷ The algorithm αrst decides on which side of the compound node to place D▷ Since both of the distances to the middle of C are the same ↼3 cache lines↽ the algorithm arbitrarily chooses a side and D is placed to the left of the compound node▷ The colors used for D at this location are blue and yellow▷ This would create a conβict since those colors overlap with the colors used by C▷ Therefore the algorithm shifts D to the left until it αnds a suitable location ↼if possible↽ where D no longer conβicts with C▷ This location for D is found at the colors red and green▷ This leaves a space in the compound node as shown in step 4▷ If a space is created inside of a compound node the space is αlled with the largest unpopular procedure which will αt▷ This is shown in step 5 of Figure 2 where the space created by shifting D is αlled with the unpopular procedure G▷

Case IV. The fourth and αnal case to handle occurs when the edge being processed has both procedures belonging to the same compound node▷ This is a very important case since the algorithm αnally gets to use the unavailableset to avoid cache conβicts▷ If the colors used by the two procedures of the edge overlap ↼conβict↽ then the procedure closest ↼in terms of cache lines↽ to either end of the compound node is moved past the end of the compound node creating a space or gap in the compound node where it use to be located▷ This space will later be αlled by an unpopular procedure or procedures▷ The unavailableset for the procedure that is moved past the end of the compound node is updated to include the colors of the corresponding procedure left inside the compound node▷ The algorithm then checks to see if the current colors used by the procedure conβict with any of its unavailable colors▷ If there is a conβict the procedure is shifted away from the compound node in the address space until there is no longer a conβict with its unavailableset of colors▷ If we are unable to αnd a nonconβicting location for the procedure the original location inside the compound node is used▷ This αnal scenario is shown in step 6 in Figure 2 where the edge from A → E is processed and its two procedures are in the same compound node▷ In examining the colors used by both A and E we see that the two proceduresφ colors conβict since they map to the same cache block ↼green↽▷ The algorithm tries to eliminate this conβict by choosing to move A since it is the closest to an end of the compound node▷ The algorithm moves A past the end of the compound node mapping it to the color blue▷ When checking Aφs new mapping against its unavailableset ↼red and green↽ no conβicts are found so this is an acceptable location for procedure A▷ Using the unavailableset in this way guarantees that previous mappings for A take precedence over the edge A → E because those mappings were more important▷ Finally since A was moved in step 6 it created a space in the compound node as shown in Figure 2▷ After any space is made inside of a compound node that gap is αlled with a procedure↼s↽ from the unpopular list▷ In our example the remaining procedure F is used to αll the gap▷ We then arrive at the αnal mapping as shown in step 7 which has no αrstgeneration cache conβicts▷ This process is repeated until all of the edges in the popular set have been processed▷ Any remaining procedures in the unpopular list are mapped using a simple depthαrst traversal of the unpopular edges that join these unpopular procedures▷ This can create several disjoint compound nodes▷ These nodes are then ordered in the αnal layout from the most frequently executed to the least frequently executed▷ 2▷2 Comparison to Previous Work There has been considerable work in the area of proαledriven program optimizations and procedure reordering▷ We now discuss relevant previous work and how it relates to our algorithm▷

2▷2▷1 Knowledge of Cache Size McFarling examined improving instruction cache performance by not caching infrequently used instructions and by performing code reordering compiler optimizations ♭10♯▷ The mapping algorithm works at the basic block level and concentrates on laying out the code based on loop structures in the program▷ The algorithm constructs a control βow graph with basic block procedure and loop nodes▷ It then tries to partition the graph concentrating on the loop nodes so that the height of each partitioned tree is less than the size of the cache▷ If this is the case then all of the nodes inside of the tree can be trivially mapped since they will not interfere with each other in the cache▷ If this is not the case then some nodes in the mapping might conβict with others in the cache▷ The notion of wanting the mapped tree size smaller than the cache size also applies to our algorithm when we partition the call graph into popular and unpopular procedures and edges▷ Partitioning the the call graph actually splits the graph into several disjoint subgraphs comprised of the popular procedures and edges▷ This has the effect of breaking the call graph into smaller and more manageable pieces▷ If the sum of all the procedure sizes in a subgraph is smaller than the size of the instruction cache then there will be no conβicting colors when laying out all of the procedures in the subgraph and the mapping can be done trivially as suggested by McFarling▷ The beneαt of our algorithm over McFarlingφs is that instead of just taking into consideration the cache size we also take into consideration the exact cache lines used by each procedure in the mapping▷ This allows our algorithm to effectively eliminate αrstgeneration cache conβicts even when the popular subgraph size is larger than the instruction cache by using the color mapping and the unavailableset of colors▷ Torrellas Xia and Daigle ♭18♯ ↼TXD↽ also described an algorithm for code layout for operating system intensive workloads▷ Their work takes into consideration the size of the cache and the popularity of code▷ Their algorithm partitions the operating system code into executed and nonexecuted parts at the basic block level▷ It then repeatedly creates sequences of basic blocks from the executed code▷ All the basic blocks with weights above a threshold value are removed from the graph and put into a sequence which is a list of basic blocks▷ All the basic blocks in a sequence are then layed out together in the address space▷ The threshold value is then lowered and the process is repeated until all the frequently executed basic blocks have been put into sequences▷ Their algorithm takes into consideration the cache size by mapping the most frequently executed sequence into a special area in the cache▷ The rest of the sequences are then mapped to areas in the cache avoiding this special area▷ This creates gaps in the program layout which are then αlled by the nonexecuted basic blocks▷ The TXD algorithm is designed for mapping operating system code to increase performance by keeping commonly used system code in the cache▷ Our algorithm is designed for application code and tries to eliminate as many αrstgeneration conβicts as possible▷ These two goals are different and may champion the use of different algorithms▷ The techniques used by TXD which work well

Figure 3. Procedure mapping for a greedy depthαrst traversal of the call graph▷ for operating system code may not work as well to eliminate αrstgeneration cache conβicts in application code▷ As described in §∈↙∞⇔ ≀⊓∇ ⊣↕}≀∇⟩⊔⟨⇕ ⊓∫⌉∫ ⊓\√≀√⊓↕⊣∇ √∇≀⌋⌉⌈⊓∇⌉∫ ⟩\ ⊣ ⇕⊣\\⌉∇ ∫⟩⇕⟩↕⊣∇ ⊔≀ ⟨≀⊒ TXD ⊓∫⌉∫ \≀\↖⌉§⌉⌋⊓⊔⌉⌈ ≀√⌉∇⊣⊔⟩\} ∫†∫⊔⌉⇕ ⌊⊣∫⟩⌋ ⌊↕≀⌋‖∫↙ W⌉ ⊓∫⌉ ⊔⟨⌉ ⊓\√≀√⊓↕⊣∇ ⌋≀⌈⌉ ⟩\ ⊣\ ⊣√√↕⟩⌋⊣⊔⟩≀\ ⊔≀ ⊘↕↕ ⟩\ ∫√⊣⌋⌉∫ ⌋∇⌉⊣⊔⌉⌈ ⊒⟨⌉\ ⇕⊣√√⟩\} √∇≀⌋⌉⌈⊓∇⌉∫↙ T⟨⌉ ⊔⊒≀ ⊣√√∇≀⊣⌋⟨⌉∫ ⌈⟩{{⌉∇ ⟩\ ⊔⟨⊣⊔ ≀⊓∇ ⊣↕}≀∇⟩⊔⟨⇕ ⊓∫⌉∫ ⊔⟨⌉ ⊓\√≀√⊓↕⊣∇ √∇≀⌋⌉⌈⊓∇⌉∫ ⊔≀ ⊔∇† ⊔≀ ⌉↕⟩⇕⟩\⊣⊔⌉ ⌋⊣⌋⟨⌉ ⌋≀\⊙⟩⌋⊔∫ {≀∇ ⊣↕↕ √≀√⊓↕⊣∇ √∇≀⌋⌉⌈⊓∇⌉∫ ⌊† √⌉∇{≀∇⇕⟩\} ⊣ ⌋≀↕≀∇ ⇕⊣√√⟩\} ⊔⟨⊣⊔ }⟩⊑⌉∫ √∇⟩≀∇⟩⊔† ⊔≀ ⊔⟨⌉ √∇≀⌋⌉⌈⊓∇⌉∫ ⊔⟨⊣⊔ ∫⊒⟩⊔⌋⟨ ⌋≀\⊔∇≀↕ ⊙≀⊒ ⊔⟨⌉ ⇕≀∫⊔ ⟩\ ⊔⟨⌉ ⌋⊣↕↕ }∇⊣√⟨↙ I\ ⌋≀⇕√⊣∇⟩∫≀\⇔ TXD ⊓∫⌉∫ ⊔⟨⌉ \≀\↖⌉§⌉⌋⊓⊔⌉⌈ ⌋≀⌈⌉ ⊔≀ ⌉↕⟩⇕⟩\⊣⊔⌉ ⌋⊣⌋⟨⌉ ⌋≀\⊙⟩⌋⊔∫ {≀∇ ≀\↕† ∫≀⇕⌉ ≀{ ⊔⟨⌉ √≀√⊓↕⊣∇ ⌊⊣∫⟩⌋ ⌊↕≀⌋‖∫¬ ⊔⟨⌉ ⇕≀∫⊔ {∇⌉∐⊓⌉\⊔↕† ⌉§⌉⌋⊓⊔⌉⌈ ∫⌉∐⊓⌉\⌋⌉⇐∫⇒↙ K⌉⌉√⟩\} ⊔∇⊣⌋‖ ≀{ ⊔⟨⌉ ⌋≀↕≀∇∫ ⊓∫⌉⌈ ⌊† ⌉⊣⌋⟨ √∇≀⌋⌉⌈⊓∇⌉⇔ ⊣\⌈ ⊓∫⟩\} ⊔⟨⌉ ⊓\⊣⊑⊣⟩↕⊣⌊↕⌉↖∫⌉⊔ ⊔≀ ⌉↕⟩⇕⟩\⊣⊔⌉ ⊣∫ ⇕⊣\† ⌋≀\⊙⟩⌋⊔∫ ⊣∫ √≀∫∫⟩⌊↕⌉⇔ ⇕⊣‖⌉∫ ≀⊓∇ ⊣↕}≀∇⟩⊔⟨⇕ ⇕≀∇⌉ }⌉\⌉∇⊣↕ {≀∇ ⌉↕⟩⇕⟩\⊣⊔⟩\} ⊘∇∫⊔↖}⌉\⌉∇⊣⊔⟩≀\ ⌋≀\⊙⟩⌋⊔∫ ⟩\ ⊣√√↕⟩⌋⊣⊔⟩≀\ ⌋≀⌈⌉↙ A\≀⊔⟨⌉∇ ⊔⌉⌋⟨\⟩∐⊓⌉ ⊓∫⌉⌈ ⌊† TXD ⊒⟨⟩⌋⟨ ⊒≀∇‖∫ ⊒⌉↕↕ {≀∇ ≀√⌉∇⊣⊔⟩\} ∫†∫⊔⌉⇕ ⌋≀⌈⌉⇔ ⌊⊓⊔ ⊒⟨⟩⌋⟨ ⇕⊣† \≀⊔ ⊒≀∇‖ ⊣∫ ⊒⌉↕↕ {≀∇ ⊣√√↕⟩⌋⊣⊔⟩≀\ ⌋≀⌈⌉⇔ ⟩∫ ∇⌉⌋⊓∇∫⟩⊑⌉↕† ⌊∇⌉⊣‖⟩\} ⊓√ ⊔⟨⌉ ⌊⊣∫⟩⌋ ⌊↕≀⌋‖∫ ⟩\⊔≀ ∫⌉∐⊓⌉\⌋⌉∫ ⊓∫⟩\} ⊣ ⊔⟨∇⌉∫⟨≀↕⌈ ⊑⊣↕⊓⌉↙ T⟨⟩∫ ⊔⌉⌋⟨\⟩∐⊓⌉ ⌈≀⌉∫ \≀⊔ ⊔⊣‖⌉ ⟩\⊔≀ ⌋≀\∫⟩⌈⌉∇⊣⊔⟩≀\ ⊔⟨⌉ ⌋≀\\⌉⌋⊔⟩⊑⟩⊔† ≀{ ⊔⟨⌉ ⌊⊣∫⟩⌋ ⌊↕≀⌋‖∫ ⟩\ ⊔⟨⌉ ∫⌉∐⊓⌉\⌋⌉↙ T⟨⌉∇⌉{≀∇⌉ ⊣ ∫⌉∐⊓⌉\⌋⌉ ⌋≀⊓↕⌈ ⌊⌉ ↕⊣†⌉⌈ ≀⊓⊔ ⊔≀}⌉⊔⟨⌉∇ ⟩\ ⊔⟨⌉ ⊣⌈⌈∇⌉∫∫ ∫√⊣⌋⌉⇔ ⊒⟩⊔⟨ ⊔⟨⌉ ⌊⊣∫⟩⌋ ⌊↕≀⌋‖∫ ⟨⊣⊑⟩\} ↕⟩⊔⊔↕⌉ ≀∇ \≀ ⊔⌉⇕√≀∇⊣↕ ↕≀⌋⊣↕⟩⊔†⇔ ⊣\⌈ ⊔⟨⌉ ⌊⊣∫⟩⌋ ⌊↕≀⌋‖∫ ⟩\ ≀\⌉ ∫⌉∐⊓⌉\⌋⌉ ⌋≀⊓↕⌈ ⌋⊣⊓∫⌉ ⌋≀\⊙⟩⌋⊔ ⇕⟩∫∫⌉∫ ⊒⟩⊔⟨ ⌊⊣∫⟩⌋ ⌊↕≀⌋‖∫ ⟩\ ⊣\≀⊔⟨⌉∇ ∫⌉∐⊓⌉\⌋⌉↙ F≀∇ ⊣√√↕⟩⌋⊣⊔⟩≀\ ⌋≀⌈⌉⇔ ≀⊓∇ ⌋≀↕≀∇⟩\} ⊣↕}≀∇⟩⊔⟨⇕ ≀{{⌉∇∫ ⌊⌉⊔⊔⌉∇ √⌉∇{≀∇⇕⊣\⌋⌉ ≀⊑⌉∇ ⊣ ∇⌉⌋⊓∇∫⟩⊑⌉ ⊔⟨∇⌉∫⟨≀↕⌈ √⊣∇⊔⟩⊔⟩≀\⟩\} ⊣↕}≀∇⟩⊔⟨⇕ ∫⟩\⌋⌉ ⊒⌉ ⊔⊣‖⌉ ⟩\⊔≀ ⌋≀\∫⟩⌈⌉∇⊣⊔⟩≀\ ⊔⟨⌉ ⌋≀\\⌉⌋⊔⟩⊑⟩⊔† ≀{ ⊔⟨⌉ }∇⊣√⟨↙ ∈↙∈↙∈ P∇≀⌋⌉⌈⊓∇⌉ M⊣√√⟩\} H⊒⊓ ⊣\⌈ C⟨⊣\} ⌈⌉∫⌋∇⟩⌊⌉⌈ ⊣\ ⊣↕}≀∇⟩⊔⟨⇕ {≀∇ ⟩⇕√∇≀⊑⟩\} ⟩\∫⊔∇⊓⌋⊔⟩≀\ ⌋⊣⌋⟨⌉ √⌉∇{≀∇⇕⊣\⌋⌉ ⊓∫⟩\} ⟩\↕⟩\⟩\}⇔ ⌊⊣∫⟩⌋ ⌊↕≀⌋‖ ∇⌉≀∇⌈⌉∇⟩\}⇔ ⊣\⌈ √∇≀⌋⌉⌈⊓∇⌉ ∇⌉≀∇⌈⌉∇⟩\} ⌋≀⇕√⟩↕⌉∇ ≀√⊔⟩⇕⟩‡⊣⊔⟩≀\∫ ∪∀⊎↙ T⟨⌉⟩∇ ⊣↕}≀∇⟩⊔⟨⇕ ⌊⊓⟩↕⌈∫ ⊣ ⌋⊣↕↕ }∇⊣√⟨ ⊒⟩⊔⟨ ⊒⌉⟩}⟨⊔⌉⌈ ⌋⊣↕↕ ⌉⌈}⌉∫ √∇≀⌈⊓⌋⌉⌈ ⌊† √∇≀⊘↕⟩\}↙ F≀∇ ⊔⟨⌉ √∇≀⌋⌉⌈⊓∇⌉ ∇⌉≀∇⌈⌉∇⟩\}⇔ ⊔⟨⌉⟩∇ ⊣↕}≀∇⟩⊔⟨⇕ √∇≀⌋⌉∫∫⌉∫ ⊔⟨⌉ ⌋⊣↕↕ }∇⊣√⟨ ⌈⌉√⊔⟨ ⊘∇∫⊔⇔ ⇕⊣√√⟩\} ⊔⟨⌉ √∇≀⌋⌉⌈⊓∇⌉∫ ⊔≀ ⊔⟨⌉ ⊣⌈⌈∇⌉∫∫ ∫√⊣⌋⌉ ⟩\ ⌈⌉√⊔⟨ ⊘∇∫⊔ ≀∇⌈⌉∇↙ T⟨⌉⟩∇ ⌈⌉√⊔⟨↖⊘∇∫⊔ ⊔∇⊣⊑⌉∇∫⊣↕ ⟩∫ }⊓⟩⌈⌉⌈ ⌊† ⊔⟨⌉ ⌉⌈}⌉ ⊒⌉⟩}⟨⊔∫ ⌈⌉⊔⌉∇⇕⟩\⌉⌈ ⌊† ⊔⟨⌉ √∇≀⊘↕⌉⇔ ⊒⟨⌉∇⌉ ⊣ ⟨⌉⊣⊑⟩⌉∇ ⌉⌈}⌉ ⟩∫ ⊔∇⊣⊑⌉∇∫⌉⌈ ⇐↕⊣†⌉⌈

