∞ I\⊔∇≀⌈⊓⌋⊔⟩≀\ C≀⌈⌉ ≀√⊔⟩⇕⟩‡⊣⊔⟩≀\ ⟩∫ ⌋≀\⊑⌉\⊔⟩≀\⊣↕↕† ⊔⟨⌉ ⌈≀⇕⊣⟩\ ≀{ ⊔⟨⌉ ⌋≀⇕√⟩↕⌉∇↙ T⟨⟩∫ ⟩∫ ∫⌉\∫⟩⌊↕⌉¬ ⟩⊔ ⟩∫ ⊔⟨⌉ ⌋≀⇕√⟩↕⌉∇ ⊔⟨⊣⊔ }⌉\⌉∇⊣⊔⌉∫ ⊔⟨⌉ ⌋≀⌈⌉ ⊔≀ ⌊⌉}⟩\ ⊒⟩⊔⟨↙ F⊓∇⊔⟨⌉∇⇕≀∇⌉⇔ ⊔⟨⌉ ⌋≀⇕√⟩↕⌉∇ ⌊⌉}⟩\∫ ⊒⟩⊔⟨ ⊔⟨⌉ ≀∇⟩}⟩\⊣↕ ∫≀⊓∇⌋⌉ ⌋≀⌈⌉⇔ ⊣\⌈ ⊔⟨⊓∫ ‖\≀⊒∫ ⊣∫ ⇕⊓⌋⟨ ⊣∫ √≀∫∫⟩⌊↕⌉ ⊣⌊≀⊓⊔ ⊔⟨⌉ ⟩\⊔⌉\⊔⟩≀\∫ ≀{ ⊔⟨⌉ √∇≀}∇⊣⇕⇕⌉∇⇔ ⟩\⌋↕⊓⌈⟩\} ⊔⟨⌉ ⊔†√⌉∫ ≀{ ⊑⊣∇⟩⊣⌊↕⌉∫⇔ ⊔⟨⌉ ⊓∫⌉ ≀{ ⟨⟩}⟨↖↕⌉⊑⌉↕ ≀√⌉∇⊣⊔⟩≀\∫⇔ ⊣\⌈ √∇⊣}⇕⊣∫ ⊔⟨⊣⊔ ⊔⟨⌉ √∇≀}∇⊣⇕⇕⌉∇ ⇕⊣† ⟨⊣⊑⌉ ⟩\⌋↕⊓⌈⌉⌈ ⊔≀ }⟩⊑⌉ ⊔⟨⌉ ⌋≀⇕√⟩↕⌉∇ ⌉⊑⌉\ ⇕≀∇⌉ ⟨⌉↕√↙ N≀\⌉⊔⟨⌉↕⌉∫∫⇔ ⊣ ⌋≀\⊑⌉\⊔⟩≀\⊣↕ ⌋≀⇕√⟩↕⌉∇ ⇕⊣† ⌊⌉ ↕⟩⇕⟩⊔⌉⌈ ⟩\ ⊔⊒≀ ⊒⊣†∫ ⊔⟨⊣⊔ ⌈⌉}∇⊣⌈⌉ ⊔⟨⌉ ⌋≀⌈⌉ ⟩⊔ √∇≀⌈⊓⌋⌉∫↙ F⟩∇∫⊔⇔ ⟩\ ⇕≀∫⊔ ⌉\⊑⟩∇≀\⇕⌉\⊔∫ ⊔⟨⌉ ⌋≀⇕√⟩↕⌉∇ ↕≀≀‖∫ ⊣⊔ ≀\↕† ≀\⌉ ⇕≀⌈⊓↕⌉ ⊣⊔ ⊣ ⊔⟩⇕⌉↙ T⟨⟩∫ ∫⌉√⊣∇⊣⊔⌉ ⌋≀⇕√⟩↕⊣⊔⟩≀\ ⊒≀⊓↕⌈ ⌊⌉ ⟨⊣∇⌈ ⊔≀ ⌈≀ ⊒⟩⊔⟨≀⊓⊔⇔ ∫⟩\⌋⌉ ⟩⊔ }∇⌉⊣⊔↕† ∇⌉⌈⊓⌋⌉∫ ⊔⟨⌉ ⊔⊓∇\⊣∇≀⊓\⌈ ⊔⟩⇕⌉ {≀∇ ⊔⟨⌉ ∇⊓\↖⌉⌈⟩⊔↖∇⌉⌊⊓⟩↕⌈ ⌋†⌋↕⌉↙ S⌉⌋≀\⌈⇔ ⊔⟨⌉ ⌋≀⇕√⟩↕⌉∇ ⟩⊔∫⌉↕{ ⟩∫ ⌈⟩⊑⟩⌈⌉⌈ ⟩\⊔≀ √⟨⊣∫⌉∫ ⊔⟨⊣⊔ ⇕⊓∫⊔ ⌋≀⇕⇕⊓\⟩⌋⊣⊔⌉↙ R⌉⊔⊣∇}⌉⊔⊣⌊↕⌉ ⌋≀⇕√⟩↕⌉∇∫ ⇕⊣† ⟨⊣⊑⌉ ⇕⊣⌋⟨⟩\⌉↖⟩\⌈⌉√⌉\⌈⌉\⊔ √⟨⊣∫⌉∫ ⊔⟨⊣⊔ ⊣∇⌉ ⟩\∫⊓↕⊣⊔⌉⌈ {∇≀⇕ ⊔⟨⌉ ⇕⊣⌋⟨⟩\⌉↖⌈⌉√⌉\⌈⌉\⊔ √⊣∇⊔∫↙ T⟨⌉ ⇕⊣⌋⟨⟩\⌉↖⟩\⌈⌉√⌉\⌈⌉\⊔ ≀√⊔⟩⇕⟩‡⊣⊔⟩≀\∫ ⇕⊣† ⊔⟨⌉∇⌉{≀∇⌉ \≀⊔ ⟨⊣⊑⌉ ⊣ ⌋≀⇕√↕⌉⊔⌉ √⟩⌋⊔⊓∇⌉ ≀{ ⊔⟨⌉ ∇⌉∫≀⊓∇⌋⌉∫ ⊔⟨⊣⊔ ⊣∇⌉ ⊣⊑⊣⟩↕⊣⌊↕⌉↙ S⟩⇕⟩↕⊣∇↕†⇔ ⟩\ ⇕⊣\† ⌉\⊑⟩∇≀\⇕⌉\⊔∫ ⊔⟨⌉ ⌋≀⇕√⟩↕⌉∇ √∇≀⌈⊓⌋⌉∫ ⊣∫∫⌉⇕⌊↕† ⌋≀⌈⌉ ∇⊣⊔⟨⌉∇ ⊔⟨⊣\ ⊔∇⊓⌉ ≀⌊|⌉⌋⊔ ⌋≀⌈⌉↙ T⟨⌉ ⊣⌈⊑⌉\⊔ ≀{ ∇⌉⌈⊓⌋⌉⌈ ⟩\∫⊔∇⊓⌋⊔⟩≀\ ∫⌉⊔∫ ⟨⊣∫ ↕⌉⌈ ⊔≀ ⌉\⊑⟩∇≀\⇕⌉\⊔∫ ⟩\ ⊒⟨⟩⌋⟨ ⊔⟨⌉ ⊔⊒≀ ⊣∇⌉ \≀⊔ ⟩∫≀⇕≀∇√⟨⟩⌋⇔ ⊣\⌈ ≀√⊔⟩⇕⟩‡⊣⊔⟩≀\∫ ⌊⌉↕≀⊒ ⊔⟨⌉ ↕⌉⊑⌉↕ ≀{ ⊣∫∫⌉⇕⌊↕⌉∇ ⌋⊣\\≀⊔ ⌊⌉ ⌈≀\⌉ ⌊† ⊔⟨⌉ ⌋≀⇕√⟩↕⌉∇↙ W⌉ ⌋⊣\ ⌋≀⇕√⌉\∫⊣⊔⌉ {≀∇ ⊔⟨⌉∫⌉ ↕⟩⇕⟩⊔⊣⊔⟩≀\∫ ⌊† ⊣⌈⌈⟩\} ⊣ ↕⟩\‖↖⊔⟩⇕⌉ ∫⊔⌉√ ⊔⟨⊣⊔ ⊣\⊣↕†‡⌉∫ ⊣\⌈ ≀√⊔⟩⇕⟩‡⌉∫ ⊔⟨⌉ ≀⌊|⌉⌋⊔ ⌋≀⌈⌉ ⊔⟨⊣⊔ ⟩∫ ⌊⌉⟩\} ↕⟩\‖⌉⌈↙ T⟨≀⊓}⟨ ∫≀⇕⌉ ≀{ ⊔⟨⌉ ⟨⟩}⟨↖↕⌉⊑⌉↕ ∫⊔∇⊓⌋⊔⊓∇⌉ ⟩∫ ⇕⟩∫∫⟩\} {∇≀⇕ ≀⌊|⌉⌋⊔ ⌋≀⌈⌉⇔ ↕⟩\‖↖⊔⟩⇕⌉ ≀√⊔⟩⇕⟩‡⊣⊔⟩≀\ ⟨⊣∫ ⊔⊒≀ ⟩⇕√≀∇⊔⊣\⊔ √∇≀√⌉∇⊔⟩⌉∫ ⊔⟨⊣⊔ ⌋≀⇕√⟩↕⌉↖⊔⟩⇕⌉ ≀√⊔⟩⇕⟩‡⊣⊔⟩≀\ ⇕⊣† \≀⊔↙ F⟩∇∫⊔⇔ ⊣⊔ ↕⟩\‖ ⊔⟩⇕⌉ ⊒⌉ ⌋⊣\ ∫⌉⌉ ⊔⟨⌉ ⌉\⊔⟩∇⌉ √∇≀}∇⊣⇕ ⊣⊔ ≀\⌋⌉⇔ ∇⊣⊔⟨⌉∇ ⊔⟨⊣\ |⊓∫⊔ ⊣ ∫⟩\}↕⌉ ∫⌉√⊣∇⊣⊔⌉↕† ⌋≀⇕√⟩↕⌉⌈ ⇕≀⌈⊓↕⌉↙ S⌉⌋≀\⌈⇔ ⊒⌉ ⊣∇⌉ ↕≀≀‖⟩\} ⊣⊔ ≀⌊|⌉⌋⊔↖↕⌉⊑⌉↕ ⌋≀⌈⌉⇔ ⊒⟨⟩⌋⟨ ⌉⊑⌉\ ⊔⟨⌉ ⌋≀⇕√⟩↕⌉∇ ⇕⊣† \≀⊔ ⟨⊣⊑⌉ ⌈≀\⌉↙ T⟨⌉∫⌉ ⊔⊒≀ √∇≀√⌉∇⊔⟩⌉∫ ↕⌉⊣⌈ ⊔≀ ∫⌉⊑⌉∇⊣↕ ⊣⌈⊑⊣\⊔⊣}⌉∫↙ O\⌉ ⊣⌈⊑⊣\⊔⊣}⌉ ⟩∫ ⊔⟨⊣⊔ ∫⌉⌉⟩\} ⊔⟨⌉ ⊒⟨≀↕⌉ √∇≀}∇⊣⇕ ⊣⊔ ≀\⌋⌉ ⊣↕↕≀⊒∫ ⇕≀∇⌉ √∇⌉⌋⟩∫⌉ ⊣\⊣↕†∫⟩∫↙ W⌉ ⌈≀\≃⊔ ⟨⊣⊑⌉ ⊔≀ ⊣∫∫⊓⇕⌉ ⊔⟨⌉ ⊒≀∇∫⊔ ⊒⟨⌉\ ⊒⌉ ∫⌉⌉ ⊣ ⌋⊣↕↕ ⊔≀ ⊣\ ⊓\‖\≀⊒\ ∇≀⊓⊔⟩\⌉↙ A⇕≀\} ≀⊔⟨⌉∇ ⊔⟨⟩\}∫ ⊔⟨⟩∫ ⊣↕↕≀⊒∫ ⊣↕⟩⊣∫ ⊣\⊣↕†∫⟩∫ ≀{ }↕≀⌊⊣↕ ⊑⊣∇⟩⊣⌊↕⌉∫⇔ ∫≀⇕⌉⊔⟨⟩\} ⌈⟩{⊘⌋⊓↕⊔ ⊔≀ ⌈≀ ⊒⌉↕↕ ⊣⊔ ⌋≀⇕√⟩↕⌉↖⊔⟩⇕⌉↙ S⌉⌉⟩\} ⊔⟨⌉ ⊒⟨≀↕⌉ √∇≀}∇⊣⇕ ⊣↕∫≀ }⟩⊑⌉∫ ⊓∫ ⊣ ⌊⌉⊔⊔⌉∇ ⊓\⌈⌉∇∫⊔⊣\⌈⟩\} ≀{ ⊔⟨⌉ ⊔∇⊣⌈⌉≀{{∫ ≀{ ⌋≀⌈⌉ }⌉\⌉∇⊣⊔⟩≀\↙ I⊔ ⟩∫ ⌉⊣∫⟩⌉∇ ⊔≀ ⟨⊣⊑⌉ ⊣\ ≀⊑⌉∇⊣↕↕ √⟩⌋⊔⊓∇⌉ ≀{ ⊒⟨⌉∇⌉ ⊔⟨⌉ √∇≀}∇⊣⇕ √∇≀⌊⊣⌊↕† ∫√⌉\⌈∫ ⟩⊔∫ ⊔⟩⇕⌉ ⊣\⌈ ≀⊔⟨⌉∇ ∇⌉∫≀⊓∇⌋⌉∫⇔ ⊣\⌈ ⊔⟨⌉∇⌉⌊† ⊒⟨⌉∇⌉ ≀√⊔⟩⇕⟩‡⊣⊔⟩≀\ ⊒⟩↕↕ √⊣† ≀{{ ⇕≀∫⊔↙ A∫ ⇕⌉\⊔⟩≀\⌉⌈ √∇⌉⊑⟩≀⊓∫↕†⇔ ⊔⟨⌉ ⌋≀⇕√⟩↕⊣⊔⟩≀\ √∇≀⌋⌉∫∫ ⌋⊣\ ⌊⌉ ∐⊓⟩⊔⌉ {∇⊣}⇕⌉\⊔⌉⌈ ⌊† ⊔⟨⌉ \⌉⌉⌈ ⊔≀ ⌈⌉⊣↕ ⊒⟩⊔⟨ ∫⌉√⊣∇⊣⊔⌉↕† ⌋≀⇕√⟩↕⌉⌈ ⇕≀⌈⊓↕⌉∫ ⊣\⌈ ⌊† ⊔⟨⌉ ⌈⟩⊑⟩∫⟩≀\ ≀{ ↕⊣⌊≀∇ ⌊⌉⊔⊒⌉⌉\ ⊔⟨⌉ √⟨⊣∫⌉∫ ⟩\ ⊔⟨⌉ ⌋≀⇕√⟩↕⌉∇ ⊣\⌈ ⊣∫∫⌉⇕⌊↕⌉∇↙ S⌉√⊣∇⊣⊔⌉ ⌋≀⇕√⟩↕⊣⊔⟩≀\ {≀∇⌋⌉∫ ⊓∫ ⊔≀ ⌋≀⇕√⟩↕⌉ ≀\⌉ ⇕≀⌈⊓↕⌉ ⊒⟩⊔⟨≀⊓⊔ ‖\≀⊒⟩\} ⇕⊓⌋⟨ ∞

⊣⌊≀⊓⊔ ⟩⊔∫ ⌋≀⇕√⊣\⟩≀\ ⇕≀⌈⊓↕⌉∫⇔ ⊣\⌈ ⊔⟨⌉ }⌉\⌉∇⊣⊔⟩≀\ ≀{ ⊣∫∫⌉⇕⌊↕† ⌋≀⌈⌉ ⟩\∫⊔⌉⊣⌈ ≀{ ≀⌊|⌉⌋⊔ ⌋≀⌈⌉ ⇕⊣† ⇕⌉⊣\ ⊔⟨⊣⊔ ∫≀⇕⌉ ∇⌉∫≀⊓∇⌋⌉∫ ⇕⊓∫⊔ ⌊⌉ ⌈⌉⌈⟩⌋⊣⊔⌉⌈ ⊔≀ ⊔⟨⌉ ⊓∫⌉ ≀{ ⊔⟨⌉ ⊣∫∫⌉⇕⌊↕⌉∇ ⊣\⌈ ⊓\⊣⊑⊣⟩↕⊣⌊↕⌉ ⊔≀ ⊔⟨⌉ ⌋≀⇕√⟩↕⌉↖⊔⟩⇕⌉ ≀√⊔⟩⇕⟩‡⌉∇↙ T⟨⟩∫ {∇⊣}⇕⌉\⊔⊣⊔⟩≀\ ≀{ ⌋≀⇕√⟩↕⊣⊔⟩≀\ ∇⌉∐⊓⟩∇⌉∫ ⊔⟨⌉ ⊣⌈≀√⊔⟩≀\ ≀{ ⌋≀\⊑⌉\⊔⟩≀\∫ ⊣⌊≀⊓⊔ ⊔⟨⌉ ⊓∫⌉ ≀{ ∇⌉}⟩∫⊔⌉∇∫⇔ ⊔⟨⌉ ∫⊔⊣⌋‖⇔ ⊣\⌈ ⌉⊑⌉\ ⟩\∫⊔∇⊓⌋⊔⟩≀\ ∫⌉↕⌉⌋⊔⟩≀\↙ W⟩⊔⟨ ⊔⟨⌉ ⊒⟨≀↕⌉ √∇≀}∇⊣⇕ ⊣⊔ ⟨⊣\⌈ ⊣⊔ ⊔⟨⌉ ≀⌊|⌉⌋⊔ ↕⌉⊑⌉↕⇔ ⟨≀⊒⌉⊑⌉∇⇔ ⊒⌉ \⌉⌉⌈ \≀⊔ ⌊⌉ ⌊≀⊓\⌈ ⌊† ⊔⟨⌉∫⌉ ⌋≀\⊑⌉\⊔⟩≀\∫⇔ ⊣↕↕≀⊒⟩\} ⇕≀∇⌉ }↕≀⌊⊣↕ ⇕⊣\⊣}⌉⇕⌉\⊔ ≀{ ⊔⟨⌉∫⌉ ∇⌉∫≀⊓∇⌋⌉∫↙ S⟩⇕⟩↕⊣∇↕†⇔ ⊒≀∇‖⟩\} ⊒⟩⊔⟨ ⊔⟨⌉ ⊘\⊣↕ ⌋≀⌈⌉ ⇕⌉⊣\∫ ⊔⟨⊣⊔ ⊒⌉ ⌋⊣\ ⌈≀ ⇕⊣⌋⟨⟩\⌉↖↕⌉⊑⌉↕ ≀√⊔⟩⇕⟩‡⊣⊔⟩≀\∫↙ T⟨⌉ ⌋≀⇕√⟩↕⌉∇ ⇕⊣† }⌉\⌉∇⊣⊔⌉ ⊣∫∫⌉⇕⌊↕†↖↕⌉⊑⌉↕ ≀√⌉∇⊣⊔⟩≀\∫ ⊔⟨⊣⊔ ⊒⌉ ⌋⊣\ ∫⌉⌉ ⊔≀ ⌊⌉ ⇕⊓↕⊔⟩√↕⌉↖⟩\∫⊔∇⊓⌋⊔⟩≀\ ∫⌉∐⊓⌉\⌋⌉∫ ⟩\ ⊔⟨⌉ ≀⌊|⌉⌋⊔ ⌋≀⌈⌉⇔ √⊣∇⊔∫ ≀{ ⊒⟨⟩⌋⟨ ⇕⊣† ⌊⌉ ↕≀≀√↖⟩\⊑⊣∇⟩⊣\⊔ ⊣\⌈ ⌉↕⟩}⟩⌊↕⌉ {≀∇ ⌋≀⌈⌉ ⇕≀⊔⟩≀\↙ F⟩\⊣↕↕†⇔ ⊒≀∇‖⟩\} ↕⟩‖⌉ ⊔⟨⌉ ↕⟩\‖⌉∇ ⊣⊔ ⊔⟨⌉ ≀⌊|⌉⌋⊔ ↕⌉⊑⌉↕ }⟩⊑⌉∫ ⊓∫ ⊣ ⌋⌉∇⊔⊣⟩\ ⌈⌉}∇⌉⌉ ≀{ ⟩\⌈⌉√⌉\⌈⌉\⌋⌉ {∇≀⇕ ⊔⟨⌉ √⊣∇⊔⟩⌋⊓↕⊣∇ ⌋≀⇕√⟩↕⌉∇∫ ⟩\ ≀⊓∇ ⌉\⊑⟩∇≀\⇕⌉\⊔⇔ ⊣\⌈ ⌉⊑⌉\ {∇≀⇕ ⊔⟨⌉ √⊣∇⊔⟩⌋⊓↕⊣∇ ∫≀⊓∇⌋⌉ ↕⊣\}⊓⊣}⌉∫↙ N⊣⊔⊓∇⊣↕↕† ⊒⌉ ⌋⊣\\≀⊔ ⌉§√⌉⌋⊔ ⊔≀ ⊣\⊣↕†‡⌉ ⊣\⌈ ⟩⇕√∇≀⊑⌉ ⌋≀⌈⌉ ∇⌉}⊣∇⌈↕⌉∫∫ ≀{ ⟩⊔∫ ≀∇⟩}⟩\↙ N⌉⊑⌉∇⊔⟨⌉↕⌉∫∫⇔ ⊣↕⊔⌉∇\⊣⊔⟩⊑⌉ ⊣√√∇≀⊣⌋⟨⌉∫ ↕⟩‖⌉ ⇕≀\≀↕⟩⊔⟨⟩⌋ ⌋≀⇕√⟩↕⊣⊔⟩≀\ ⊣⊔ ⊔⟨⌉ ∫≀⊓∇⌋⌉ ↕⌉⊑⌉↕ ≀∇ ⌉⊑⌉\ ⊣⊔ ⊔⟨⌉ ⟩\⊔⌉∇⇕⌉⌈⟩⊣⊔⌉ ⌋≀⌈⌉ ↕⌉⊑⌉↕ ⊣∇⌉ ⇕⊓⌋⟨ ↕⌉∫∫ ⊙⌉§⟩⌊↕⌉ ⊔⟨⊣\ ≀⊓∇ ⊣√√∇≀⊣⌋⟨↙ O{ ⌋≀⊓∇∫⌉⇔ ⇕≀⌈⟩{†⟩\} ≀⌊|⌉⌋⊔ ⌋≀⌈⌉ ⟨⊣∫ ⌈⟩∫⊣⌈⊑⊣\⊔⊣}⌉∫⇔ ⊔≀≀↙ M⊣\† √⊣∇⊔∫ ≀{ ⊔⟨⌉ ⟨⟩}⟨↖↕⌉⊑⌉↕ ∫⊔∇⊓⌋⊔⊓∇⌉ ⟨⊣⊑⌉ ⌊⌉⌉\ ⟩∇∇⌉⊔∇⟩⌉⊑⊣⌊↕⌉ ↕≀∫⊔↙ O⊔⟨⌉∇ √⊣∇⊔∫ ⊣∇⌉ ∇⌉⊔∇⟩⌉⊑⊣⌊↕⌉ ≀\↕† ⊒⟩⊔⟨ ∫≀⇕⌉ ⌉{{≀∇⊔⇔ ⊣\⌈ ≀⊓∇ ∫†∫⊔⌉⇕ ⟨⊣∫ ⊔≀ ⊓\⌈≀ ⊣\⌈ ∇⌉⌈≀ ∫≀⇕⌉ ≀{ ⊔⟨⌉ ⊒≀∇‖ ⌈≀\⌉ ⌊† ⊔⟨⌉ \≀∇⇕⊣↕ ⌋≀⇕√⟩↕⌉∇ ∫†∫⊔⌉⇕⇔ ∫⊓⌋⟨ ⊣∫ ⌋≀⇕√⟩↕⟩\} ≀{ ⟩⌈⟩≀⇕∫ ↕⟩‖⌉ ⌋⊣∫⌉↖∫⊔⊣⊔⌉⇕⌉\⊔∫ ≀∇ ⊔⟨⌉ ⊘↕↕⟩\} ≀{ ⌈⌉↕⊣†⌉⌈ ⌊∇⊣\⌋⟨ ∫↕≀⊔∫↙ T⟨⌉∫⌉ ⌈⟩{⊘⌋⊓↕⊔⟩⌉∫ ⊣∇⌉ ⊔⟨⌉ √∇⟩⌋⌉ ⊒⌉ ⌋⟨≀∫⌉ ⊔≀ √⊣† {≀∇ ⟩\⊔⌉∇⇕≀⌈⊓↕⌉ ⊣\⊣↕†∫⟩∫ ⊒⟩⊔⟨≀⊓⊔ ⊣ ∫⊔∇≀\} ⌈⌉√⌉\⌈⌉\⌋† ≀\ ⊣ √⊣∇⊔⟩⌋⊓↕⊣∇ ⌋≀⇕√⟩↕⌉∇ ≀∇ ↕⊣\}⊓⊣}⌉↙ A ∇⟩⌋⟨⌉∇ ≀⌊|⌉⌋⊔ {≀∇⇕⊣⊔ ⊒≀⊓↕⌈ ⊣↕↕⌉⊑⟩⊣⊔⌉ ∫≀⇕⌉ ≀{ ⊔⟨⌉⇕∅ ⟩\ {⊣⌋⊔⇔ ∫≀⇕⌉ ‖⟩\⌈∫ ≀{ ⊖↕≀∫⊔⪰ ∫⊔∇⊓⌋⊔⊓∇⌉⇔ ∫⊓⌋⟨ ⊣∫ ⊔†√⌉ ⟩\{≀∇⇕⊣⊔⟩≀\⇔ ⇕⊣† ∫⊔⟩↕↕ ⌊⌉ ⊣⊑⊣⟩↕⊣⌊↕⌉ ⟩{ ⊔⟨⌉ √∇≀}∇⊣⇕ ⟨⊣∫ ⌊⌉⌉\ ⌋≀⇕√⟩↕⌉⌈ ⊒⟩⊔⟨ ⌈⌉⌊⊓}}⟩\}↙ I\ ⊔⟨⟩∫ √⊣√⌉∇ ⊒⌉ ⌈⌉∫⌋∇⟩⌊⌉ OM⇔ ≀⊓∇ ∫†∫⊔⌉⇕ {≀∇ ↕⟩\‖↖⊔⟩⇕⌉ ⌋≀⌈⌉ ≀√⊔⟩⇕⟩‡⊣⊔⟩≀\⇔ ⊣\⌈ √↕⊣⌋⌉ ⟩⊔ ⟩\ ⊔⟨⌉ ⌋≀\⊔⌉§⊔ ≀{ ≀⊔⟨⌉∇ ⊒≀∇‖ ⟩\ ⊔⟨⌉ ⊣∇⌉⊣↙ A∫ ⊣ √∇≀≀{ ≀{ ⌋≀\⌋⌉√⊔⇔ ⊒⌉ ⊔⟨⌉\ ⌈⌉∫⌋∇⟩⌊⌉ ≀⊓∇ ⊓∫⌉ ≀{ OM ⊔≀ ⌊⊓⟩↕⌈ ⊣ ↕⟩\‖↖⊔⟩⇕⌉ ≀√⊔⟩⇕⟩‡⌉∇ ⊔⟨⊣⊔ ⌈≀⌉∫ ⟩\⊔⌉∇√∇≀⌋⌉⌈⊓∇⊣↕ ↕⟩⊑⌉\⌉∫∫ ⊣\⊣↕†∫⟩∫ ⊣\⌈ ⟩\⊔⌉∇√∇≀⌋⌉⌈⊓∇⊣↕ ⌋≀⌈⌉ ⇕≀⊔⟩≀\↙ F⟩\⊣↕↕†⇔ ⊒⌉ ⌉⊑⊣↕⊓⊣⊔⌉ ⊔⟨⌉ √⌉∇{≀∇⇕⊣\⌋⌉ ≀{ ≀⊓∇ ↕⟩\‖↖⊔⟩⇕⌉ ≀√⊔⟩⇕⟩‡⌉∇⇔ ⊒⟨⟩⌋⟨ ⟩⇕√∇≀⊑⌉⌈ ⌋≀⇕√⟩↕⌉∇↖≀√⊔⟩⇕⟩‡⌉⌈ ⌋≀⌈⌉ ⌊† ▽↗ ≀\ ⊣⊑⌉∇⊣}⌉ ⊣\⌈ ⌊† ⇕≀∇⌉ ⊔⟨⊣\ ∞△↗ ⟩\ ≀\⌉ ⌋⊣∫⌉↙