∞′

F⟩}⊓∇⌉ △¬ P∇≀⌋⌉⌈⊓∇⌉ ⇕⊣√√⟩\} {≀∇ ⊔⟨⌉ P⌉⊔⊔⟩∫ ⊣\⌈ H⊣\∫⌉\ }∇⌉⌉⌈† ⊣↕}≀∇⟩⊔⟨⇕↙ ≀⊓⊔⇒ ⌊⌉{≀∇⌉ ⊣\ ⟩\{∇⌉∐⊓⌉\⊔↕† ⌉§⌉⌋⊓⊔⌉⌈ ⌉⌈}⌉↙ I\ ⊓∫⟩\} ⊔⟨⌉ ⌋⊣↕↕ }∇⊣√⟨ ∫⟨≀⊒\ ⟩\ F⟩}⊓∇⌉ ∞⇔ ⊣ ⌈⌉√⊔⟨↖⊘∇∫⊔ ⊔∇⊣⊑⌉∇∫⊣↕ {≀↕↕≀⊒⟩\} ⊔⟨⌉ ⇕≀∫⊔ {∇⌉∐⊓⌉\⊔↕† ⌉§⌉⌋⊓⊔⌉⌈ ⌉⌈}⌉∫ ⊒≀⊓↕⌈ ⊔∇⊣⊑⌉∇∫⌉ ⊔⟨⌉ ⌉⌈}⌉∫ ⟩\ ≀∇⌈⌉∇ ≀{ A → B B → C C → D A → E E → C E → F and F → G▷ Figure 3 represents the αnal mapping achieved by their algorithm▷ The drawback of this approach occurs when the depthαrst traversal follows an unimportant path in the control βow graph which will then lay out unpopular procedures before considering procedures on a more important path▷ This is seen in Figure 1 where their algorithm processes the edge C → D before the edge E → C▷ This can create signiαcant αrstgeneration cache conβicts in the call graph as seen by the conβict between procedures E and C in Figure 3▷ Pettis and Hansen ♭11♯ also described a number of techniques for improving code layout that include. basic block reordering procedure splitting and procedure reordering▷ Their algorithm employs a closest isbest strategy to perform procedure reordering▷ The reordering starts with the heaviest executed call edge in the program call graph▷ The two nodes connected by the heaviest edge will be placed next to each other in the αnal link order▷ This is taken care of by merging the two nodes into a chain▷ The remaining edges entering and exiting the chain node are coalesced▷ This process continues until the whole call graph is merged into chains which can no longer be merged▷ Figure 4 shows the key points of the Pettis and

Hansen ♭11♯ procedure mapping algorithm when processing the call graph in Figure 1▷ Their algorithm starts by processing edge E → C merging nodes E and C into a chain E − C▷ This is followed by edge A → B where A and B are merged into a chain A − B▷ The next edge to be processed is B → C▷ This brings the algorithm to the αrst point shown in Figure 4 which is how to merge the chains E − C and A − B▷ At this point their algorithm uses a closestisbest heuristic and chooses to place procedure B next to C since the edge B → C has a stronger weight than A → E▷ The next edge to be processed is from C → D▷ This means procedure D needs to be placed at the front or end of chain E − C − B − A▷ Figure 4 shows that no matter which side of the chain D is placed a αrstgeneration cache conβict will occur with C▷ This illustrates the main drawback of their approach which is that the algorithm fails to monitor the chain size▷ Therefore once a chain becomes larger than the size of the instruction cache the effectiveness of their closestisbest strategy and node merging strategy decreases▷ In looking at the αnal mapping in Figure 4 we see that the mapping has αrstgeneration conβicts between procedures A and E and procedures C and D▷ Our algorithm improves on the Hwu and Chang and the Pettis and Hansen procedure reordering algorithms by keeping track of the cache lines ↼colors↽ used by each mapped procedure when performing the procedure mapping▷ This allows us to effectively map procedures eliminating cache conβicts even when the compound node size grows larger than the instruction cache▷ Neither of their algorithms take into consideration the attributes of the cache such as cache size line size and associativity▷ They also do not consider leaving spaces in their layout which can be used to reduce the number of cache conβicts▷ As shown in Figure 2 when using our color mapping algorithm no αrstgeneration cache conβicts occur for the call graph shown in Figure 1▷ In comparison Figure 3 and Figure 4 show that both the Hwu and Chang and the Pettis and Hansen algorithms suffer from αrstgeneration cache conβicts for the reasons discussed above▷

3 Methodology To evaluate the performance of our algorithm we modiαed gcc version 2▷7▷2 to use our new procedure mapping algorithm when linking an application▷ This has restricted the type of applications we can examine in this study to programs that can be compiled with gcc▷ Therefore the programs we examined are from the SPECInt95 suite SPECInt92 suite and three gnu applications▷ We used trace driven simulation to quantify the instruction cache performance of our algorithm ♭9♯▷ The trace driven simulations were obtained using ATOM an executiondriven simulation tool available from Digital Equipment Corporation ♭16♯▷ ATOM allows instrumentation of binaries on DEC Alpha processors and can produce the necessary information about the frequency of procedure calls procedure sizes and the programφs control βow graph▷ In our simulations we model a directmapped 8 kilobyte instruction cache ϑ Instrs Traced Exe Size ϑ Static Popular Procedures Unpopular Filler Program Input in Millions KBytes Procs ϱ Exe Size ϱ Procs ϱ Exe Size li li input 6938 M 417 K 575 6ϱ ↼24 K↽ 15ϱ 0▷5ϱ ↼2 K↽ m88ksim dcrand▷lit 27942 M 557 K 460 7ϱ ↼41 K↽ 9ϱ 0▷9ϱ ↼5 K↽ perl scrabbl 592 M 819 K 557 4ϱ ↼20 K↽ 4ϱ 0▷6ϱ ↼5 K↽ espresso tial 1145 M 516 K 539 12ϱ ↼60 K↽ 17ϱ 0▷5ϱ ↼3 K↽ eqntott int pri 3 2021 M 400 K 498 11ϱ ↼46 K↽ 7ϱ 0▷8ϱ ↼3 K↽ bison objc parse 77 M 352 K 369 9ϱ ↼32 K↽ 10ϱ 1▷0ϱ ↼4 K↽ βex αxit▷l 24 M 492 K 668 11ϱ ↼52 K↽ 8ϱ 0▷8ϱ ↼4 K↽ gzip gcc2▷7▷2▷tar 9242 M 344 K 140 3ϱ ↼10 K↽ 21ϱ 0ϱ ↼0 K↽ Table 1. Measured attributes of traced programs▷ The input is used to both proαle the program and gather performance results▷ The attributes include the number of instructions traced when simulating the program the executable size of the program and the number of static procedures in the program▷ Also shown is the percentage of the executable and the percentage of static procedures that the popular procedures account for after partitioning the program into popular and unpopular procedures when using the color mapping algorithm▷ The last column shows the percentage of unpopular procedures in terms of the size of the executable that were used as βuff ↼to αll in spaces↽ in our color mapping algorithm▷ with a 32 byte block size similar to the size used for the DEC Alpha 21064 and DEC Alpha 21164 αrstlevel instruction cache▷ Therefore in our color mapping the number of colors is equal to 256 which is equal to the number of direct mapped cache blocks▷ Table 1 describes the static and dynamic attributes for the programs we studied▷ The αrst column contains the program name and the second column shows the input used to proαle each program▷ The third column shows the number of instructions traced for the input used▷ The fourth column shows the size of each program in kilobytes and the αfth column shows the number of static procedures in the program▷ The next two columns show results for the popular procedures in the program as determined by our color mapping algorithm described in §∈↙∞↙ T⟨⌉ ∫⟩§⊔⟨ ⌋≀↕⊓⇕\ ∫⟨≀⊒∫ ⊔⟨⌉ √⌉∇⌋⌉\⊔⊣}⌉ ≀{ ⊔⟨⌉ ⌉§⌉⌋⊓⊔⊣⌊↕⌉ ⊔⟨⊣⊔ ⌋≀\⊔⊣⟩\∫ ≀\↕† ⊔⟨⌉ √≀√⊓↕⊣∇ √∇≀⌋⌉⌈⊓∇⌉∫⇔ ⊣\⌈ ⊔⟨⌉ ∫⌉⊑⌉\⊔⟨ ⌋≀↕⊓⇕\ ∫⟨≀⊒∫ ⊔⟨⌉ √⌉∇⌋⌉\⊔⊣}⌉ ≀{ ∫⊔⊣⊔⟩⌋ √∇≀⌋⌉⌈⊓∇⌉∫ ⊒⟨⟩⌋⟨ ⊣∇⌉ ⌋≀\∫⟩⌈⌉∇⌉⌈ √≀√⊓↕⊣∇↙ T⟨⌉ ⊘\⊣↕ ⌋≀↕⊓⇕\ ∫⟨≀⊒∫ ⊔⟨⌉ √⌉∇⌋⌉\⊔⊣}⌉ ≀{ ⊔⟨⌉ ⌉§⌉⌋⊓⊔⊣⌊↕⌉ ⊒⟨⟩⌋⟨ ⊒⌉∇⌉ ⊓\√≀√⊓↕⊣∇ √∇≀⌋⌉⌈⊓∇⌉∫ ⊓∫⌉⌈ ⊣∫ ⊘↕↕⌉∇ ⊔≀ ⊘↕↕ ⟩\ ∫√⊣⌋⌉∫ ⌋∇⌉⊣⊔⌉⌈ ⟩\ ⊔⟨⌉ ⌋≀↕≀∇ ⇕⊣√√⟩\} ⇐⊣∫ ⌈⌉∫⌋∇⟩⌊⌉⌈ ⟩\ §∈↙∞⇒↙ W⌉ ⊓∫⌉⌈ √∇≀⊘↕⌉ ⟩\{≀∇⇕⊣⊔⟩≀\ ⊔≀ }⊓⟩⌈⌉ ⊔⟨⌉ √⊣∇⊔⟩⊔⟩≀\⟩\} ≀{ ⊔⟨⌉ √∇≀}∇⊣⇕ ⟩\⊔≀ √≀√⊓↕⊣∇ ⊣\⌈ ⊓\√≀√⊓↕⊣∇ √⊣∇⊔∫↙ A↕↕ ⊔⟨⌉ √∇≀⌋⌉⌈⊓∇⌉∫ ⊣\⌈ ⌉⌈}⌉∫ ⊔⟨⊣⊔ ⊣⌋⌋≀⊓\⊔ {≀∇ ↕⌉∫∫ ⊔⟨⊣\ ∞↗ ≀{ ⊔⟨⌉ ∫⊒⟩⊔⌋⟨⌉∫ ⟩\ ⌋≀\⊔∇≀↕ ⊙≀⊒ ⟩\ ⊔⟨⌉ ⌋⊣↕↕ }∇⊣√⟨ ⊣∇⌉ ↕⊣⌊⌉↕⌉⌈ ⊣∫ ⊓\√≀√⊓↕⊣∇↙ W⌉ ⌋⊣\ ∫⌉⌉ ⊔⟨⊣⊔ ⌊† ∫√↕⟩⊔⊔⟩\} ⌉⊣⌋⟨ √∇≀}∇⊣⇕ ⟩\⊔≀ √≀√⊓↕⊣∇ ⊣\⌈ ⊓\√≀√⊓↕⊣∇ ∫⌉⊔∫⇔ ⊔⟨⊣⊔ ⊔⟨⌉ √≀√⊓↕⊣∇ √∇≀⌋⌉⌈⊓∇⌉∫ ⇕⊣‖⌉ ⊓√ ≀\↕† ∋↗ ⊔≀ ∞∈↗ ≀{ ⊔⟨⌉ ∫⊔⊣⊔⟩⌋ ⌉§⌉⌋⊓⊔⊣⌊↕⌉ ∫⟩‡⌉⇔ ⊣\⌈ ⊔⟨⟩∫ ⊣⌋⌋≀⊓\⊔∫ {≀∇ △↗ ⊔≀ ∈∞↗ ≀{ ⊔⟨⌉ ∫⊔⊣⊔⟩⌋ √∇≀⌋⌉⌈⊓∇⌉∫ ⟩\ ⊔⟨⌉ √∇≀}∇⊣⇕↙ M⊣√√⟩\} ⊔⟨⌉∫⌉ √∇≀⌋⌉⌈⊓∇⌉∫ ⌋≀∇∇⌉⌋⊔↕† ⊒⟩↕↕ ⌉↕⟩⇕⟩\⊣⊔⌉ ⇕≀∫⊔ ≀{ ⊔⟨⌉ ⌋⊣⌋⟨⌉ ⌋≀\⊙⟩⌋⊔∫ ⟩\ ⊔⟨⌉ ⊣√√↕⟩⌋⊣⊔⟩≀\ {≀∇ ⊔⟨⌉ ⟩\√⊓⊔∫ ⊒⌉ ⌉§⊣⇕⟩\⌉⌈↙

∞∋

I↖C⊣⌋⟨⌉ M⟩∫∫ R⊣⊔⌉ M⟩∫∫ R⊣⊔⌉ R⌉⌈⊓⌋⊔⟩≀\ O⊑⌉∇ ↓ I\∫⊔∇⊓⌋⊔⟩≀\ C⊣⌋⟨⌉ M⟩∫∫⌉∫ P∇≀}∇⊣⇕ O∇⟩}⟩\⊣↕ P↘H C≀↕≀∇ O∇⟩}⟩\⊣↕ P↘H O∇⟩}⟩\⊣↕ P↘H C≀↕≀∇ ↕⟩ ∞↙△↗ ′↙∋↗ ′↙∋↗ ∃↗ ′↗ ∃⇔∞∈⇎ ∈∋⇔∀⇎′△ ∞∃⇔∃△∋⇔▽′ ⇕∀∀‖∫⟩⇕ ∋↙′↗ ∞↙↗ ∞↙△↗ ▽∋↗ ∞∀↗ ∀∋∀⇔∈△∃⇔△▽ ̸△▽⇔′′∀⇔′∈▽ ∋∃∞⇔∞∀∋⇔′∃ √⌉∇↕ ↙▽↗ △↙↗ △↙△↗ △∞↗ ↗̸ △△⇔∋∀⇔∞△∃ ∈⇔∀∞′⇔∋′ ̸∈⇎′∋▽⇔∞∀′ ⌉∫√∇⌉∫∫≀ ′↙∃↗ ′↙∃↗ ′↙▽↗ △△↗ △△↗ ∞′⇔∋′∀⇔∈ ̸∞′⇔∈∞∞⇔∀∞∃ ⇎△∋▽⇔∄∃ ⌉∐\⊔≀⊔⊔ ′↙∈↗ ′↙∋↗ ′↙∞↗ ▽′↗ ̸↗ △⇔′△∈⇔∈∃∋ ⇎△∞⇔▽∉ ∈⇔∋′⇔∀∞∋ ⌊⟩∫≀\ ∞↙▽↗ ∞↙▽↗ ∞↙∞↗ ∈↗ ∈↗ ∞⇔∞▽∋⇔∀′▽ ∞⇔∞∋∈⇔∃∈∃ ∀△∈⇔′▽ ⊙⌉§ ∈↙∈↗ ∞↙↗ ∞↙↗ ∈∋↗ ′↗ ▽∈▽⇔△∋∋ △′⇔△∈∋ ∋∃∃⇔∀△ }‡⟩√ ∞↙∞↗ ′↙′↗ ′↙′↗ ∃∃↗ ′↗ ∞′∞⇎⇔∞∋ ∋∋⇔∃▽′ ∈∃⇔∋′ A⊑⌉∇⊣}⌉ ∈↙∈↗ ∞↙△↗ ∞↙∈↗ T⊣⌊↕⌉ ∈¬ I\∫⊔∇⊓⌋⊔⟩≀\ ⌋⊣⌋⟨⌉ √⌉∇{≀∇⇕⊣\⌋⌉ {≀∇ ⊔⟨⌉ O∇⟩}⟩\⊣↕ ⇕⊣√√⟩\}⇔ P⌉⊔⊔⟩∫ ⊣\⌈ H⊣\∫⌉\ ⇐P↘H⇒ ⇕⊣√√⟩\}⇔ ⊣\⌈ ≀⊓∇ C≀↕≀∇ ⇕⊣√√⟩\} ⊣↕}≀∇⟩⊔⟨⇕↙ T⟨⌉ ⊘∇∫⊔ ⊔⟨∇⌉⌉ ⌋≀↕⊓⇕\ ∫⟨≀⊒∫ ⊔⟨⌉ ⟩\∫⊔∇⊓⌋⊔⟩≀\ ⌋⊣⌋⟨⌉ ⇕⟩∫∫ ∇⊣⊔⌉∫↙ T⟨⌉ \⌉§⊔ ⊔⊒≀ ⌋≀↕⊓⇕\∫ ∫⟨≀⊒ ⊔⟨⌉ √⌉∇⌋⌉\⊔ ∇⌉⌈⊓⌋⊔⟩≀\ ⟩\ ⊔⟨⌉ ⇕⟩∫∫ ∇⊣⊔⌉∫ ⊒⟨⌉\ ⊓∫⟩\} ≀⊓∇ C≀↕≀∇ ⇕⊣√√⟩\} ⊣↕}≀∇⟩⊔⟨⇕ ⟩\ ⌋≀⇕√⊣∇⟩∫≀\ ⊔≀ ⊔⟨⌉ O∇⟩}⟩\⊣↕ ⊣\⌈ P↘H √∇≀⌋⌉⌈⊓∇⌉ ⇕⊣√√⟩\}↙ T⟨⌉ ↕⊣∫⊔ ⊔⟨∇⌉⌉ ⌋≀↕⊓⇕\∫ ∫⟨≀⊒ ⊔⟨⌉ \⊓⇕⌊⌉∇ ≀{ ⟩\∫⊔∇⊓⌋⊔⟩≀\ ⌋⊣⌋⟨⌉ ⇕⟩∫∫⌉∫↙ △ R⌉∫⊓↕⊔∫ T≀ ⌉⊑⊣↕⊓⊣⊔⌉ ⊔⟨⌉ √⌉∇{≀∇⇕⊣\⌋⌉ ≀{ ≀⊓∇ ⌋≀↕≀∇ ⇕⊣√√⟩\} ⊣↕}≀∇⟩⊔⟨⇕ ⊒⌉ ⊣↕∫≀ ⟩⇕√↕⌉⇕⌉\⊔⌉⌈ ⊔⟨⌉ P⌉⊔⊔⟩∫ ⊣\⌈ H⊣\∫⌉\ ⊣↕}≀∇⟩⊔⟨⇕ ⌈⌉∫⌋∇⟩⌊⌉⌈ ⟩\ S⌉⌋⊔⟩≀\ §∈↙∈↙ T⊣⌊↕⌉ ∈ ∫⟨≀⊒∫ ⊔⟨⌉ ⟩\∫⊔∇⊓⌋⊔⟩≀\ ⌋⊣⌋⟨⌉ ⇕⟩∫∫ ∇⊣⊔⌉∫ {≀∇ ⊔⟨⌉ ≀∇⟩}⟩\⊣↕ √∇≀}∇⊣⇕⇔ ⊔⟨⌉ P⌉⊔⊔⟩∫ ⊣\⌈ H⊣\∫⌉\ ⊣↕}≀∇⟩⊔⟨⇕⇔ ⊣\⌈ ≀⊓∇ ⌋⊣⌋⟨⌉ ⌋≀↕≀∇⟩\} ⊣↕}≀∇⟩⊔⟨⇕↙ F≀∇ ⊔⟨⌉ ∇⌉∫⊓↕⊔∫ ∫⟨≀⊒\⇔ ⊔⟨⌉ ∫⊣⇕⌉ ⟩\√⊓⊔ ⊓∫⌉⌈ ⟩\ T⊣⌊↕⌉ ∞ ⊒⊣∫ ⊓∫⌉⌈ {≀∇ ⌊≀⊔⟨ √∇≀⊘↕⟩\} ⊔⟨⌉ √∇≀}∇⊣⇕ ⊣\⌈ }⊣⊔⟨⌉∇⟩\} ⊔⟨⌉ ∇⌉∫⊓↕⊔∫↙ T⟨⌉ ∫⌉⌋≀\⌈ ⌋≀↕⊓⇕\ √∇≀⊑⟩⌈⌉∫ ⊔⟨⌉ ⌋⊣⌋⟨⌉ ⇕⟩∫∫ ∇⊣⊔⟩≀ {≀∇ ⊔⟨⌉ O∇⟩}⟩\⊣↕ √∇≀}∇⊣⇕ ⊓∫⟩\} ⊔⟨⌉ ∫⊔⊣\⌈⊣∇⌈ ↕⟩\‖ ≀∇⌈⌉∇ {≀∇ ⊔⟨⌉ ⌊⌉\⌋⟨⇕⊣∇‖ ⌉§⌉⌋⊓⊔⊣⌊↕⌉∫ ⊣∫ ∫√⌉⌋⟩⊘⌉⌈ ⟩\ ⊔⟨⌉ ⇕⊣‖⌉⊘↕⌉ √∇≀⊑⟩⌈⌉⌈ ⊒⟩⊔⟨ ⊔⟨⌉ √∇≀}∇⊣⇕∫↙ T⟨⌉ \⌉§⊔ ⌋≀↕⊓⇕\ ⟩\⌈⟩⌋⊣⊔⌉∫ ⊔⟨⌉ ⌋⊣⌋⟨⌉ ⇕⟩∫∫ ∇⊣⊔⟩≀ ⊣{⊔⌉∇ ⊣√√↕†⟩\} ⊔⟨⌉ P⌉⊔⊔⟩∫ ⊣\⌈ H⊣\∫⌉\ ⇐P↘H⇒ ⊣↕}≀∇⟩⊔⟨⇕↙ T⟨⌉ {≀⊓∇⊔⟨ ⌋≀↕⊓⇕\⇔ ↕⊣⌊⌉↕⌉⌈ C≀↕≀∇⇔ ∇⌉{⌉∇∫ ⊔≀ ⊔⟨⌉ \⌉⊒ ↕⟩\‖ ≀∇⌈⌉∇ √∇≀⌈⊓⌋⌉⌈ ⌊† ≀⊓∇ ⌋⊣⌋⟨⌉ ⌋≀↕≀∇ ⇕⊣√√⟩\} ⊣↕}≀∇⟩⊔⟨⇕↙ T⟨⌉ \⌉§⊔ ⊔⊒≀ ⌋≀↕⊓⇕\∫ ∫⟨≀⊒ ⊔⟨⌉ √⌉∇⌋⌉\⊔ ∇⌉⌈⊓⌋⊔⟩≀\ ⟩\ ⊔⟨⌉ ⌋⊣⌋⟨⌉ ⇕⟩∫∫ ∇⊣⊔⌉ ⊒⟨⌉\ ⊓∫⟩\} ≀⊓∇ ⊣↕}≀∇⟩⊔⟨⇕ ⟩\ ⌋≀⇕√⊣∇⟩∫≀\ ⊔≀ ⊔⟨⌉ ≀∇⟩}⟩\⊣↕ √∇≀}∇⊣⇕ ⊣\⌈ ⊔⟨⌉ P↘H ⇕⊣√√⟩\}↙ T⟨⌉ ↕⊣∫⊔ ⊔⟨∇⌉⌉ ⌋≀↕⊓⇕\∫ ∫⟨≀⊒ ⊔⟨⌉ \⊓⇕⌊⌉∇ ≀{ ⟩\∫⊔∇⊓⌋⊔⟩≀\ ⌋⊣⌋⟨⌉ ⇕⟩∫∫⌉∫ {≀∇ ⊔⟨⌉ ≀∇⟩}⟩\⊣↕ √∇≀}∇⊣⇕⇔ P↘H ↕⊣†≀⊓⊔⇔ ⊣\⌈ ≀⊓∇ ⌋≀↕≀∇ ⇕⊣√√⟩\}↙∞ A∫ ∫⌉⌉\ ⟩\ T⊣⌊↕⌉ ∈⇔ ⊒⟨⌉\ ⊓∫⟩\} ⊔⟨⌉ ⌋≀↕≀∇ ⇕⊣√√⟩\} ⊣↕}≀∇⟩⊔⟨⇕ ⊔⟨⌉ ⇕⟩∫∫ ∇⊣⊔⌉ ≀{ ⊔⟨⌉ ≀∇⟩}⟩\⊣↕ √∇≀}∇⊣⇕ ⟩∫ ⌈⌉⌋∇⌉⊣∫⌉⌈ ≀\ ⊣⊑⌉∇⊣}⌉ ⌊† △▽↗⇔ ⊒⟩⊔⟨ ∇⌉⌈⊓⌋⊔⟩≀\∫ ⊣∫ ⟨⟩}⟨ ⊣∫ ∃∃↗ {≀∇ }‡⟩√↙ I\ ⌋≀⇕√⊣∇⟩∫≀\ ⊔≀ ⊔⟨⌉ P↘H ⊣↕}≀∇⟩⊔⟨⇕ ≀⊓∇ ⌋≀↕≀∇ ⇕⊣√√⟩\} ∇⌉⌈⊓⌋⌉∫ ⊔⟨⌉ ⇕⟩∫∫ ∇⊣⊔⌉ ≀\ ⊣⊑⌉∇⊣}⌉ ⌊† ∞△↗↙ T⟨⌉ T⊣⌊↕⌉ ∫⟨≀⊒∫ ⊔⟨⊣⊔ ⟩\ ⌋≀⇕√⊣∇⟩∫≀\ ⊔≀ P↘H ≀⊓∇ ⊣↕}≀∇⟩⊔⟨⇕ √∇≀⊑⟩⌈⌉∫ ⊣ ∫⊓⌊∫⊔⊣\⊔⟩⊣↕ ∇⌉⌈⊓⌋⊔⟩≀\ ⟩\ ⊔⟨⌉ ⌋⊣⌋⟨⌉ ⇕⟩∫∫ ∇⊣⊔⌉ {≀∇ ⊔⟨⌉ △ √∇≀}∇⊣⇕∫ ⇕∀∀‖∫⟩⇕⇔ ⌉∫√∇⌉∫∫≀⇔ ⌉∐\⊔≀⊔⊔⇔ ⊣\⌈ ⌊⟩∫≀\⇔ √∇≀⊑⟩⌈⌉∫ ⊣ ∫⇕⊣↕↕⌉∇ ⟩⇕√∇≀⊑⌉⇕⌉\⊔ {≀∇ √⌉∇↕⇔ ⊣\⌈ ⟨⊣∫ ⊣√√∇≀§⟩⇕⊣⊔⌉↕† ⊔⟨⌉ ∫⊣⇕⌉ ⟩\∫⊔∇⊓⌋⊔⟩≀\ ⌋⊣⌋⟨⌉ ⇕⟩∫∫ ∇⊣⊔⟩≀ {≀∇ ↕⟩⇔ {↕⌉§⇔ ⊣\⌈ }‡⟩√↙ ∞O\↕† ⊣⊑⌉∇⊣}⌉∫ ⊣∇⌉ ∫⟨≀⊒\ {≀∇ ⊔⟨⌉ ⇕⟩∫∫ ∇⊣⊔⌉ ⌋≀↕⊓⇕\∫⇔ ∫⟩\⌋⌉ ⊔⟨⌉ ⊣⊑⌉∇⊣}⌉∫ {≀∇ ⊔⟨⌉ ≀⊔⟨⌉∇ ⌋≀↕⊓⇕\∫ ⟩\ ⊔⟨⌉ ⊔⊣⌊↕⌉ ⊣∇⌉ \≀⊔ ⇕⌉⊣\⟩\}{⊓↕↙

∞△

O⊓∇ ⊣↕}≀∇⟩⊔⟨⇕ √⌉∇{≀∇⇕∫ ⌊⌉⊔⊔⌉∇ {≀∇ √∇≀}∇⊣⇕∫ ↕⟩‖⌉ ⇕∀∀‖∫⟩⇕⇔ ⌉∫√∇⌉∫∫≀⇔ ⊣\⌈ ⌊⟩∫≀\ ⌊⌉⌋⊣⊓∫⌉ ⊔⟨⌉ ∫⟩‡⌉ ≀{ ⊔⟨⌉ √≀√⊓↕⊣∇ ⌋⊣↕↕ }∇⊣√⟨ {≀∇ ⊔⟨⌉∫⌉ ⊣√√↕⟩⌋⊣⊔⟩≀\∫ ⟩∫ ↕⊣∇}⌉∇ ⊔⟨⊣\ ⊔⟨⌉ ∫⟩‡⌉ ≀{ ⊔⟨⌉ ⟩\∫⊔∇⊓⌋⊔⟩≀\ ⌋⊣⌋⟨⌉↙ T⟨⟩∫ ⊣↕↕≀⊒∫ ≀⊓∇ ⊣↕}≀∇⟩⊔⟨⇕ ⊔≀ {⊓↕↕† ⌉§√↕≀⟩⊔ ⌋⊣⌋⟨⌉ ↕⟩\⌉ ⌋≀↕≀∇⟩\}⇔ ⊣∇∇⟩⊑⟩\} ⊣⊔ ⊣ ↕⊣†≀⊓⊔ ⊔⟨⊣⊔ ∫⟩}\⟩⊘⌋⊣\⊔↕† ∇⌉⌈⊓⌋⌉∫ ⊔⟨⌉ \⊓⇕⌊⌉∇ ≀{ ⊘∇∫⊔↖}⌉\⌉∇⊣⊔⟩≀\ ⌋⊣⌋⟨⌉ ⌋≀\⊙⟩⌋⊔∫↙ F≀∇ √∇≀}∇⊣⇕∫ ∫⊓⌋⟨ ⊣∫ {↕⌉§ ⊣\⌈ }‡⟩√⇔ ⊔⟨⌉ ∇⌉⊣∫≀\ ⊒⟨† ≀⊓∇ ⊣↕}≀∇⟩⊔⟨⇕ ⊣\⌈ ⊔⟨⌉ P↘H ⊣↕}≀∇⟩⊔⟨⇕ ⟨⊣⊑⌉ ⊣√√∇≀§⟩⇕⊣⊔⌉↕† ⊔⟨⌉ ∫⊣⇕⌉ ⇕⟩∫∫ ∇⊣⊔⌉ ⌋⊣\ ⌊⌉ ∫⌉⌉\ ⌊† ↕≀≀‖⟩\} ⊣⊔ ⊔⟨⌉ √⊣∇⊔⟩⊔⟩≀\⟩\} √⊣∇⊔ ≀{ ≀⊓∇ ⊣↕}≀∇⟩⊔⟨⇕↙ H⌉∇⌉⇔ ⊔⟨⌉ √∇≀}∇⊣⇕ ⟩∫ √⊣∇⊔⟩⊔⟩≀\⌉⌈ ⟩\⊔≀ √≀√⊓↕⊣∇ ⊣\⌈ ⊓\√≀√⊓↕⊣∇ √∇≀⌋⌉⌈⊓∇⌉∫ ⊣\⌈ ⌉⌈}⌉∫↙ I\ √⌉∇{≀∇⇕⟩\} ⊔⟨⟩∫ √⊣∇⊔⟩⊔⟩≀\⟩\}⇔ ⊔⟨⌉∫⌉ √∇≀}∇⊣⇕∫ ⊣∇⌉ ∫√↕⟩⊔ ⟩\⊔≀ ⌈⟩∫|≀⟩\⊔ ∫⊓⌊}∇⊣√⟨∫ ⊒⟨⌉∇⌉ ⇕≀∫⊔ ≀{ ⊔⟨⌉ ∫⊓⌊}∇⊣√⟨∫ ⊣∇⌉ ∫⇕⊣↕↕⌉∇ ⊔⟨⊣\ ⊔⟨⌉ ∫⟩‡⌉ ≀{ ⊔⟨⌉ ⌋⊣⌋⟨⌉↙ S⟩\⌋⌉ ⊔⟨⌉∫⌉ √≀√⊓↕⊣∇ ∫⊓⌊}∇⊣√⟨∫ ⌉⊣∫⟩↕† ⊘⊔ ⊒⟩⊔⟨⟩\ ⊔⟨⌉ ⟩\∫⊔∇⊓⌋⊔⟩≀\ ⌋⊣⌋⟨⌉⇔ ⊒⌉ ⌋⊣\ ⊣∇⌊⟩⊔∇⊣∇⟩↕† ⇕⊣√ ⊔⟨⌉⟩∇ √∇≀⌋⌉⌈⊓∇⌉∫↙ F≀∇ ⌉§⊣⇕√↕⌉⇔ }‡⟩√ ⊑⟩∫⟩⊔∫ ≀\↕† ⊣ ∫⇕⊣↕↕ \⊓⇕⌊⌉∇ ≀{ ⊑⌉∇† √≀√⊓↕⊣∇ √∇≀⌋⌉⌈⊓∇⌉∫ ⊒⟨⌉\ √∇≀⌋⌉∫∫⟩\} ⊔⟨⌉ ⟩\√⊓⊔ ⊘↕⌉ }⌋⌋↖∈↙↙∈↙⊔⊣∇↙ T⟨⟩∫ ⟩∫ ∫⌉⌉\ ⟩\ T⊣⌊↕⌉ ∞⇔ ⊒⟨⌉∇⌉ ⊔⟨⌉ ∫⟩‡⌉ ≀{ ⊔⟨⌉ √≀√⊓↕⊣∇ √∇≀⌋⌉⌈⊓∇⌉∫ {≀∇ }‡⟩√ ⊣⇕≀⊓\⊔ ⊔≀ ≀\↕† ∞′K ⇐∋↗ ≀{ ⊔⟨⌉ ⊔≀⊔⊣↕ ⌉§⌉⌋⊓⊔⊣⌊↕⌉ ∫⟩‡⌉⇒⇔ ⊣\⌈ ⊔⟨⌉ ∫⟩⇕⊓↕⊣⊔⌉⌈ ⟩\∫⊔∇⊓⌋⊔⟩≀\ ⌋⊣⌋⟨⌉ ∫⟩‡⌉ ⊒⌉ ⊓∫⌉⌈ ⟩∫ ∀K↙ F≀∇ ⊣√√↕⟩⌋⊣⊔⟩≀\∫ ⊒⟨⌉∇⌉ ⊔⟨⌉ √≀√⊓↕⊣∇ ∫⊓⌊}∇⊣√⟨∫ ⊘⊔ ⊒⟩⊔⟨⟩\ ⊔⟨⌉ ∫⟩‡⌉ ≀{ ⊔⟨⌉ ⟩\∫⊔∇⊓⌋⊔⟩≀\ ⌋⊣⌋⟨⌉⇔ ≀⊓∇ ⌋≀↕≀∇ ⇕⊣√√⟩\} ⊣↕}≀∇⟩⊔⟨⇕ ⊣\⌈ ⊔⟨⌉ P⌉⊔⊔⟩∫ ⊣\⌈ H⊣\∫⌉\ ⊣↕}≀∇⟩⊔⟨⇕ ⊒⟩↕↕ ⟨⊣⊑⌉ ∫⟩⇕⟩↕⊣∇ √⌉∇{≀∇⇕⊣\⌋⌉↙ T⊣⌊↕⌉ ∈ ∫⟨≀⊒∫ ⊔⟨⊣⊔ {≀∇ ⌉∐\⊔≀⊔⊔⇔ ⊔⟨⌉ ⟩\∫⊔∇⊓⌋⊔⟩≀\ ⌋⊣⌋⟨⌉ ⇕⟩∫∫ ∇⊣⊔⌉ ⊒⟨⌉\ ⊣√√↕†⟩\} ⊔⟨⌉ P↘H ⇕⊣√√⟩\} ⟩∫ ↕⊣∇}⌉∇ ⊔⟨⊣\ ⊔⟨⌉ ⇕⟩∫∫ ∇⊣⊔⌉ ≀{ ⊔⟨⌉ ≀∇⟩}⟩\⊣↕ ⇕⊣√√⟩\}↙ T⟨⟩∫ ⌉{{⌉⌋⊔ ≀⌋⌋⊓∇∫ {≀∇ ⊔⊒≀ ∇⌉⊣∫≀\∫↙ O\⌉ ∇⌉⊣∫≀\ ⟩∫ ⊔⟨⌉ √≀≀∇ ⌋⟨≀⟩⌋⌉ ⇕⊣⌈⌉ ⌊† ⊔⟨⌉ P↘H ⊣↕}≀∇⟩⊔⟨⇕ ⊒⟨⌉\ ⇕⌉∇}⟩\} ⌋⟨⊣⟩\∫ ⊔⟨⊣⊔ ∫⊓⇕ ⊔≀ ⊣ ∫⟩‡⌉ ↕⊣∇}⌉∇ ⊔⟨⊣\ ⊔⟨⌉ ⟩\∫⊔∇⊓⌋⊔⟩≀\ ⌋⊣⌋⟨⌉⇔ ⌋∇⌉⊣⊔⟩\} ⌋⊣⌋⟨⌉ ⌋≀\⊙⟩⌋⊔∫ ⊒⟩⊔⟨⟩\ ⊔⟨⌉ \⌉⊒↕† ⇕⌉∇}⌉⌈ ⌋⟨⊣⟩\↙ T⟨⌉ ∫⌉⌋≀\⌈ ∇⌉⊣∫≀\ ⟩∫ ⊔⟨⊣⊔ ⌊≀⊔⟨ ≀⊓∇ ⊣↕}≀∇⟩⊔⟨⇕ ⊣\⌈ ⊔⟨⌉ P↘H ⊣↕}≀∇⟩⊔⟨⇕ ≀\↕† ⇕≀⌈⌉↕ ⊘∇∫⊔↖}⌉\⌉∇⊣⊔⟩≀\ ⌋≀\⊙⟩⌋⊔∫ ⟩\ ⊔⟨⌉ ⌋⊣↕↕ }∇⊣√⟨∫↙ T⟨⌉ ⌋⊣↕↕ }∇⊣√⟨ ⊓∫⌉⌈ ⟩\ ⊔⟨⟩∫ ∫⊔⊓⌈† ≀\↕† ⇕≀⌈⌉↕∫ ⊔⟨⌉ {∇⌉∐⊓⌉\⌋† ≀{ √∇≀⌋⌉⌈⊓∇⌉ ⌋⊣↕↕∫ ⌊⌉⊔⊒⌉⌉\ ⊣ √∇≀⌋⌉⌈⊓∇⌉ ⊣\⌈ ⟩⊔∫ ⌈⟩∇⌉⌋⊔ ⌋⟨⟩↕⌈∇⌉\↙ I⊔ ⌈≀⌉∫ \≀⊔ ⇕≀⌈⌉↕ ⊔⟨⌉ ⊔⌉⇕√≀∇⊣↕ ↕≀⌋⊣↕⟩⊔† ⌊⌉⊔⊒⌉⌉\ ⊣ √∇≀⌋⌉⌈⊓∇⌉ ⊣\⌈ ⊣↕↕ ≀{ ⊔⟨⌉ √∇≀⌋⌉⌈⊓∇⌉∫ ⊔⟨⊣⊔ ⟩⊔ ⌋⊣\ √≀∫∫⟩⌊↕† ∇⌉⊣⌋⟨ ⟩\ ⊔⟨⌉ ⌋⊣↕↕ }∇⊣√⟨⇔ ⊣\⌈ ⊣\† ≀{ ⊔⟨⌉∫⌉ ∇⌉⊣⌋⟨⊣⌊↕⌉ √∇≀⌋⌉⌈⊓∇⌉∫ ⌋⊣\ ⌋⊣⊓∫⌉ ⌋⊣⌋⟨⌉ ⌋≀\⊙⟩⌋⊔∫↙ T⟨⟩∫ ⌉⇕√⟨⊣∫⟩‡⌉∫ ⊔⟨⌉ {⊣⌋⊔ ⊔⟨⊣⊔ ⊘\⌈⟩\} ⊣\ ≀√⊔⟩⇕⊣↕ ⇕⊣√√⟩\} ⊔≀ ⇕⟩\⟩⇕⟩‡⌉ ⌋≀\⊙⟩⌋⊔∫ ⟩∫ NP↖⌋≀⇕√↕⌉⊔⌉ ∪∞′⊎↙ I\ ⊔⟨⌉ \⌉§⊔ ∫⌉⌋⊔⟩≀\ ⊒⌉ ∫⊓}}⌉∫⊔ {⊓∇⊔⟨⌉∇ ≀√⊔⟩⇕⟩‡⊣⊔⟩≀\∫ ⊔≀ ≀⊓∇ ⊣↕}≀∇⟩⊔⟨⇕ ⟩\ ≀∇⌈⌉∇ ⊔≀ ⊣⌈⌈∇⌉∫∫ ⇕⟩∫∫⌉∫ ⌊⌉†≀\⌈ ⊘∇∫⊔↖}⌉\⌉∇⊣⊔⟩≀\ ⌋⊣⌋⟨⌉ ⌋≀\⊙⟩⌋⊔∫↙ T⟨⌉ ∇⌉∫⊓↕⊔∫ ⟩\ T⊣⌊↕⌉ ∈ ⊣∇⌉ ⊣↕↕ }⊣⊔⟨⌉∇⌉⌈ ⊓∫⟩\} ⊔⟨⌉ ∫⊣⇕⌉ ⟩\√⊓⊔ ⊔⟨⊣⊔ ⊒⊣∫ ⊣↕∫≀ ⊓∫⌉⌈ ⊔≀ √∇≀⊘↕⌉ ⊔⟨⌉ √∇≀}∇⊣⇕↙ A\ ⟩⇕√≀∇⊔⊣\⊔ ⟩∫∫⊓⌉ ⟩\⊑≀↕⊑⟩\} √∇≀⊘↕⌉⌈↖⌊⊣∫⌉⌈ ≀√⊔⟩⇕⟩‡⊣⊔⟩≀\∫ ⟩∫ ⟨≀⊒ ⊒⌉↕↕ ⌈≀⌉∫ ⊣ ∫⟩\}↕⌉ ⟩\√⊓⊔ ⌋⊣√⊔⊓∇⌉ ⊔⟨⌉ ⊔†√⟩⌋⊣↕ ⌊⌉⟨⊣⊑⟩≀∇ ≀{ {⊓⊔⊓∇⌉ ∇⊓\∫ ≀{ ⊔⟨⌉ √∇≀}∇⊣⇕↙ S⌉⊑⌉∇⊣↕ ∇⌉∫⌉⊣∇⌋⟨⌉∇∫ ⟨⊣⊑⌉ ⟩\⊑⌉∫⊔⟩}⊣⊔⌉⌈ ⊔⟨⟩∫ √∇≀⌊↕⌉⇕ ⊣\⌈ ⟨⊣⊑⌉ {≀⊓\⌈ ⊔⟨⊣⊔ √∇≀}∇⊣⇕∫ ⟨⊣⊑⌉ √∇⌉⌈⟩⌋⊔⊣⌊↕⌉ ⌊⌉⟨⊣⊑⟩≀∇ ⌊⌉⊔⊒⌉⌉\ ⌈⟩{{⌉∇⌉\⊔ ⟩\√⊓⊔∫ ∪△⇔ ⇔ ∞∃⊎↙ E⊑⌉\ ∫≀⇔ ⌋⊣∇⌉ ⇕⊓∫⊔ ⌊⌉ ⊔⊣‖⌉\ ⊒⟨⌉\ ⌋⟨≀≀∫⟩\} ⊔⟨⌉ ⟩\√⊓⊔∫ ⊔≀ }⊓⟩⌈⌉ ≀√⊔⟩⇕⟩‡⊣⊔⟩≀\∫↙ I\ ⊔⟨⟩∫ ⊑⌉⟩\⇔ ⊒⌉ ⊔≀≀‖ ⊣ {⌉⊒ ≀{ ⊔⟨⌉ ≀√⊔⟩⇕⟩‡⌉⌈ √∇≀}∇⊣⇕∫ ⊓∫⌉⌈ ⊔≀ √∇≀⌈⊓⌋⌉ ⊔⟨⌉ ∇⌉∫⊓↕⊔∫ ⟩\ T⊣⌊↕⌉ ∈ ⊣\⌈ ∇⊣\ ⊔⟨⌉⇕ ⊓∫⟩\} ⌈⟩{{⌉∇⌉\⊔ ⟩\√⊓⊔∫↙ T⊣⌊↕⌉ ∋ ∫⟨≀⊒∫ ⊔⟨⌉ ⌋⊣⌋⟨⌉ ⇕⟩∫∫ ∇⊣⊔⌉∫ {≀∇ ⊔⟨⌉∫⌉ √∇≀}∇⊣⇕∫ ⊓∫⟩\} ⌈⟩{{⌉∇⌉\⊔ ⟩\√⊓⊔∫↙ F≀∇ ⊔⟨⌉∫⌉ ⌈⟩{{⌉∇⌉\⊔ ⟩\√⊓⊔∫⇔ ⊔⟨⌉ ∇⌉∫⊓↕⊔∫ ∫⟨≀⊒ ⊔⟨⊣⊔ ⊣ ∫⟩⇕⟩↕⊣∇ ∇⌉⌈⊓⌋⊔⟩≀\ ⟩\ ⇕⟩∫∫ ∇⊣⊔⌉ ≀{ △▽↗ ⟩∫ ⊣⌋⟨⟩⌉⊑⌉⌈ ⊒⟨⌉\ ⌋≀⇕√⊣∇⟩\} ≀⊓∇ ⌋≀↕≀∇ ⇕⊣√√⟩\} ⊣↕}≀∇⟩⊔⟨⇕ ⊔≀ ⊔⟨⌉ ≀∇⟩}⟩\⊣↕ ↕⊣†≀⊓⊔⇔ ⊣\⌈ ⊔⟨⌉ ∇⌉⌈⊓⌋⊔⟩≀\ ⟩\ ⇕⟩∫∫ ∇⊣⊔⌉ {≀∇ ≀⊓∇ ⊣↕}≀∇⟩⊔⟨⇕ ⊒⟨⌉\ ⌋≀⇕√⊣∇⌉⌈ ⊔≀ P↘H ⟩∫ ⊣⌊≀⊓⊔ ⊔⟨⌉ ∫⊣⇕⌉ ⊣⊔ ∞▽↗↙ I\ }⌉\⌉∇⊣↕⇔ ⊒⟨⌉\ ⌉§⊣⇕⟩\⟩\} ⌈⟩{{⌉∇⌉\⊔ ⟩\√⊓⊔∫ ≀⊓∇ ⊣↕}≀∇⟩⊔⟨⇕ ∫⊔⟩↕↕ ∫⟨≀⊒∫ ∫⟩}\⟩⊘⌋⊣\⊔ ∇⌉⌈⊓⌋⊔⟩≀\∫ ⟩\ ⊔⟨⌉ ≀∇⟩}⟩\⊣↕ ⟩\∫⊔∇⊓⌋⊔⟩≀\ ⌋⊣⌋⟨⌉ ⇕⟩∫∫ ∇⊣⊔⟩≀∫⇔ ⊒⟨⟩↕⌉ ⌋≀\∫⟩∫⊔⌉\⊔↕† ∫⟨≀⊒⟩\} ⊣\ ⊣⌈⊑⊣\⊔⊣}⌉ ≀⊑⌉∇ P↘H↙ ∞▽

I↖C⊣⌋⟨⌉ M⟩∫∫ R⊣⊔⌉ ↓ I\∫⊔∇⊓⌋⊔⟩≀\ C⊣⌋⟨⌉ M⟩∫∫⌉∫ P∇≀}∇⊣⇕ I\√⊓⊔ O∇⟩}⟩\⊣↕ P↘H C≀↕≀∇ O∇⟩}⟩\⊣↕ P↘H C≀↕≀∇ ↕⟩ ↕⟩ ∫⟨≀∇⊔ ∞↙∈↗ ′↙∋↗ ′↙∋↗ ∞∃⇔▽∃′⇔△′ △⇔∃△⇔∞∞ △⇔∞▽̸⇔∀∃▽ ⇕∀∀‖∫⟩⇕ ⌈⟨∇†↙↕⟩⊔ △↙∋↗ ∈↙∃↗ ∈↙∋↗ ∈⇔∞▽̸⇔∞∋▽⇔∃▽∀ ∞⇔△∋▽⇔∈∋∃⇔∈▽′ ∞⇔∞△△⇔▽▽∈⇔∃▽̸ ⌉∫√∇⌉∫∫≀ Z▽§√∞ ∞↙∋↗ ∞↙∋↗ ′↙∃↗ ∋∀∋⇔∋∃′ ∋⇔′∃∞ ∈▽⇎∃∈ ⌊⌋⊣ ′↙∈↗ ′↙∈↗ ′↙∞↗ ∞⇔∋′⇎∀∈′ ∞⇔∈▽▽⇔∋∈∃ ∀̸∞⇔′′∞ ⌋√∫ ′↙△↗ ′↙△↗ ′↙∋↗ ∈⇔▽∞△⇔∃∀ ∈⇔△∞⇔△▽∃ ∞⇔▽̸∃⇔∀∃∞ ⌈⌋∞ ∈↙↗̸ ∈↙▽↗ ∈↙∞↗ ∈∋⇔▽′ ∈∈⇔∃∞ ∞∃⇔∋′ ⇕↕√△ ∞↙∞↗ ∞↙∞↗ ′↙∀↗ ∃△△⇔△∀∋ ∃∋′⇔∀△ ̸▽̸∃⇔∃∋ ≀√⊣ ′↙↗̸ ′↙↗̸ ′↙△↗ ∀∀∋⇔△′∞ ∀⇎∀▽∀ △̸△⇔∀∈∈ ⊔⟩ ′↙▽↗ ′↙▽↗ ′↙∋↗ ∋⇔∀△⇔∃▽∈ ∋⇔∄⇔∋▽∋ ∈⇔∄∞⇔∈∀∞ ⌊⟩∫≀\ ⌋↖√⊣∇∫⌉↙† ∞↙↗ ∞↙↗ ∞↙∋↗ ∀∞⇎∀∈ ∀′′⇔▽▽ ̸′̸△⇔′∀ ⊙⌉§ ⊓\⊘§⟩⊔↙↕ ∈↙↗ ∈↙∞↗ ∈↙∞↗ ∋∈⇔∀∞ ∈▽△⇔∋△▽ ∈▽′⇔′′▽ }‡⟩√ ⌊⟩∫≀\↖∞↙∈▽↙⊔⊣∇ ∞↙∞↗ ′↗ ′↗ △⇔∞▽∈⇔′∀▽ ∋∋⇔∃▽′ ∞⇔∃∞̸ A⊑⌉∇⊣}⌉ ∈↙′↗ ∞↙∋↗ ∞↙∞↗ T⊣⌊↕⌉ ∋¬ I\∫⊔∇⊓⌋⊔⟩≀\ ⌋⊣⌋⟨⌉ √⌉∇{≀∇⇕⊣\⌋⌉ ⊓∫⟩\} ⇕⊓↕⊔⟩√↕⌉ ⟩\√⊓⊔∫ {≀∇ ⊔⟨⌉ O∇⟩}⟩\⊣↕ ⇕⊣√√⟩\}⇔ P⌉⊔⊔⟩∫ ⊣\⌈ H⊣\∫⌉\ ⇐P↘H⇒ ⇕⊣√√⟩\}⇔ ⊣\⌈ ≀⊓∇ C≀↕≀∇ ⇕⊣√√⟩\} ⊣↕}≀∇⟩⊔⟨⇕↙ I\ ⌋⊣↕⌋⊓↕⊣⊔⟩\} ⊔⟨⌉ ≀⊑⌉∇⊣↕↕ ⊣⊑⌉∇⊣}⌉⇔ ⊣ ⊑⊣↕⊓⌉ {≀∇ ⌉∫√∇⌉∫∫≀ ⟩∫ ⟩\⌋↕⊓⌈⌉⌈ ≀\↕† ≀\⌋⌉⇔ ⊒⟨⟩⌋⟨ ⟩∫ ⊔⟨⌉ ⊣⊑⌉∇⊣}⌉ ⇕⟩∫∫ ∇⊣⊔⌉ {≀∇ ⌉∫√∇⌉∫∫≀ ≀\ ⊣↕↕ ≀{ ⊔⟨⌉ ⟩\√⊓⊔∫ ∫⟨≀⊒\↙ T≀ ⌉§⊣⇕⟩\⌉ ⊔⟨⌉ ⟩⇕√⊣⌋⊔ √∇≀⌋⌉⌈⊓∇⌉ ∇⌉≀∇⌈⌉∇⟩\} ≀√⊔⟩⇕⟩‡⊣⊔⟩≀\∫ ⟨⊣⊑⌉ ≀\ ⊔⟨⌉ √⌉∇{≀∇⇕⊣\⌋⌉ ≀{ ⊔⟨⌉∫⌉ √∇≀}∇⊣⇕∫⇔ F⟩}⊓∇⌉∫ ▽ ⊣\⌈ ̸∫⟨≀⊒ ⊔⟨⌉ ⌉∫⊔⟩⇕⊣⊔⌉⌈ √⌉∇{≀∇⇕⊣\⌋⌉ ⟩\ ⟩\∫⊔∇⊓⌋⊔⟩≀\∫ ⟩∫∫⊓⌉⌈ √⌉∇ ⌋†⌋↕⌉ ⇐IPC⇒ {≀∇ ⊔⟨⌉ ≀∇⟩}⟩\⊣↕ √∇≀}∇⊣⇕⇔ P↘H ⇕⊣√√⟩\}⇔ ⊣\⌈ ≀⊓∇ ⌋≀↕≀∇ ⊣↕}≀∇⟩⊔⟨⇕ {≀∇ ⊔⊒≀ ⌈⟩{{⌉∇⌉\⊔ ⊣∇⌋⟨⟩⊔⌉⌋⊔⊓∇⌉∫↙ T⟨⌉ ⟨⟩}⟨⌉∇ ⊔⟨⌉ IPC ⊔⟨⌉ ⌊⌉⊔⊔⌉∇↙ F≀∇ ⊔⟨⌉∫⌉ ∇⌉∫⊓↕⊔∫ ⊒⌉ ⊣∫∫⊓⇕⌉ ⌉⊣⌋⟨ ⟩\∫⊔∇⊓⌋⊔⟩≀\ ⊔⊣‖⌉∫ ≀\⌉ ⌋†⌋↕⌉ ⊔≀ ⌉§⌉⌋⊓⊔⌉⇔ ⊣\⌈ ⊔⟨⊣⊔ ⊔⟨⌉ ≀\↕† √⟩√⌉↕⟩\⌉ ∫⊔⊣↕↕∫ ⊣∇⌉ ⌈⊓⌉ ⊔≀ ⇕⟩∫∫⌉∫ ⟩\ ⊔⟨⌉ ⟩\∫⊔∇⊓⌋⊔⟩≀\ ⌋⊣⌋⟨⌉↙ F⟩}⊓∇⌉ ▽ ∫⟨≀⊒∫ ⊣ ⌋≀\∫⌉∇⊑⊣⊔⟩⊑⌉ ⌉∫⊔⟩⇕⊣⊔⌉ ≀{ √⌉∇{≀∇⇕⊣\⌋⌉ ⊓∫⟩\} ⊣ ∫⟩\}↕⌉ ⟩∫∫⊓⌉ ⊣∇⌋⟨⟩⊔⌉⌋⊔⊓∇⌉ ⊒⟩⊔⟨ ⊣ ∫⇕⊣↕↕ ⇐▽ ⌋†⌋↕⌉⇒ ⊘∇∫⊔↖↕⌉⊑⌉↕ ⟩\∫⊔∇⊓⌋⊔⟩≀\ ⌋⊣⌋⟨⌉ ⇕⟩∫∫ √⌉\⊣↕⊔†↙ F⟩}⊓∇⌉ ̸∫⟨≀⊒∫ ⊣\ ⊣}}∇⌉∫∫⟩⊑⌉ △↖⊒⊣† ⟩∫∫⊓⌉ ⊣∇⌋⟨⟩⊔⌉⌋⊔⊓∇⌉ ⊒⟩⊔⟨ ⊣ ↕⊣∇}⌉∇ ⇐∞′ ⌋†⌋↕⌉⇒ ⊘∇∫⊔↖↕⌉⊑⌉↕ ⟩\∫⊔∇⊓⌋⊔⟩≀\ ⌋⊣⌋⟨⌉ ⇕⟩∫∫ √⌉\⊣↕⊔†↙ T⟨⌉ ∇⌉∫⊓↕⊔∫ ⟩\ F⟩}⊓∇⌉ ▽ ∫⟨≀⊒ ⊔⟨⊣⊔ {≀∇ ⊣ ⌋≀\∫⌉∇⊑⊣⊔⟩⊑⌉ ⊣∇⌋⟨⟩⊔⌉⌋⊔⊓∇⌉ ≀⊓∇ ⌋≀↕≀∇ ⇕⊣√√⟩\} ⊣↕}≀∇⟩⊔⟨⇕ ⟩\⌋∇⌉⊣∫⌉∫ ⊔⟨⌉ IPC ≀\ ⊣⊑⌉∇⊣}⌉ ⌊† ▽↗ ⊒⟨⌉\ ⌋≀⇕√⊣∇⌉⌈ ⊔≀ ⊔⟨⌉ ≀∇⟩}⟩\⊣↕ ⇕⊣√√⟩\}⇔ ⊣\⌈ ⌊† ∞↗ ⊒⟨⌉\ ⌋≀⇕√⊣∇⌉⌈ ⊔≀ P↘H↙ T⟨⌉ ∇⌉∫⊓↕⊔∫ ⟩\ F⟩}⊓∇⌉ ̸∫⟨≀⊒ ⊔⟨⊣⊔ {≀∇ ⊣ ⇕≀∇⌉ ⊣}}∇⌉∫∫⟩⊑⌉ ⊣∇⌋⟨⟩⊔⌉⌋⊔⊓∇⌉ ⊔⟨⊣⊔ ≀⊓∇ ⌋≀↕≀∇ ⇕⊣√√⟩\} ⊣↕}≀∇⟩⊔⟨⇕ ⟩\⌋∇⌉⊣∫⌉∫ ⊔⟨⌉ IPC ≀\ ⊣⊑⌉∇⊣}⌉ ⌊† ∈↗̸ ⊒⟨⌉\ ⌋≀⇕√⊣∇⌉⌈ ⊔≀ ⊔⟨⌉ ≀∇⟩}⟩\⊣↕ ⇕⊣√√⟩\}⇔ ⊣\⌈ ⌊† ↗̸ ⊒⟨⌉\ ⌋≀⇕√⊣∇⌉⌈ ⊔≀ P↘H↙ T⟨⌉∫⌉ ⊔⊒≀ }∇⊣√⟨∫ ∫⟨≀⊒ ⊔⟨⌉ √≀⊔⌉\⊔⟩⊣↕ ⟩\⌋∇⌉⊣∫⌉ ⟩\ √⌉∇{≀∇⇕⊣\⌋⌉ ⊒⟨⌉\ ⊓∫⟩\} ≀⊓∇ ⊣↕}≀∇⟩⊔⟨⇕↙ A∫ ∫⌉⌉\ ⟩\ ⊔⟨⌉ ⊔⊒≀ ⊘}⊓∇⌉∫⇔ ⊔⟨⌉ √⌉∇{≀∇⇕⊣\⌋⌉ {≀∇ ≀⊓∇ ⊣↕}≀∇⟩⊔⟨⇕ ⟩∫ ⊔⟨⌉ ∫⊣⇕⌉ {≀∇ ↕⟩⇔ {↕⌉§⇔ ⊣\⌈ }‡⟩√ ⊒⟨⌉\ ⌋≀⇕√⊣∇⌉⌈ ⊔≀ P↘H {≀∇ ⊔⟨⌉ ∇⌉⊣∫≀\∫ ⌈⟩∫⌋⊓∫∫⌉⌈ ⟩\ ⊔⟨⌉ √∇⌉⊑⟩≀⊓∫ √⊣∇⊣}∇⊣√⟨∫↙ F≀∇ √∇≀}∇⊣⇕∫ ↕⟩‖⌉ ⇕∀∀‖∫⟩⇕⇔ ⌉∫√∇⌉∫∫≀⇔ ⊣\⌈ ⌊⟩∫≀\ ⊒⟨⟩⌋⟨ ⟨⊣⊑⌉ ↕⊣∇}⌉∇ ⇕≀∇⌉ ⌋≀⇕√↕⟩⌋⊣⊔⌉⌈ ⌋⊣↕↕ }∇⊣√⟨∫⇔ ⊔⟨⌉ ⊘}⊓∇⌉∫ ∫⟨≀⊒ ⊔⟨⊣⊔ ⊔⟨⌉ ⟩\⌋∇⌉⊣∫⌉ ⟩\ √⌉∇{≀∇⇕⊣\⌋⌉ {≀∇ ≀⊓∇ ⊣↕}≀∇⟩⊔⟨⇕ ⟩∫ ∈↗ ⊔≀ ∞∋↗ ⊒⟨⌉\ ⌋≀⇕√⊣∇⌉⌈ ⊔≀ P↘H↙ O\⌉ ⟩∫∫⊓⌉ ⊔≀ ⌋≀\∫⟩⌈⌉∇ ⊒⟩⊔⟨ ≀⊓∇ ⊣↕}≀∇⟩⊔⟨⇕ ⟩∫ ⊔⟨⊣⊔ ⟩\ ≀∇⌈⌉∇ ⊔≀ ⊣⊑≀⟩⌈ ⊘∇∫⊔↖}⌉\⌉∇⊣⊔⟩≀\ ⌋⊣⌋⟨⌉ ⌋≀\⊙⟩⌋⊔∫ ≀⊓∇ ⌋≀↕≀∇ ⇕⊣√√⟩\} ⊒⟩↕↕ ⟩\∫⌉∇⊔ ∫√⊣⌋⌉ ⟩\⊔≀ ⌋≀⇕√≀⊓\⌈ \≀⌈⌉∫ ⊣∫ ⌈⌉∫⌋∇⟩⌊⌉⌈ ⟩\ §∈↙∞↙ T⟨⟩∫ ∫√⊣⌋⌉ ⟩∫ ↕⊣⊔⌉∇ ⊘↕↕⌉⌈ ⊒⟩⊔⟨ ⊓\√≀√⊓↕⊣∇ √∇≀⌋⌉⌈⊓∇⌉∫↙ T⟨⟩∫ ⌋≀⊓↕⌈ √≀∫∫⟩⌊↕† ⟨⊣⊑⌉ ⊔⊒≀ ⊣⌈⊑⌉∇∫⌉ ⌉{{⌉⌋⊔∫↙ T⟨⌉ ⊘∇∫⊔ ⟩∫⇔ ⟩{ \≀ ⊓\√≀√⊓↕⊣∇ √∇≀⌋⌉⌈⊓∇⌉

∞

F⟩}⊓∇⌉ ▽¬ I\∫⊔∇⊓⌋⊔⟩≀\∫ ⟩∫∫⊓⌉⌈ √⌉∇ ⌋†⌋↕⌉ {≀∇ ⊣ ∫⟩\}↕⌉ ⟩∫∫⊓⌉ ⊣∇⌋⟨⟩⊔⌉⌋⊔⊓∇⌉⇔ ⊒⟩⊔⟨ ⊣\ ∀K ⌈⟩∇⌉⌋⊔ ⇕⊣√√⌉⌈ ⟩\∫⊔∇⊓⌋⊔⟩≀\ ⌋⊣⌋⟨⌉ ⊒⟨⟩⌋⟨ ⟨⊣∫ ⊣ ▽ ⌋†⌋↕⌉ ⌋⊣⌋⟨⌉ ⇕⟩∫∫ √⌉\⊣↕⊔†↙

F⟩}⊓∇⌉ ¬̸ I\∫⊔∇⊓⌋⊔⟩≀\∫ ⟩∫∫⊓⌉⌈ √⌉∇ ⌋†⌋↕⌉ {≀∇ ⊣ △↖⊒⊣† ⟩∫∫⊓⌉ √∇≀⌋⌉∫∫≀∇ ⊒⟩⊔⟨ ⊣\ ∀K ⌈⟩∇⌉⌋⊔ ⇕⊣√√⌉⌈ ⟩\∫⊔∇⊓⌋⊔⟩≀\ ⌋⊣⌋⟨⌉ ⊒⟨⟩⌋⟨ ⟨⊣∫ ⊣ ∞′ ⌋†⌋↕⌉ ⌋⊣⌋⟨⌉ ⇕⟩∫∫ √⌉\⊣↕⊔†↙ ∞

⌋⊣\ ⌊⌉ {≀⊓\⌈ ⊒⟨⌉\ ⊔∇†⟩\} ⊔≀ ⊘↕↕ ⊣ ∫√⊣⌋⌉⇔ ⊔⟨⌉\ ⊔⟨⟩∫ ⌋≀⊓↕⌈ ∇⌉∫⊓↕⊔ ⟩\ ⊣\ ⟩\⌋∇⌉⊣∫⌉ ⟩\ ⊔⟨⌉ ⌉§⌉⌋⊓⊔⊣⌊↕⌉ ∫⟩‡⌉↙ F≀∇ ⊔⟨⌉ √∇≀}∇⊣⇕∫ ⊒⌉ ⌉§⊣⇕⟩\⌉⌈ ⊔⟨⟩∫ ⊒⊣∫ \⌉⊑⌉∇ ⊣\ ⟩∫∫⊓⌉↙ A∫ ∫⌉⌉\ ⟩\ T⊣⌊↕⌉ ∞⇔ ≀\ ⊣⊑⌉∇⊣}⌉ ≀\↕† ∀↗ ≀{ ⊔⟨⌉ √∇≀⌋⌉⌈⊓∇⌉∫ ⊒⌉∇⌉ ↕⊣⌊⌉↕⌉⌈ ⊣∫ √≀√⊓↕⊣∇⇔ ↕⌉⊣⊑⟩\} ⇕≀∇⌉ ⊔⟨⊣\ ⌉\≀⊓}⟨ ⊓\√≀√⊓↕⊣∇ √∇≀⌋⌉⌈⊓∇⌉∫ ⊔≀ ⊘↕↕ ⟩\ ⊣\† }⊣√∫ ⊔⟨⊣⊔ ⊒⌉∇⌉ ⌋∇⌉⊣⊔⌉⌈ ⌊† ⊔⟨⌉ ⌋≀↕≀∇ ⇕⊣√√⟩\} ⊣↕}≀∇⟩⊔⟨⇕↙ T⟨⌉ ∫⌉⌋≀\⌈ ⌉{{⌉⌋⊔ ⟩∫ ⊔⟨⊣⊔ ⊔⟨⌉ ∫⟩‡⌉ ≀{ ⊔⟨⌉ ⊒≀∇‖⟩\} ∫⌉⊔ ≀{ ⊔⟨⌉ √∇≀}∇⊣⇕ ⇕⊣† ⟩\⌋∇⌉⊣∫⌉ ⌈⊓⌉ ⊔≀ ⊔⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕ ⊘↕↕⟩\} ∫√⊣⌋⌉∫ ⟩\ ⊔⟨⌉ ⌋≀⇕√≀⊓\⌈ \≀⌈⌉∫ ⊒⟩⊔⟨ ⊓\√≀√⊓↕⊣∇ √∇≀⌋⌉⌈⊓∇⌉∫↙ F∇≀⇕ ≀⊓∇ ∇⌉∫⊓↕⊔∫ ⊒⌉ ⌈≀ \≀⊔ ⌊⌉↕⟩⌉⊑⌉ ⊔⟨⟩∫ ⊒⟩↕↕ ⌊⌉ ⊣\ ⟩∫∫⊓⌉⇔ ⌊⊓⊔ {⊓∇⊔⟨⌉∇ ⟩\⊑⌉∫⊔⟩}⊣⊔⟩≀\ ⟩∫ \⌉⌉⌈⌉⌈↙ W⟨⌉\ √⌉∇{≀∇⇕⟩\} ⊔⟨⌉ ⌋≀↕≀∇ ⇕⊣√√⟩\} {≀∇ ⊔⟨⌉ √∇≀}∇⊣⇕∫ ⊒⌉ ⌉§⊣⇕⟩\⌉⌈⇔ ≀\ ⊣⊑⌉∇⊣}⌉ ≀\↕† ∋K ⊒≀∇⊔⟨ ≀{ ⊓\√≀√⊓↕⊣∇ √∇≀⌋⌉⌈⊓∇⌉∫ ⊒⌉∇⌉ ⊓∫⌉⌈ ⊣∫ ⊘↕↕⌉∇ ⊣\⌈ ⟩\∫⌉∇⊔⌉⌈ ⟩\⊔≀ ⊔⟨⌉ √≀√⊓↕⊣∇ ⌋≀↕≀∇ ⇕⊣√√⟩\}⇔ ⊣∫ ∫⌉⌉\ ⟩\ T⊣⌊↕⌉ ∞↙ S⟩\⌋⌉ ⊔⟨⌉ ⊣⊑⌉∇⊣}⌉ ∫⟩‡⌉ {≀∇ ⊣↕↕ ≀{ ⊔⟨⌉ √≀√⊓↕⊣∇ √∇≀⌋⌉⌈⊓∇⌉∫ ⟩\ ⊣ √∇≀}∇⊣⇕ ⊒⊣∫ ∋∋K⇔ ⊔⟨⟩∫ ⟩\⌋∇⌉⊣∫⌉∫ ⊔⟨⌉ ∫⟩‡⌉ ≀{ ⊔⟨⌉ √≀√⊓↕⊣∇ ⇕⊣√√⟩\} ∫⌉⌋⊔⟩≀\ ≀{ ⊔⟨⌉ ⊣⌈⌈∇⌉∫∫ ∫√⊣⌋⌉ ⌊† ≀\↕† ∀↗↙

▽ D⟩∫⌋⊓∫∫⟩≀\ ⊣\⌈ F⊓⊔⊓∇⌉ W≀∇‖ I\ ⊔⟨⟩∫ ∫⌉⌋⊔⟩≀\ ⊒⌉ ⌈⟩∫⌋⊓∫∫ ⟨≀⊒ ⊔≀ ⊣√√↕† ≀⊓∇ ⌋≀↕≀∇ ⇕⊣√√⟩\} ⊣↕}≀∇⟩⊔⟨⇕ ⊔≀ ⊣∫∫≀⌋⟩⊣⊔⟩⊑⌉ ⌋⊣⌋⟨⌉∫⇔ ⌈⌉∫⌋∇⟩⌊⌉ ⟨≀⊒ ≀⊓∇ ⊣↕}≀∇⟩⊔⟨⇕ ⌋⊣\ ⌊⌉\⌉⊘⊔ {∇≀⇕ ⌊⊣∫⟩⌋ ⌊↕≀⌋‖ ∇⌉≀∇⌈⌉∇⟩\} ⊣\⌈ √∇≀⌋⌉⌈⊓∇⌉ ∫√↕⟩⊔⊔⟩\}⇔ ⊣\⌈ ⌈⌉∫⌋∇⟩⌊⌉ {⊓⊔⊓∇⌉ ⊒≀∇‖ ≀\ ⟨≀⊒ ⊔≀ ⟩⇕√∇≀⊑⌉ ⊔⟨⌉ √⌉∇{≀∇⇕⊣\⌋⌉ ≀{ ≀⊓∇ ⊣↕}≀∇⟩⊔⟨⇕ ⌊† ⊓∫⟩\} ⇕≀∇⌉ ⟩\{≀∇⇕⊣⊔⟩≀\ ≀\ ⊔⌉⇕√≀∇⊣↕ ↕≀⌋⊣↕⟩⊔† ⊔≀ }⊓⟩⌈⌉ ⊔⟨⌉ ⇕⊣√√⟩\}↙ ▽↙∞ C≀↕≀∇ M⊣√√⟩\} {≀∇ A∫∫≀⌋⟩⊣⊔⟩⊑⌉ C⊣⌋⟨⌉∫ I\ ⊔⟨⟩∫ √⊣√⌉∇ ≀\↕† ⌈⌉∫⌋∇⟩⌊⌉⌈ ≀⊓∇ ⊣↕}≀∇⟩⊔⟨⇕ ⊣∫ ⊣√√↕⟩⌉⌈ ⊔≀ ⌈⟩∇⌉⌋⊔ ⇕⊣√√⌉⌈ ⌋⊣⌋⟨⌉∫ ⊣\⌈ ⌉§⊣⇕⟩\⌉⌈ ⟩⊔∫ √⌉∇{≀∇⇕⊣\⌋⌉ {≀∇ ⊣\ ∀K ⌈⟩∇⌉⌋⊔ ⇕⊣√√⌉⌈ ⟩\∫⊔∇⊓⌋⊔⟩≀\ ⌋⊣⌋⟨⌉↙ O⊓∇ ⊣↕}≀∇⟩⊔⟨⇕ ⌋⊣\ ⌉⊣∫⟩↕† ⌊⌉ ⊣√√↕⟩⌉⌈ ⊔≀ ∫⌉⊔↖⊣∫∫≀⌋⟩⊣⊔⟩⊑⌉ ⟩\∫⊔∇⊓⌋⊔⟩≀\ ⌋⊣⌋⟨⌉∫↙ T≀ ⊣⌋⌋≀⇕√↕⟩∫⟨ ⊔⟨⟩∫⇔ ⊒⌉ ⊔∇⌉⊣⊔ ⊔⟨⌉ ⊣∫∫≀⌋⟩⊣⊔⟩⊑⟩⊔† ≀{ ⊔⟨⌉ ⌋⊣⌋⟨⌉ ⊣∫ ⊣\≀⊔⟨⌉∇ ⌈⟩⇕⌉\∫⟩≀\ ⟩\ ⊔⟨⌉ ⇕⊣√√⟩\} ≀{ ⊔⟨⌉ ⊣⌈⌈∇⌉∫∫ ∫√⊣⌋⌉↙ F≀∇ ⊣∫∫≀⌋⟩⊣⊔⟩⊑⌉ ⌋⊣⌋⟨⌉∫ ≀⊓∇ ⊣↕}≀∇⟩⊔⟨⇕ ⌊∇⌉⊣‖∫ ⊓√ ⊔⟨⌉ ⊣⌈⌈∇⌉∫∫ ∫√⊣⌋⌉ ⟩\⊔≀ ⌋⟨⊓\‖∫⇔ ⌉∐⊓⊣↕ ⟩\ ∫⟩‡⌉ ⊔≀ (the number of cache sets ∗ the cache line size). Therefore, the number of sets represents the number of available colors in the mapping. The color mapping algorithm can then be applied as described in §∈↙∞⇔ ⊒⟩⊔⟨ ≀\↕† ⊣ {⌉⊒ ⇕⟩\≀∇ ⌋⟨⊣\}⌉∫↙ T⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕ ⌋⟨⊣\}⌉∫ ∫↕⟩}⟨⊔↕† ⊔≀ ‖⌉⌉√ ⊔∇⊣⌋‖ ≀{ ⊔⟨⌉ \⊓⇕⌊⌉∇ ≀{ ⊔⟩⇕⌉∫ ⌉⊣⌋⟨ ⌋≀↕≀∇ ⇐∫⌉⊔⇒ ⊣√√⌉⊣∇∫ ⟩\ ⊔⟨⌉ √∇≀⌋⌉⌈⊓∇⌉≃∫ ⊓\⊣⊑⊣⟩↕⊣⌊↕⌉↖∫⌉⊔ ≀{ ⌋≀↕≀∇∫↙ T⟨⌉∇⌉{≀∇⌉⇔ ⇕⊣√√⟩\} ⊣ √∇≀⌋⌉⌈⊓∇⌉ ⊔≀ ⊣ ⌋≀↕≀∇ ⇐∫⌉⊔⇒ ⌈≀⌉∫ \≀⊔ ⌋⊣⊓∫⌉ ⊣\† ⌋≀\⊙⟩⌋⊔∫ ⊣∫ ↕≀\} ⊣∫ ⊔⟨⌉ \⊓⇕⌊⌉∇ ≀{ ⊔⟩⇕⌉∫ ⊔⟨⊣⊔ ⌋≀↕≀∇ ⇐∫⌉⊔⇒ ⊣√√⌉⊣∇∫ ⟩\ ⊔⟨⌉ ⊓\⊣⊑⊣⟩↕⊣⌊↕⌉↖∫⌉⊔ ≀{ ⌋≀↕≀∇∫ ⟩∫ ↕⌉∫∫ ⊔⟨⊣\ ⊔⟨⌉ ⌈⌉}∇⌉⌉ ≀{ ⊣∫∫≀⌋⟩⊣⊔⟩⊑⟩⊔† ≀{ ⊔⟨⌉ ⌋⊣⌋⟨⌉↙ T⟨⟩∫ ⌉{{⌉⌋⊔⟩⊑⌉↕† ⊔⊓∇\∫ ⊔⟨⌉ ⊓\⊣⊑⊣⟩↕⊣⌊↕⌉↖∫⌉⊔ ⟩\⊔≀ ⊣ ⇕⊓↕⊔⟩∫⌉⊔⇔ ⊒⟨⟩⌋⟨ ⊣↕↕≀⊒∫ ⌉⊣⌋⟨ ⌋≀↕≀∇ ⊔≀ ⊣√√⌉⊣∇ ⟩\ ⊔⟨⌉ ∫⌉⊔ ⊓√ ⊔≀ ⊔⟨⌉ ⊣∫∫≀⌋⟩⊣⊔⟩⊑⟩⊔† ≀{ ⊔⟨⌉ ⌋⊣⌋⟨⌉↙

∞∀

▽↙∈ C≀↕≀∇ M⊣√√⟩\} ⊒⟩⊔⟨ B⊣∫⟩⌋ B↕≀⌋‖ R⌉≀∇⌈⌉∇⟩\} ⊣\⌈ P∇≀⌋⌉⌈⊓∇⌉ S√↕⟩⊔⊔⟩\} T⟨⌉ ∇⌉∫⊓↕⊔∫ ⟩\ §△ ⌈≀ \≀⊔ ∫⟨≀⊒ ⊔⟨⌉ {⊓↕↕ √≀⊔⌉\⊔⟩⊣↕ ≀{ ≀⊓∇ ⌋≀↕≀∇⟩\} ⊣↕}≀∇⟩⊔⟨⇕⇔ ∫⟩\⌋⌉ ≀⊓∇ ⊣↕}≀∇⟩⊔⟨⇕ ⌋⊣\ ⌊⌉\⌉⊘⊔ {∇≀⇕ ≀⊔⟨⌉∇ ⌋≀⌈⌉ ∇⌉≀∇⌈⌉∇⟩\} ⊔⌉⌋⟨\⟩∐⊓⌉∫ ∫⊓⌋⟨ ⊣∫ ⌊⊣∫⟩⌋ ⌊↕≀⌋‖ ∇⌉≀∇⌈⌉∇⟩\} ⊣\⌈ √∇≀⌋⌉⌈⊓∇⌉ ∫√↕⟩⊔⊔⟩\} ∪∀⇔ ∞∞⊎↙ O⊓∇ ⌋≀↕≀∇ ⇕⊣√√⟩\} ⊣↕}≀∇⟩⊔⟨⇕ ⌋⊣\ ⌊⌉\⌉⊘⊔ {∇≀⇕ ⌊⊣∫⟩⌋ ⌊↕≀⌋‖ ∇⌉≀∇⌈⌉∇⟩\} ⌊⌉⌋⊣⊓∫⌉ ≀\⌋⌉ ⊔⟨⌉ ⌊⊣∫⟩⌋ ⌊↕≀⌋‖∫ ⟨⊣⊑⌉ ⌊⌉⌉\ ⊣↕⟩}\⌉⌈ ⊣\⌈ ⌋≀\⌈⌉\∫⌉⌈ ⟩\⊔≀ ⊔⟨⌉ ⊘∇∫⊔ √⊣∇⊔ ≀{ ⊔⟨⌉ √∇≀⌋⌉⌈⊓∇⌉⇔ ⊔⟨⌉ ⌋⊣⌋⟨⌉ ↕⟩\⌉ ⌋≀↕≀∇∫ ⊓∫⌉⌈ ⌊† ⊔⟨⌉ {∇⌉∐⊓⌉\⊔↕† ⌉§⌉⌋⊓⊔⌉⌈ ⌊⊣∫⟩⌋ ⌊↕≀⌋‖∫ ⊣∇⌉ ⊔⟨⌉ ≀\↕† ⌋≀↕≀∇∫ ⊒⌉ ⟨⊣⊑⌉ ⊔≀ ⊒≀∇∇† ⊣⌊≀⊓⊔ ⊒⟨⌉\ √⌉∇{≀∇⇕⟩\} ⊔⟨⌉ √∇≀⌋⌉⌈⊓∇⌉ ⇕⊣√√⟩\}↙ U∫⟩\} ⌊⊣∫⟩⌋ ⌊↕≀⌋‖ √∇≀⊘↕⟩\}⇔ ⌉⊣⌋⟨ √∇≀⌋⌉⌈⊓∇⌉ ⊒≀⊓↕⌈ ⌋≀\⊔⊣⟩\ ⊔⊒≀ ∫⌉⊔∫ ≀{ ⌋⊣⌋⟨⌉ ⌋≀↕≀∇∫¬ ⊔⟨≀∫⌉ {≀∇ ⊔⟨⌉ ⟩⇕√≀∇⊔⊣\⊔ √≀∇⊔⟩≀\∫ ≀{ ⊔⟨⌉ √∇≀⌋⌉⌈⊓∇⌉⇔ ⊣\⌈ ⊔⟨≀∫⌉ {≀∇ ⊔⟨⌉ ⊓\⟩⇕√≀∇⊔⊣\⊔↙ T⟨⌉\ ⊔⟨⌉ ≀\↕† ⌊⊣∫⟩⌋ ⌊↕≀⌋‖∫ ⊒⌉ \⌉⌉⌈ ⊔≀ ⊒≀∇∇† ⊣⌊≀⊓⊔ ⟩\ ⊔⟨⌉ ⊓\⊣⊑⊣⟩↕⊣⌊↕⌉↖∫⌉⊔ ≀{ ⌋≀↕≀∇∫ ⊣∇⌉ ⊔⟨⌉ ⟩⇕√≀∇⊔⊣\⊔ ⌊⊣∫⟩⌋ ⌊↕≀⌋‖∫↙ P⌉∇{≀∇⇕⟩\} √∇≀⌋⌉⌈⊓∇⌉ ∫√↕⟩⊔⊔⟩\} ⌋⊣\ ⊣↕∫≀ ⌊⌉ ⊓∫⌉⌈ ⊔≀ ⟩⇕√∇≀⊑⌉ ⊔⟨⌉ √⌉∇{≀∇⇕⊣\⌋⌉ ≀{ ≀⊓∇ ⌋≀↕≀∇ ⇕⊣√√⟩\} ⊣↕}≀∇⟩⊔⟨⇕↙ T⟨⟩∫ ⌋⊣\ ⌊⌉ ⊣⌋⟨⟩⌉⊑⌉⌈ ⌊† √⌉∇{≀∇⇕⟩\} √∇≀⌋⌉⌈⊓∇⌉ ∫√↕⟩⊔⊔⟩\} ⊔≀ ⟨⌉↕√ ∇⌉⌈⊓⌋⌉ ⊔⟨⌉ ⌋≀↕≀∇⟩\} ⌋≀\∫⊔∇⊣⟩\⊔∫ ⌊⌉⊔⊒⌉⌉\ ⌈⟩{{⌉∇⌉\⊔ √∇≀⌋⌉⌈⊓∇⌉∫↙ F≀∇ ⌉§⊣⇕√↕⌉⇔ ⟩{ ⟨⊣↕{ ≀{ ⊣ √∇≀⌋⌉⌈⊓∇⌉ X X1 calls a procedure Y and the other half of the procedure X X2 calls procedure Z then αnding a location for X in the color mapping as described in §∈↙∞ ⊒⟩↕↕ ⟨⊣⊑⌉ ⊔≀ ⊔∇† ⊣\⌈ ⊣⊑≀⟩⌈ ⊔⟨⌉ ⌋≀↕≀∇∫ ⊓∫⌉⌈ ⌊† ⌊≀⊔⟨ Y and Z▷ If procedure splitting is performed so that X is split into two separate procedures X1 and X2 then this can help reduce the coloring constraints on X▷ After procedure X is split into X1 and X2 the color mapping for X1 only needs to avoid colors used by X2 and Y and the color mapping for X2 needs to only avoid colors used by X1 and Z▷ This can help free up coloring constraints for very large procedures and procedures that have a signiαcant number of different call destinations▷ 5▷3 Using Improved Temporal Locality Data Our color mapping algorithm as described in §∈↙∞⇔ ⌋≀\⌋⌉\⊔∇⊣⊔⌉∫ ≀\ ⌉↕⟩⇕⟩\⊣⊔⟩\} ⌋≀\⊙⟩⌋⊔∫ ⌊⌉⊔⊒⌉⌉\ ⌉⌈}⌉∫ ⟩\ ⊔⟨⌉ ⌋≀\⊔∇≀↕ ⊙≀⊒ }∇⊣√⟨↙ F≀∇ ≀⊓∇ ∇⌉∫⊓↕⊔∫⇔ ⊔⟨⌉∫⌉ ⌉⌈}⌉∫ ⟨⊣√√⌉\ ⊔≀ ⌊⌉ ⊘∇∫⊔↖}⌉\⌉∇⊣⊔⟩≀\ ⌋⊣⌋⟨⌉ ⌋≀\⊙⟩⌋⊔∫ ⌊⌉⌋⊣⊓∫⌉ ⊔⟨⌉ }∇⊣√⟨ ⌉⌈}⌉∫ ∇⌉√∇⌉∫⌉\⊔ ⊔⟨⌉ ⌋⊣↕↕ ⌉⌈}⌉∫ ⌊⌉⊔⊒⌉⌉\ ⊣ √∇≀⌋⌉⌈⊓∇⌉ ⊣\⌈ ⟩⊔∫ ⌈⟩∇⌉⌋⊔ √⊣∇⌉\⊔∫ ⊣\⌈ ⌋⟨⟩↕⌈∇⌉\↙ O⊓∇ ⊣↕}≀∇⟩⊔⟨⇕ ⌋⊣\ ⌉⊣∫⟩↕† ⌊⌉ ⊣√√↕⟩⌉⌈ ⊔≀ ⇕≀∇⌉ ⌈⌉⊔⊣⟩↕⌉⌈ {≀∇⇕∫ ≀{ √∇≀⊘↕⌉ ⊣\⌈ ⊔∇⊣⌋⌉ ⟩\{≀∇⇕⊣⊔⟩≀\ ⌊† ⊣⌈⌈⟩\} ⌉§⊔∇⊣ ⌉⌈}⌉∫ ⌊⌉⊔⊒⌉⌉\ √∇≀⌋⌉⌈⊓∇⌉∫⇔ ⊔∇⌉⊣⊔⟩\} ⊔⟨⌉∫⌉ ⌉⌈}⌉∫ ⊣∫ ⊣ ∫⌉⌋≀\⌈ ∫⌉⊔ ≀{ √∇≀⌋⌉⌈⊓∇⌉ ⌋⊣↕↕ ⌉⌈}⌉∫ ⟩\ ≀⊓∇ ⌋≀↕≀∇ ⇕⊣√√⟩\} ⊣↕}≀∇⟩⊔⟨⇕↙ T⟨⌉∫⌉ ⊣⌈⌈⟩⊔⟩≀\⊣↕ ⌉⌈}⌉∫⇔ ⊒⟩⊔⟨ ⊔⟨⌉ ⊣√√∇≀√∇⟩⊣⊔⌉ ⊒⌉⟩}⟨⊔∫⇔ ⌋⊣\ ⊔⟨⌉\ ⌊⌉ ⊓∫⌉⌈ ⟩\ ⊔⟨⌉ ⊓\⊣⊑⊣⟩↕⊣⌊↕⌉↖∫⌉⊔ ≀{ ⌋≀↕≀∇∫ ⟩\ ≀∇⌈⌉∇ ⊔≀ {⊓∇⊔⟨⌉∇ ⌉↕⟩⇕⟩\⊣⊔⌉ ⌋⊣⌋⟨⌉ ⌋≀\⊙⟩⌋⊔∫↙ T⟨⌉ ⌋⊣↕↕ }∇⊣√⟨ ⊣\⌈ √∇≀⊘↕⌉∫ ⊒⌉ ⊓∫⌉⌈ ⊔≀ }⊓⟩⌈⌉ ⊔⟨⌉ ⇕⊣√√⟩\}∫ ⌈≀ \≀⊔ √∇≀⊑⟩⌈⌉ ⌉\≀⊓}⟨ ⟩\{≀∇⇕⊣⊔⟩≀\ ⊔≀ ⌈⌉⊔⌉∇⇕⟩\⌉ ⊔⟨⌉ ⊔⌉⇕√≀∇⊣↕ ↕≀⌋⊣↕⟩⊔† {≀∇ ⊣ ⌈⌉√⊔⟨ }∇⌉⊣⊔⌉∇ ⊔⟨⊣\ ≀\⌉ √∇≀⌋⌉⌈⊓∇⌉ ⌋⊣↕↕ ⇐⊘∇∫⊔↖}⌉\⌉∇⊣⊔⟩≀\⇒ ⟩\ ⊔⟨⌉ }∇⊣√⟨↙ E⊑⌉\ {≀∇ ⊘∇∫⊔↖}⌉\⌉∇⊣⊔⟩≀\ ⇕⟩∫∫⌉∫⇔ ⊣ ⌋⊣↕↕ }∇⊣√⟨ ⌈≀⌉∫ \≀⊔ √∇≀⊑⟩⌈⌉ ⌉§⊣⌋⊔ ⟩\{≀∇⇕⊣⊔⟩≀\ ⊣⌊≀⊓⊔ ⊔⌉⇕√≀∇⊣↕ ↕≀⌋⊣↕⟩⊔†↙ T⟨⌉∇⌉{≀∇⌉⇔ ≀⊓∇ ⊣↕}≀∇⟩⊔⟨⇕ ⊔∇⟩⌉∫ ⊔≀ ∇⌉⇕≀⊑⌉ ⊔⟨⌉ ⊒≀∇∫⌉ ⌋⊣∫⌉ \⊓⇕⌊⌉∇ ≀{ ⊘∇∫⊔↖}⌉\⌉∇⊣⊔⟩≀\ ⇕⟩∫∫⌉∫↙ F≀∇ ⌉§⊣⇕√↕⌉⇔ ⟩\ F⟩}⊓∇⌉ ∞⇔ ⊒⌉ ‖\≀⊒ ⊔⟨⊣⊔ ∫⟩\⌋⌉ ⊔⟨⌉ ⌉⌈}⌉ C → D was executed 70 times that if C and D had overlapping cache lines then the call to D and the return to C could in the worst case cause ((70+70)∗number of overlapping cache lines) misses. For future work we are using control ↓ow analysis of the program’s structure to indicate if all the calls from C → D were done during one invocation of C or whether they were spread out over several invocations similar to the control βow analysis used by McFarling ♭10♯▷ We are also using control βow analysis to determine how much of procedure C can actually overlap with procedure D so we only have to include those cache lines in Dφs unavailableset of colors▷ This will help provide more accurate temporal locality information for αrstgeneration conβicts but it does not provide the additional temporal locality information we would like for deeper paths in the call graph▷ When proαling just the call edges there is no way to get a good indication of temporal locality for a path longer than one procedure call edge▷ For example in Figure 1 we have no way of knowing for the call edge C → D how many of the procedure calls to D came down the path through procedure B and how many went through procedure E nor do we know how much temporal locality there is between B and D or E and D▷ Some of this information can be obtained by using full path proαling which would allow one to know the frequency of each path ♭1 20♯ although full path proαling still does not provide optimal temporal locality information▷ One way to obtain additional information on temporal locality is to store the full trace of a program▷ Capturing storing and processing a full trace can be very time and space consuming but efαcient techniques have been proposed to capture and process this information in a compact form such as the gap model proposed by Quong ♭14♯▷ We plan on investigating the use of full path proαling and the gap model with our color mapping algorithm in order to eliminate additional cache conβicts for deeper paths in the call graph▷

6 Conclusions The performance of the cachebased memory system is critical in todayφs processors▷ Research has shown that compiler optimizations can signiαcantly reduce this latency and every opportunity should be taken by the compiler to do so▷ The contribution of this paper is a new algorithm for procedure mapping which takes into consideration the call graph procedure size cache size and cache line size▷ An improved algorithm is achieved by keeping track of the cache blocks ↼colors↽ used by each procedure as it is mapped in order to avoid cache conβicts▷ This color mapping allows our algorithm to intelligently place unmapped procedures and to efαciently move a procedure that has already been mapped by preserving prior color dependencies with that procedureφs parents and children in the call graph▷ This provides our main advantage over prior work in that we can accurately map procedures in a popular call graph even if the size of the graph is larger than the size of the instruction cache▷ This ability is very important especially for applications which have large and complicated control βow graphs which result in large instruction cache miss rates due to conβict misses▷ Our results showed that we were able to reduce the cache miss rate on average by 45ϱ over the original procedure mapping▷ In comparison to prior work our algorithm reduced the cache miss rate on average 14ϱ below that of the Pettis and Hansen algorithm ♭11♯▷ In this study we concentrated on applying our color mapping algorithm to procedure reordering▷ Our algorithm can be combined and beneαt from other code reordering techniques such as basic block reordering taking into consideration looping structures and procedure splitting▷ These are topics of future research▷ In this paper we also concentrated on the performance achieved using call edge proαles to guide the optimizations in order to eliminate αrstgeneration cache conβicts▷ We are currently investigating how to apply our algorithm to use full path proαling and other trace collection techniques in order to collect improved temporal locality information▷ We are also examining how to apply our color mapping algorithm to statically formed call graphs using static program estimation▷

Acknowledgments We would like to thank Amitabh Srivastava and Alan Eustace for providing ATOM which greatly simpli αed our work and Jeffrey Dean Alan Eustace Waleed Meleis and Russell Quong for providing useful suggestions and comments on this paper▷ Brad Calder was supported by Digital Equipment Corporationφs Western Research Lab▷ David Kaeli was supported by an NSF CAREER Program award No▷ 9501172▷

References ♭1♯ T▷ Ball and J▷ Larus▷ Efαcient path proαling▷ In 29th International Symposium on Microarchitecture December 1996▷ ♭2♯ L▷ Belady▷ A study of replacement algorithms for a virtualstorage computer▷ IBM Systems Journal 5↼2↽.78δ101 1966▷ ♭3♯ B▷N▷ Bershad D▷ Lee T▷H Romer and J▷B▷ Chen▷ Avoiding conβict misses dynamically in large directmapped caches▷ In Six International Conference on Architectural Support for Programming Languages and Operating Systems pages 158δ170 October 1994▷ ♭4♯ B▷ Calder D▷ Grunwald and A▷ Srivastava▷ The predictability of branches in libraries▷ In 28th International Symposium on Microarchitecture pages 24δ34 Ann Arbor MI November 1995▷ IEEE▷ ♭5♯ B▷ Calder D▷ Grunwald and B▷ Zorn▷ Quantifying behavioral differences between C and C⇁⇁ programs▷ Journal of Programming Languages 2↼4↽ 1994▷ ♭6♯ P▷J▷ Denning and S▷ C▷ Schwartz▷ Properties of the workingset model▷ Communications of the ACM 15↼3↽.191δ198 March 1972▷

♭7♯ J▷ A▷ Fisher and S▷ M▷ Freudenberger▷ Predicting conditional branch directions from previous runs of a program▷ In Proceedings of the Fifth International Conference on Architectural Support for Programming Languages and Operating Systems ↼ASPLOSV↽ pages 85δ95 Boston Mass▷ October 1992▷ ACM▷ ♭8♯ W▷W▷ Hwu and P▷P▷ Chang▷ Achieving high instruction cache performance with an optimizing compiler▷ In 16th Annual International Symposium on Computer Architecture pages 242δ251▷ ACM 1989▷ ♭9♯ D▷ Kaeli▷ Issues in tracedriven simulation▷ Lecture Notes in Computer Science No▷ 729 Performance Evaluation of Computer and Communication SystemsL▷ Donatiello and R▷ Nelson eds▷ Springer Verlag 1993 pp▷ 224244▷ 1990▷ ♭10♯ S▷ McFarling▷ Program optimization for instruction caches▷ In Proceedings of the Third International Conference on Architectural Support for Programming Languages and Operating Systems ↼ASPLOS III↽ pages 183δ191 April 1989▷ ♭11♯ K▷ Pettis and R▷C▷ Hansen▷ Proαle guided code positioning▷ In Proceedings of the ACM SIGPLAN φ90 Conference on Programming Language Design and Implementation pages 16δ27▷ ACM ACM June 1990▷ ♭12♯ S▷A▷ Przybylski▷ Cache Design. A PerformanceDirected Approach▷ Morgan Kaufmann San Mateo CA 1990▷ ♭13♯ T▷R▷ Puzak▷ Analysis of cache replacementalgorithms▷ Ph▷D▷ Dissertation University of Mas sachusetts Amherst MA 1985▷ ♭14♯ R▷W▷ Quong▷ Expected Icache miss rates via the gap model▷ In 21st Annual International Symposium on Computer Architecture pages 372δ383 April 1994▷ ♭15♯ A▷D▷ Samples and P▷N▷ Hilαnger▷ Code reorganization for instruction caches▷ Techical Report UCB◁CSD 88◁447 October 1988▷ ♭16♯ A▷ Srivastava and A▷ Eustace▷ ATOM. A system for building customized program analysis tools▷ In Proceedings of the Conference on Programming Language Design and Implementation pages 196δ205▷ ACM 1994▷ ♭17♯ J▷G▷ Thompson▷ Efαcient analysis of caching systems▷ Ph▷D▷ Dissertation University of California Berkeley 1987▷

♭18♯ J▷ Torrellas C▷ Xia and R▷ Daigle▷ Optimizing instruction cache performance for operating system intensive workloads▷ In Proceedings of the First International Symposium on HighPerformance Computer Architecture pages 360δ369 January 1995▷ ♭19♯ D▷W▷ Wall▷ Predicting program behavior using real or estimated proαles▷ In Proceedings of the ACM SIGPLAN φ91 Conference on Programming Language Design and Implementation pages 59δ70 Toronto Ontario Canada June 1991▷ ♭20♯ C▷ Young N▷ Gloy and M▷D▷ Smith▷ A comparative analysis of schemes for correlated branch prediction▷ In 22nd Annual International Symposium on Computer Architecture pages 276δ286 June 1995▷