∈ T⟨⌉ OM S†∫⊔⌉⇕ OM ⊔⊣‖⌉∫ ⊣∫ ⟩\√⊓⊔ ⊣ ⌋≀↕↕⌉⌋⊔⟩≀\ ≀{ ≀⌊|⌉⌋⊔ ⊘↕⌉∫ ⊣\⌈ ↕⟩⌊∇⊣∇⟩⌉∫ ⊔⟨⊣⊔ ⇕⊣‖⌉ ⊓√ ⊣ ⌋≀⇕√↕⌉⊔⌉ √∇≀}∇⊣⇕↙ I⊔ √∇≀⌋⌉∫∫⌉∫ ⊔⟨⌉ ⟩\√⊓⊔ ⇕≀⌈⊓↕⌉∫ ⟩\ ⊔⟨∇⌉⌉ √⟨⊣∫⌉∫¬ ⌋≀\∫⊔∇⊓⌋⊔⟩≀\ ≀{ ⊔⟨⌉ ⟩\⊔⌉∇⇕⌉⌈⟩⊣⊔⌉ ∇⌉√∇⌉∫⌉\⊔⊣⊔⟩≀\ {∇≀⇕ ⟩\√⊓⊔ ⇕≀⌈⊓↕⌉∫⇔ ⊣√√↕⟩⌋⊣⊔⟩≀\ ≀{ ⟩\∫⊔∇⊓⇕⌉\⊔⊣⊔⟩≀\ ⊣\⌈ ≀√⊔⟩⇕⟩‡⊣⊔⟩≀\⇔ ⊣\⌈ }⌉\⌉∇⊣⊔⟩≀\ ≀{ ≀⌊|⌉⌋⊔ ⌋≀⌈⌉ {∇≀⇕ ⊔⟨⌉ ⟩\⊔⌉∇⇕⌉⌈⟩⊣⊔⌉ ∇⌉√∇⌉∫⌉\⊔⊣⊔⟩≀\↙ F⟩}⊓∇⌉ ∞ ∫⟨≀⊒∫ ⊔⟨⌉ ≀∇}⊣\⟩‡⊣⊔⟩≀\ ≀{ OM↙ OM ⌋⊓∇∇⌉\⊔↕† ∇⊓\∫ ∈

F⟩}⊓∇⌉ ∞¬ S†∫⊔⌉⇕ ≀∇}⊣\⟩‡⊣⊔⟩≀\ ≀{ OM ⊓\⌈⌉∇ U↕⊔∇⟩§ ≀\ ⊣ DEC∫⊔⊣⊔⟩≀\∞⊣\⌈ ⟨⊣∫ ⌊⌉⌉\ ⊔⌉∫⊔⌉⌈ ⊒⟩⊔⟨ ⇕≀⌈⊓↕⌉∫ √∇≀⌈⊓⌋⌉⌈ {≀∇ MIPS √∇≀⌋⌉∫∫≀∇∫ ⌊† F≀∇⊔∇⊣\⇔ C⇔ C⇓⇓⇔ ⊣\⌈ M≀⌈⊓↕⊣↖∈ ⌋≀⇕√⟩↕⌉∇∫↙ C≀\∫⊔∇⊓⌋⊔⟩≀\ ≀{ I\⊔⌉∇⇕⌉⌈⟩⊣⊔⌉ R⌉√∇⌉∫⌉\⊔⊣⊔⟩≀\ T⟨⌉ ⊘∇∫⊔ √⟨⊣∫⌉ √∇≀⌋⌉∫∫⌉∫ ⊔⟨⌉ ⟩\√⊓⊔ ≀⌊|⌉⌋⊔ ⊘↕⌉∫ ⟩\ ⊔⟨⌉⟩∇ ⊓∫⊓⊣↕ {≀∇⇕⇔ ⊒⟩⊔⟨ ⊣ ↕≀⊣⌈⌉∇ ∫†⇕⌊≀↕ ⊔⊣⌊↕⌉ ⊣\⌈ ∇⌉↕≀⌋⊣⊔⟩≀\ ⊔⊣⌊↕⌉∫⇔ ⊔≀ ⌊⊓⟩↕⌈ ⊔⟨⌉ ⟩\⊔⌉∇⇕⌉⌈⟩⊣⊔⌉ {≀∇⇕↙ T⟨⌉ ∇⌉↕≀⌋⊣⊔⟩≀\ ⟩\{≀∇⇕⊣⊔⟩≀\ ↕⌉⊔∫ ⊓∫ ⌈⟩∫↖ ⊔⟩\}⊓⟩∫⟨ ⊣⌈⌈∇⌉∫∫⌉∫ {∇≀⇕ ⌋≀⟩\⌋⟩⌈⌉\⊔⊣↕ \⊓⇕⌉∇⟩⌋ ⌋≀\∫⊔⊣\⊔∫ ∪W⊣↕∃∈⊎∅ ⊒⌉ ⌋⊣\ ⊔⟨⌉∇⌉{≀∇⌉ √⌉∇{≀∇⇕ ≀⊓∇ ⊔∇⊣\∫{≀∇⇕⊣⊔⟩≀\∫ ⊒⟩⊔⟨≀⊓⊔ ⟩\⊔∇≀⌈⊓⌋⟩\} ⊔⟨⌉ ⌈†\⊣⇕⟩⌋ ⊔∇⊣\∫↕⊣⊔⟩≀\ ≀⊑⌉∇⟨⌉⊣⌈ ≀{ ∫⌋⟨⌉⇕⌉∫ ⊔⟨⊣⊔ ⊔∇⊣\∫{≀∇⇕ ⌉§⌉⌋⊓⊔⊣⌊↕⌉ ⊘↕⌉∫ ∪LB∃∈⇔ MIP∀⊎̸↙ W⌉ ⌋⊣\ ⊣↕∫≀ ⌈⌉⊔⌉∇⇕⟩\⌉ ⌉§⊣⌋⊔↕† ⊒⟨⟩⌋⟨ √∇≀⌋⌉⌈⊓∇⌉∫ ⊣\⌈ ⊑⊣∇⟩⊣⌊↕⌉∫ ⟨⊣⊑⌉ ⟨⊣⌈ ⊔⟨⌉⟩∇ ⊣⌈⌈∇⌉∫∫⌉∫ ⊔⊣‖⌉\∅ ⌊⌉⌋⊣⊓∫⌉ ⊒⌉ ⌋⊣\ ∫⌉⌉ ⊔⟨⌉ ⊒⟨≀↕⌉ √∇≀}∇⊣⇕ ⊣⊔ ≀\⌋⌉⇔ ⊒⌉ \⌉⌉⌈ \≀⊔ ⇕⊣‖⌉ ⊒≀∇∫⊔↖⌋⊣∫⌉ ⊣∫∫⊓⇕√⊔⟩≀\∫ ⊣⌊≀⊓⊔ ⌋≀⌈⌉ ⊒⌉ ⌋⊣\\≀⊔ ∫⌉⌉↙ T⟨⌉ ⟩\⊔⌉∇⇕⌉⌈⟩⊣⊔⌉ ∇⌉√∇⌉∫⌉\⊔⊣⊔⟩≀\ ≀{ OM ⌋≀\∫⟩∫⊔∫ ≀{ ⊣ ∫⟩⇕√↕⌉ R⌉}⟩∫⊔⌉∇ T∇⊣\∫{⌉∇ L⊣\}⊓⊣}⌉ ⇐RTL⇒ ⊣\⌈ ⊣ ∫†⇕⌊≀↕ ⊔⊣⌊↕⌉↙ T⟨⟩∫ RTL ⟩∫ ⇕⊣⌋⟨⟩\⌉↖⟩\⌈⌉√⌉\⌈⌉\⊔ ⌊⊓⊔ ⟨⊣∫ ⌊⌉⌉\ ⌈⌉∫⟩}\⌉⌈ {≀∇ RISC ⊣∇⌋⟨⟩⊔⌉⌋⊔⊓∇⌉∫↙ I⊔ ⟨⊣∫ }⌉\⌉∇⟩⌋ ⟩\∫⊔∇⊓⌋⊔⟩≀\∫ ∫⊓⌋⟨ ⊣∫ ⊣⌈⌈ ⊣\⌈ ∫⊓⌊ ⊔⟨⊣⊔ ≀√⌉∇⊣⊔⌉ ≀\ ∇⌉}⟩∫⊔⌉∇∫ ⊣\⌈ ⌋≀\∫⊔⊣\⊔∫↙ O\↕† ↕≀⊣⌈ ⊣\⌈ ∫⊔≀∇⌉ ⟩\∫⊔∇⊓⌋⊔⟩≀\∫ ⊣⌋⌋⌉∫∫ ⇕⌉⇕≀∇†↙ P∇≀⌋⌉⌈⊓∇⌉ ⌋⊣↕↕∫ ⊣∇⌉ ∫⟩⇕√↕⌉ ⊔∇⊣\∫{⌉∇∫ ≀{ ⌋≀\⊔∇≀↕⇔ ⊣\⌈ √⊣∇⊣⇕⌉⊔⌉∇ √⊣∫∫⟩\} ⟩∫ ⌉§√↕⟩⌋⟩⊔↕† ⌉§√≀∫⌉⌈↙ RTL ⊓∫⌉∫ ⊣\ ⟩\⊘\⟩⊔⌉ ∇⌉}⟩∫⊔⌉∇ ∫⌉⊔ ⇕≀⌈⌉↕ ∞U↕⊔∇⟩§ ⊣\⌈ DEC∫⊔⊣⊔⟩≀\ ⊣∇⌉ ⊔∇⊣⌈⌉⇕⊣∇‖∫ ≀{ D⟩}⟩⊔⊣↕ E∐⊓⟩√⇕⌉\⊔ C≀∇√≀∇⊣⊔⟩≀\↙

∋

⊒⟩⊔⟨ ∫≀⇕⌉ ⌈⌉⌈⟩⌋⊣⊔⌉⌈ ∇⌉}⟩∫⊔⌉∇∫ ∫⊓⌋⟨ ⊣∫ ∫⊔⊣⌋‖↖√≀⟩\⊔⌉∇↙ A↕↕ ⊣⌈⌈∇⌉∫∫ ∇⌉{⌉∇⌉\⌋⌉∫ ⟩\ RTL ⊣∇⌉ ∫†⇕⌊≀↕⟩⌋↙ PC↖∇⌉↕⊣⊔⟩⊑⌉ ⌊∇⊣\⌋⟨⌉∫ ⊣∇⌉ ⌋≀\⊑⌉∇⊔⌉⌈ ⟩\⊔≀ ⌊∇⊣\⌋⟨⌉∫ ⊔≀ ⊔⊣∇}⌉⊔∫ ⊔⟨⊣⊔ ⊣∇⌉ ↕⊣⌊⌉↕∫ ⟩\ RTL↙ S⟩⇕⟩↕⊣∇↕† ⊣↕↕ ∇⌉{⌉∇⌉\⌋⌉∫ ⊔≀ ⌈⊣⊔⊣ ⊣∇⌉⊣∫ ⊣∇⌉ ⊣↕∫≀ ⌋≀\⊑⌉∇⊔⌉⌈ ⊔≀ ∫†⇕⌊≀↕⟩⌋ ∇⌉{⌉∇⌉\⌋⌉∫↙ I\ MIPS ⌋≀⌈⌉⇔ ⊔⟨⌉ √⊣⟩∇ ≀{ ∇⌉↕⊣⊔⌉⌈ ≀√⌉∇⊣⊔⟩≀\∫⇔ R REFHI ⊣\⌈ R REFLO⇔ ⊣∇⌉ ⊓∫⌉⌈ ⊔≀ ∇⌉↕≀⌋⊣⊔⌉ ⊣ √⊣⟩∇ ≀{ ⟩\∫⊔∇⊓⌋⊔⟩≀\∫ ⊔⟨⊣⊔ ⌋≀⇕√⊓⊔⌉ ⊣ ∋∈↖⌊⟩⊔ ⊣⌈⌈∇⌉∫∫ ⌊† ⌋≀⇕⌊⟩\⟩\} ⊔⊒≀ ∞↖̸⌊⟩⊔ √⊣∇⊔∫↙ W⌉ ⊘\⌈ ⊔⟨⌉ ∇⌉{⌉∇⌉\⌋⌉⌈ ∫†⇕⌊≀↕ {∇≀⇕ ⊔⟨⌉ ∇⌉↕≀⌋⊣⊔⟩≀\ ⌉\⊔∇⟩⌉∫⇔ ⊣⌈⌈ ⟩⊔ ⊔≀ ⊔⟨⌉ ∫†⇕⌊≀↕ ⊔⊣⌊↕⌉⇔ ⊣\⌈ ⊓∫⌉ ⊔⟨⌉ ∫†⇕⌊≀↕ ⟩\ ⟩⊔∫ RTL ⟩\∫⊔∇⊓⌋⊔⟩≀\↙ T⟨⟩∫ ⌋≀\⊑⌉∇∫⟩≀\ ⊔≀ √⊓∇⌉↕† ∫†⇕⌊≀↕⟩⌋ ⊣⌈⌈∇⌉∫∫⌉∫ ⊣↕↕≀⊒∫ ⊓∫ ⊔≀ {∇⌉⌉↕† ⇕≀⊑⌉ ⊣\⌈ ⇕≀⌈⟩{† RTL ⟩\∫⊔∇⊓⌋⊔⟩≀\∫ ⊒⟩⊔⟨≀⊓⊔ ⊒≀∇∇†⟩\} ⊣⌊≀⊓⊔ ⟨⊣∇⇕⟩\} ⊓\∇⌉↕⊣⊔⌉⌈ ⟩\∫⊔∇⊓⌋⊔⟩≀\∫↙ R⌉⌋≀⊑⌉∇⟩\} ⊔⟨⌉ ≀∇⟩}⟩\⊣↕ ∫⊔∇⊓⌋⊔⊓∇⌉ ≀{ ⊣ ∫≀⊓∇⌋⌉↖↕⌉⊑⌉↕ ⌋⊣∫⌉↖∫⊔⊣⊔⌉⇕⌉\⊔ ⟩∫ \⌉⌋⌉∫∫⊣∇† ⟩{ ⊒⌉ ⊣∇⌉ ⊔≀ ‖\≀⊒ ⊣∫ ⇕⊓⌋⟨ ⊣⌊≀⊓⊔ ⊔⟨⌉ ⌋≀\⊔∇≀↕ ∫⊔∇⊓⌋⊔⊓∇⌉ ⊣∫ ⊔⟨⌉ ⌋≀⇕√⟩↕⌉∇ ⌈⟩⌈↙ A ⌋⊣∫⌉↖∫⊔⊣⊔⌉⇕⌉\⊔ ⟩∫ ⌋≀⇕√⟩↕⌉⌈ ⊣∫ ⊣\ ⟩\⌈⟩∇⌉⌋⊔ |⊓⇕√ ⊔≀ ⊣\ ⊣⌈⌈∇⌉∫∫ ↕≀⊣⌈⌉⌈ {∇≀⇕ ∫≀⇕⌉ ↕≀⌋⊣⊔⟩≀\ ⟩\ ⊣ ⌊∇⊣\⌋⟨ ⊔⊣⌊↕⌉ ⟩\⌈⌉§⌉⌈ ⌊† ⊔⟨⌉ ⌋⊣∫⌉ ⟩\⌈⌉§ ⊑⊣↕⊓⌉↙ T⟨⌉ ⌊∇⊣\⌋⟨ ⊔⊣⌊↕⌉ {≀∇ ⊣ ⌋⊣∫⌉ ∫⊔⊣⊔⌉⇕⌉\⊔ ⟩∫ \≀∇⇕⊣↕↕† ↕⊣⟩⌈ ≀⊓⊔ ⟩\ ⊔⟨⌉ ∇⌉⊣⌈↖≀\↕† ⌈⊣⊔⊣ ⊣∇⌉⊣ ⊒⟩⊔⟨ ⊣⌈⌈∇⌉∫∫⌉∫ ≀{ ⊔⟨⌉ ⌈⟩{{⌉∇⌉\⊔ ⌊∇⊣\⌋⟨ ⊔⊣∇}⌉⊔∫ ∫⊔≀∇⌉⌈ ⟩\ ⌋≀\∫⌉⌋⊓⊔⟩⊑⌉ ↕≀⌋⊣⊔⟩≀\∫↙ T⟨⌉ ⌋≀⌈⌉ {≀∇ ⊔⟨⌉ ⌋⊣∫⌉↖∫⊔⊣⊔⌉⇕⌉\⊔ ⟩∫ ⌉⊣∫† ⊔≀ ∇⌉⌋≀}\⟩‡⌉⇔ ⊣\⌈ ⊔⟨⌉ ⊣⌈⌈∇⌉∫∫ ≀{ ⊔⟨⌉ ⌊∇⊣\⌋⟨ ⊔⊣⌊↕⌉ ⟩∫ ≀⌊⊔⊣⟩\⊣⌊↕⌉ ⌊† ⌉§⊣⇕⟩\⟩\} ⊔⟨⟩∫ ⌋≀⌈⌉↙ B† ⊘\⌈⟩\} ⊣↕↕ ⊔⟨⌉ ⌋⊣∫⌉↖∫⊔⊣⊔⌉⇕⌉\⊔∫ ⟩\ ⊣ √∇≀}∇⊣⇕⇔ ⊒⌉ √⊣∇⊔⟩⊔⟩≀\ ⊔⟨⌉ ⊔⊣⌊↕⌉ ∫√⊣⌋⌉ ⟩\⊔≀ ⌈⟩{{⌉∇⌉\⊔ ⌊∇⊣\⌋⟨ ⊔⊣⌊↕⌉∫⇔ ⊒⟨⟩⌋⟨ ↕⌉⊔∫ ⊓∫ ‖\≀⊒ ⊔⟨⌉ ∫⟩‡⌉ ≀{ ⌉⊣⌋⟨↙ T⟨⟩∫ ⟩\ ⊔⊓∇\ ⊔⌉↕↕∫ ⊓∫ ⊔⟨⌉ √≀∫∫⟩⌊↕⌉ ⌈⌉∫⊔⟩\⊣⊔⟩≀\∫ ≀{ ⌉⊣⌋⟨ ⟩\⌈⌉§⌉⌈ |⊓⇕√↙ W⌉ ⌋⊣\ ⌋∇≀∫∫↖⌋⟨⌉⌋‖ ⊔⟨⌉ ⊔⊣⌊↕⌉ ∫⟩‡⌉ ⊣}⊣⟩\∫⊔ ⊔⟨⌉ √⊣∇⊔ ≀{ ⊔⟨⌉ ⌋⊣∫⌉↖∫⊔⊣⊔⌉⇕⌉\⊔ ⌋≀⌈⌉ ⊔⟨⊣⊔ ⌈≀⌉∫ ⊣ ∇⊣\}⌉ ⌋⟨⌉⌋‖ ≀\ ⊔⟨⌉ ⟩\⌈⌉§↙ C⌉∇⊔⊣⟩\ ⊣∫∫⌉⇕⌊↕†↖↕⌉⊑⌉↕ ≀√⌉∇⊣⊔⟩≀\∫⇔ ∫⊓⌋⟨ ⊣∫ ↕≀⊣⌈↖⊣⌈⌈∇⌉∫∫ ⊣\⌈ ⌈≀⊓⌊↕⌉↖√∇⌉⌋⟩∫⟩≀\ ↕≀⊣⌈∫ ⊣\⌈ ∫⊔≀∇⌉∫⇔ ⊣∇⌉ ∇⌉⊑⌉⊣↕⌉⌈ ⟩\ ⊔⟨⌉ ≀⌊|⌉⌋⊔ ⌋≀⌈⌉ ⊣∫ ∫⌉∐⊓⌉\⌋⌉∫ ≀{ ∫⟩⇕√↕⌉∇ ⟩\∫⊔∇⊓⌋⊔⟩≀\∫↙ A↕⊔⟨≀⊓}⟨ ⊔⟨⟩∫ ⊣↕↕≀⊒∫ ⊓∫ ⊔≀ ≀√⊔⟩⇕⟩‡⌉ ⊔⟨⟩∫ ⌋≀⌈⌉ ⟩\ ⊒⊣†∫ \≀⊔ √≀∫∫⟩⌊↕⌉ ⊣⊔ ⊔⟨⌉ ⊣∫∫⌉⇕⌊↕† ↕⌉⊑⌉↕⇔ ⟩⊔ ⟩∫ ∫⊔⟩↕↕ ⟨⌉↕√{⊓↕ ⊔≀ ⊓\⌈⌉∇∫⊔⊣\⌈ ⟨≀⊒ ⊔⟨⌉∫⌉ ∫⟩⇕√↕⌉∇ ⟩\∫⊔∇⊓⌋⊔⟩≀\∫ ⊘⊔ ⊔≀}⌉⊔⟨⌉∇↙ T⟨⌉ ∇⌉↕≀⌋⊣⊔⟩≀\ ⊔⊣⌊↕⌉∫ ⊣∇⌉ ⟨⌉↕√{⊓↕ ⟩\ ∇⌉⊣∫∫≀⌋⟩⊣⊔⟩\} ⊔⟨⌉ √⊣∇⊔∫ ≀{ ⊣ ↕≀⊣⌈↖⊣⌈⌈∇⌉∫∫ ≀√⌉∇⊣⊔⟩≀\⇔ ∫⟩\⌋⌉ ⊔⟨⌉ ⟩\∫⊔∇⊓⌋⊔⟩≀\ ⊘⌉↕⌈∫ ⊔⟨⊣⊔ ⊣∇⌉ ⌋≀⇕⌊⟩\⌉⌈ ⊔≀ ⇕⊣‖⌉ ⊓√ ⊔⟨⌉ ⊣⌈⌈∇⌉∫∫ ⇕⊓∫⊔ ⌊⌉ ⇕⊣∇‖⌉⌈ {≀∇ ∇⌉↕≀⌋⊣⊔⟩≀\↙ H≀⊒⌉⊑⌉∇⇔ ⌈≀⊓⌊↕⌉↖√∇⌉⌋⟩∫⟩≀\ ↕≀⊣⌈∫ ⊣\⌈ ∫⊔≀∇⌉∫ ∇⌉∐⊓⟩∇⌉ ∫≀⇕⌉ ⊣⌈⌈⟩⊔⟩≀\⊣↕ ⊒≀∇‖↙ A ⌈≀⊓⌊↕⌉↖√∇⌉⌋⟩∫⟩≀\ ↕≀⊣⌈ ⟩∫ ∇⌉⊣↕↕† ⊔⊒≀ ∫⟩\}↕⌉↖⊒≀∇⌈ ↕≀⊣⌈∫ {∇≀⇕ ⊣\ ⌉⊑⌉\∝≀⌈⌈ ∇⌉}⟩∫⊔⌉∇ √⊣⟩∇ ⊣⌋⌋⌉∫∫⟩\} ⊣⌈|⊣⌋⌉\⊔ ⇕⌉⇕≀∇† ↕≀⌋⊣⊔⟩≀\∫↙ S⟩\⌋⌉ ⊣ ⌈≀⊓⌊↕⌉↖√∇⌉⌋⟩∫⟩≀\ ↕≀⊣⌈ ≀⌋⌋⊓∇∫ ⟩\ ⊣\ ⌉⊑⌉\∝≀⌈⌈ √⊣⟩∇⇔ ⊒⌉ ⊓∫⌉ ⊔⟨⌉ ≀⌈⌈ ⊙≀⊣⊔⟩\}↖√≀⟩\⊔ ∇⌉}⟩∫⊔⌉∇ ⟩\ ⊣ ↕≀⊣⌈ ⟩\∫⊔∇⊓⌋⊔⟩≀\ ⊣∫ ⊔⟨⌉ ∫⊔⊣∇⊔⟩\} √≀⟩\⊔⇔ ⊣\⌈ ∫⌉⊣∇⌋⟨ {≀∇ ⊔⟨⌉ ⇕⊣⊔⌋⟨⟩\} ⟩\∫⊔∇⊓⌋⊔⟩≀\⇔ ⊒⟨⟩⌋⟨ ⇕⊓∫⊔ ⊓∫⌉ ⊔⟨⌉ ⌋≀\|⊓}⊣⊔⌉ ∇⌉}⟩∫⊔⌉∇ ⊣\⌈ ⇕⊓∫⊔ ⊣⌈⌈∇⌉∫∫ ⊔⟨⌉ ⊣⌈|≀⟩\⟩\} ↕≀⌋⊣⊔⟩≀\↙ T⟨⌉∇⌉ ⊣∇⌉ \≀ ⌈⌉↕⊣†⌉⌈ ⌊∇⊣\⌋⟨⌉∫ ⟩\ ≀⊓∇ RTL∅ ⊒⟨⌉\ ⊒⌉ ∇⌉⊣⌈ ⊣ MIPS ⇕≀⌈⊓↕⌉⇔ ⊒⌉ ⇕⊓∫⊔ ⟩⌈⌉\⊔⟩{† ⟩\∫⊔∇⊓⌋⊔⟩≀\∫ ⟩\ ⌈⌉↕⊣† ∫↕≀⊔∫ ⊣\⌈ ⇕≀⊑⌉ ⊔⟨⌉⇕ ≀⊓⊔ {≀∇ ∇⌉√∇⌉∫⌉\⊔⊣⊔⟩≀\ ⟩\ RTL↙ A ⌊∇⊣\⌋⟨ ∫↕≀⊔ ⟩∫ ≀{⊔⌉\ ⊘↕↕⌉⌈ ⊒⟩⊔⟨ ⊣\ ⟩\∫⊔∇⊓⌋⊔⟩≀\ {∇≀⇕ ⌊⌉{≀∇⌉ ⊔⟨⌉ ⌊∇⊣\⌋⟨⇔ ⟩\ ⊒⟨⟩⌋⟨ ⌋⊣∫⌉ ⊔⟨⟩∫ ⟩\∫⊔∇⊓⌋⊔⟩≀\ ⌋⊣\ ⌊⌉ ∫⊣{⌉↕† ⇕≀⊑⌉⌈ ⌊⊣⌋‖ ⌊⌉{≀∇⌉ ⊔⟨⌉ ⌊∇⊣\⌋⟨↙ I{ ⊔⟨⌉ ∫↕≀⊔ ⌋⟨⊣\}⌉∫ ⊣ ∇⌉}⟩∫⊔⌉∇ ⊒⟨⟩⌋⟨ ⊔⟨⌉ ⌊∇⊣\⌋⟨ ⊓∫⌉∫⇔ ⟩⊔ ⟩∫ ⟩\⌋≀∇∇⌉⌋⊔ ∫⟩⇕√↕† ⊔≀ ⇕≀⊑⌉ ⊔⟨⌉ ⟩\∫⊔∇⊓⌋⊔⟩≀\ ⌊⊣⌋‖ ⌊⌉{≀∇⌉ ⊔⟨⌉ ⌊∇⊣\⌋⟨↙ I\∫⊔⌉⊣⌈⇔ ⊒⌉ ⌈⊓√↕⟩⌋⊣⊔⌉ ⊔⟨⌉ ⌊∇⊣\⌋⟨ ∫↕≀⊔ ⊣\⌈ △

√⊓∫⟨ ⟩⊔ ⊣⟨⌉⊣⌈ ⊔≀ ⌊≀⊔⟨ ⊔⟨⌉ ⌈⌉∫⊔⟩\⊣⊔⟩≀\ ⊣⌈⌈∇⌉∫∫ ⊣\⌈ ⊔⟨⌉ {⊣↕↕↖⊔⟨∇≀⊓}⟨ ⊣⌈⌈∇⌉∫∫↙ I{ ⊒⌉ ⌋⊣\ ∫⌉⌉ ⊔⟨⊣⊔ ⊔⟨⌉ ∫↕≀⊔ ⟩\∫⊔∇⊓⌋⊔⟩≀\ ⟩∫ ⌈⌉⊣⌈ ⌋≀⌈⌉ ⟩\ ⌉⟩⊔⟨⌉∇ ∫⊓⌋⌋⌉∫∫≀∇ ↕≀⌋⊣⊔⟩≀\⇔ ⊒⌉ \⌉⌉⌈ \≀⊔ ⌋≀√† ⟩⊔ ⊔⟨⌉∇⌉↙ I\ √∇≀⌈⊓⌋⟩\} ⊔⟨⌉ RTL⇔ ⊒⌉ ⌋⟨⌉⌋‖ {≀∇ ⌈⌉⊣⌈\⌉∫∫ ∫⟩⇕√↕† ⌊⊓⊔ ⌋≀\∫⌉∇⊑⊣⊔⟩⊑⌉↕†⇔ ⌊† ∫⌉⌉⟩\} ⊒⟨⌉⊔⟨⌉∇ ⊔⟨⌉ ⌊⊣∫⟩⌋ ⌊↕≀⌋‖ ⟩\ ∐⊓⌉∫⊔⟩≀\ ‖⟩↕↕∫ ⊔⟨⌉ ⟩\∫⊔∇⊓⌋⊔⟩≀\ ⌈⟩∇⌉⌋⊔↕†∅ ⊔⟨⟩∫ ≀⌋⌋⊣∫⟩≀\⊣↕↕† ⌋⊣⊓∫⌉∫ ⊓\\⌉⌋⌉∫∫⊣∇† ⌈⊓√↕⟩⌋⊣⊔⟩≀\⇔ ⌊⊓⊔ ⟩\⊔⌉∇√∇≀⌋⌉⌈⊓∇⊣↕ ⌈⌉⊣⌈ ⌋≀⌈⌉ ∇⌉⇕≀⊑⊣↕ ⊣\⌈ √⌉⌉√⟨≀↕⌉ ≀√⊔⟩⇕⟩‡⊣⊔⟩≀\∫ √⌉∇{≀∇⇕⌉⌈ ⟩\ ⊔⟨⌉ ≀√⊔⟩⇕⟩‡⊣⊔⟩≀\ √⟨⊣∫⌉ ⌋⊣\ ∇⌉⇕≀⊑⌉ ⊣\† ⊔⟨⊣⊔ ∇⌉⇕⊣⟩\↙ A\⊣↕†∫⟩∫ ⊣\⌈ O√⊔⟩⇕⟩‡⊣⊔⟩≀\ T⟨⌉ ∫⌉⌋≀\⌈ √⟨⊣∫⌉ ≀{ OM ⌈⟩⊑⟩⌈⌉∫ ⊔⟨⌉ RTL {≀∇⇕ ≀{ ⊔⟨⌉ √∇≀}∇⊣⇕ ⟩\⊔≀ ⊣ ⌋≀↕↕⌉⌋⊔⟩≀\ ≀{ √∇≀⌋⌉⌈⊓∇⌉∫↙ I\∫⊔∇⊓⌋⊔⟩≀\∫ ⟩\ ⌉⊣⌋⟨ √∇≀⌋⌉⌈⊓∇⌉ ⊣∇⌉ ⌈⟩⊑⟩⌈⌉⌈ ⟩\⊔≀ ⌊⊣∫⟩⌋ ⌊↕≀⌋‖∫↙ W⌉ ⌊⊓⟩↕⌈ ⊔⟨⌉ ⊓∫⊓⊣↕ ⌋≀\⊔∇≀↕ ⊙≀⊒ }∇⊣√⟨∫ {≀∇ ⌉⊣⌋⟨ √∇≀⌋⌉⌈⊓∇⌉⇔ ⊣\⌈ ⊣ ⌋≀⇕√↕⌉⊔⌉ ⌋⊣↕↕ }∇⊣√⟨ {≀∇ ⊔⟨⌉ ⌉\⊔⟩∇⌉ √∇≀}∇⊣⇕↙ T⟨⌉∫⌉ ⌈⊣⊔⊣ ∫⊔∇⊓⌋⊔⊓∇⌉ ⊣∇⌉ ⊓∫⌉⌈ ⌊† ⊔⟨⌉ ⊑⊣∇⟩≀⊓∫ ≀√⊔⟩⇕⟩‡⊣⊔⟩≀\ ⊣\⌈ ⊣\⊣↕†∫⟩∫ √⟨⊣∫⌉∫↙ OM ⊓∫⌉⌈ ⊔⟨⌉∫⌉ ⌈⊣⊔⊣ ∫⊔∇⊓⌋⊔⊓∇⌉∫ ⊔≀ ⊣\⊣↕†‡⌉ C⇓⇓⇔ C⇔ ⊣\⌈ F≀∇⊔∇⊣\ √∇≀}∇⊣⇕∫ ⊣\⌈ ⇕⌉⊣∫⊓∇⌉⌈ ⊔⟨⌉ ⊣⇕≀⊓\⊔ ≀{ ⊓\∇⌉⊣⌋⟨⊣⌊↕⌉ ⌋≀⌈⌉↙∪S∇⟩∃∞⊎↙ E⊣⌋⟨ ≀√⊔⟩⇕⟩‡⊣⊔⟩≀\ √⊣∫∫ ⇕⊣† ⊣⌈⌈ ⇕≀∇⌉ ⟩\{≀∇⇕⊣⊔⟩≀\ ⊔≀ ⊔⟨⌉ RTL ⊒⟨⟩⌋⟨ {≀↕↕≀⊒⟩\} √⊣∫∫⌉∫ ⇕⊣† ⊓∫⌉↙ S⟩\⌋⌉ ≀√⊔⟩⇕⟩‡⊣⊔⟩≀\∫ ≀√⌉∇⊣⊔⌉ ≀\ ⊔⟨⌉ RTL⇔ ⇕⊣⌋⟨⟩\⌉↖⟩\⌈⌉√⌉\⌈⌉\⊔ ≀√⊔⟩⇕⟩‡⊣⊔⟩≀\∫ ⊒≀⊓↕⌈ ⌊⌉ ⊓\⌋⟨⊣\}⌉⌈ ⊒⟨⌉\ OM ⟩∫ ∇⌉⊔⊣∇}⌉⊔⌉⌈ ⊔≀ ⟨⊣\⌈↕⌉ ≀⊔⟨⌉∇ ⊣∇⌋⟨⟩⊔⌉⌋⊔⊓∇⌉∫↙ C≀⌈⌉ G⌉\⌉∇⊣⊔⟩≀\ T⟨⌉ ⊘\⊣↕ √⟨⊣∫⌉ ≀{ OM ⊔∇⊣\∫↕⊣⊔⌉∫ ⊔⟨⌉ RTL ⟩\⊔≀ ≀⌊|⌉⌋⊔ ⇕≀⌈⊓↕⌉ {≀∇ ⊔⟨⌉ ⊔⊣∇}⌉⊔ ⊣∇⌋⟨⟩⊔⌉⌋⊔⊓∇⌉↙ A↕↕ ⊣⌈⌈∇⌉∫∫⌉∫ ⇕⊓∫⊔ ⌊⌉ ∇⌉⌋≀⇕√⊓⊔⌉⌈∅ ⟩\∫⊔∇⊓⌋⊔⟩≀\∫ ⇕⊣† ⟨⊣⊑⌉ ⌊⌉⌉\ ⇕≀⊑⌉⌈⇔ ⊣↕⊔⌉∇⌉⌈ ≀∇ ⌈⌉↕⌉⊔⌉⌈↙ W⌉ ⇕⊓∫⊔ ⟩\⊔∇≀⌈⊓⌋⌉ ⌈⌉↕⊣† ∫↕≀⊔∫ ⟩{ ∇⌉∐⊓⟩∇⌉⌈ ⌊† ⊔⟨⌉ ⊔⊣∇}⌉⊔ ⊣∇⌋⟨⟩⊔⌉⌋⊔⊓∇⌉⇔ ⊣\⌈ ⊔⟨⌉\ ∫⌋⟨⌉⌈⊓↕⌉ ⊔⟨⌉ ⌋≀⌈⌉ ⊔≀ ⊘↕↕ ⊔⟨⌉⇕ ⊣\⌈ ⊔≀ ∇⌉⇕≀⊑⌉ ≀⊔⟨⌉∇ √⟩√⌉↕⟩\⌉ ⟨⊣‡⊣∇⌈∫ ⊣\⌈ ∫⊔⊣↕↕∫↙ W⌉ ⊣↕∫≀ ⟨⌉⊓∇⟩∫⊔⟩⌋⊣↕↕† ⌋⟨⊣\}⌉ ⊔⟨⌉ ≀∇⌈⌉∇ ≀{ ≀⊓⊔√⊓⊔ ≀{ √∇≀⌋⌉⌈⊓∇⌉∫ ⊔≀ ⟨⌉↕√ ⟩\ ⌋⊣⌋⟨⌉ ⌊⌉⟨⊣⊑⟩≀∇↙ I{ ⊔⟨⌉ ⊔⊣∇}⌉⊔ ⊣∇⌋⟨⟩⊔⌉⌋⊔⊓∇⌉ ⟩∫ ∫⊣⇕⌉ ⊣∫ ⊔⟨⌉ ⟩\√⊓⊔ ⊣∇⌋⟨⟩⊔⌉⌋⊔⊓∇⌉⇔ ⌋≀⌈⌉ }⌉\⌉∇⊣⊔⟩≀\ ⟩∫ ⇕≀∇⌉ ≀∇ ↕⌉∫∫ ⊣ ⇕⊣⊔⊔⌉∇ ≀{ ∇⌉⊑⌉∇∫⟩\} ⊔⟨⌉ ⊒≀∇‖ ⌈≀\⌉ ⟩\ ⊔⟨⌉ ⟩\√⊓⊔ √⟨⊣∫⌉↙ I{ OM ⟩∫ ⊓∫⌉⌈ ⊔≀ ⊔∇⊣\∫↕⊣⊔⌉ {∇≀⇕ ≀\⌉ ⊣∇⌋⟨⟩⊔⌉⌋⊔⊓∇⌉ ⊔≀ ⊣\≀⊔⟨⌉∇⇔ ⌈⟩{{⌉∇⌉\⊔ ⌋≀⌈⌉ }⌉\⌉∇⊣⊔⟩≀\ ⟩∫ ∇⌉∐⊓⟩∇⌉⌈↙ T⟨⌉ RTL ⟩∫ ⟩\⊔⌉\⌈⌉⌈ ⊔≀ ⌊⌉ ⇕⊣⌋⟨⟩\⌉↖ ⟩\⌈⌉√⌉\⌈⌉\⊔⇔ ∫≀ ⊔⟨⟩∫ ∫⟨≀⊓↕⌈ \≀⊔ ⌊⌉ ⊣ √∇≀⌊↕⌉⇕¬ ∫⌉⊑⌉∇⊣↕ ⌉§⟩∫⊔⟩\} ⌋≀⇕√⟩↕⌉∇∫ ⊣↕∇⌉⊣⌈† }⌉\⌉∇⊣⊔⌉ ⌋≀⌈⌉ {∇≀⇕ ⊣ ⇕⊣⌋⟨⟩\⌉↖⟩\⌈⌉√⌉\⌈⌉\⊔ RTL ∪DF∀△⇔ S⊔⊣∃∈⊎↙ A⊔ √∇⌉∫⌉\⊔⇔ ⟨≀⊒⌉⊑⌉∇⇔ ⊒⌉ ⌈≀ \≀ ⊣∇⌋⟨⟩⊔⌉⌋⊔⊓∇⊣↕ ⊔∇⊣\∫↕⊣⊔⟩≀\⇔ ∫≀ ⌊≀⊔⟨ ⊔⟨⌉ ⟩\√⊓⊔ ⊣\⌈ ⊔⟨⌉ ≀⊓⊔√⊓⊔ ⊔≀ OM ⌋≀\∫⟩∫⊔ ≀{ MIPS ⇕≀⌈⊓↕⌉∫↙

▽

∋ O⊑⌉∇⊑⟩⌉⊒ ≀{ P∇≀⊔≀⊔†√⌉ A∫ ⊣ √∇≀≀{ ≀{ ⌋≀\⌋⌉√⊔⇔ ⊒⌉ ⟩⇕√↕⌉⇕⌉\⊔⌉⌈ ⊣ ∫⟩⇕√↕⌉ {≀∇⇕ ≀{ ⟩\⊑⊣∇⟩⊣\⊔ ⌋≀⌈⌉ ⇕≀⊔⟩≀\⇔ ⊣↕≀\} ⊒⟩⊔⟨ ∫≀⇕⌉ ≀⊔⟨⌉∇ ∫⟩⇕√↕⌉∇ ≀√⊔⟩⇕⟩‡⊣⊔⟩≀\∫ ⊔⟨⊣⊔ ⊒≀∇‖ ⊒⟩⊔⟨ ⟩⊔↙ OM ↕≀≀‖∫ {≀∇ ↕≀≀√↖⟩\⊑⊣∇⟩⊣\⊔ ≀√⌉∇⊣⊔⟩≀\∫ ⊔≀ ⇕≀⊑⌉ ≀⊓⊔ ≀{ ↕≀≀√∫↙ T⟨⌉∫⌉ ↕≀≀√∫ ⇕⊣† ⟩\⌋↕⊓⌈⌉ ∫⌉⊑⌉∇⊣↕ ⌉\⊔⟩∇⌉ √∇≀⌋⌉⌈⊓∇⌉∫⇔ ⊣\⌈ ⌋⊣\ ⌊⌉ ⟩\⌈⊓⌋⌉⌈ ⌊† ⌉⟩⊔⟨⌉∇ ⟩⊔⌉∇⊣⊔⟩≀\ ≀∇ ∇⌉⌋⊓∇∫⟩≀\↙ F≀∇ ⊔⟨⟩∫ √∇≀⊔≀⊔†√⌉⇔ ⊒⌉ ∇⌉∫⊔∇⟩⌋⊔⌉⌈ ≀⊓∇∫⌉↕⊑⌉∫ ⊔≀ ⊔⟨⌉ ∫⟩⇕√↕⌉∫⊔ ‖⟩\⌈∫ ≀{ ⟩\⊑⊣∇⟩⊣\⊔ ⌋≀⌈⌉⇔ ⌊⌉⌋⊣⊓∫⌉ ⊔⟨⌉ ⟨⊣∇⌈ √⊣∇⊔ ⟩∫ ⌈⌉⊘\⟩\} ⊒⟨⊣⊔ ⟩∫ ⇕⌉⊣\⊔ ⌊† ⊣ ⇕⊓↕⊔⟩↖√∇≀⌋⌉⌈⊓∇⊣↕ ↕≀≀√↙ T⟨⌉ ≀√⌉∇⊣⊔⟩≀\∫ ⟩⊔ ↕≀≀‖∫ {≀∇ ⊣⊔ √∇⌉∫⌉\⊔ ⊣∇⌉ ↕≀⊣⌈↖⊣⌈⌈∇⌉∫∫ ≀√⌉∇⊣⊔⟩≀\∫ ⇐⊒⟨⟩⌋⟨ ⊣∇⌉ }⊓⊣∇⊣\⊔⌉⌉⌈ ⊔≀ ⌊⌉ ⟩\⊑⊣∇⟩⊣\⊔⇒ ⊣\⌈ ↕≀≀√↖⟩\⊑⊣∇⟩⊣\⊔ ↕≀⊣⌈ ≀√⌉∇⊣⊔⟩≀\∫↙ B⌉⌋⊣⊓∫⌉ ⊔⟨⌉∫⌉ ≀√⌉∇⊣⊔⟩≀\∫ ⊣∇⌉ ∫≀ ∫⟩⇕√↕⌉⇔ ⊔⟨⌉⟩∇ ∇⌉∫⊓↕⊔∫ ⇕⊓∫⊔ ⌊⌉ ‖⌉√⊔ ⟩\ ∇⌉}⟩∫⊔⌉∇∫ {≀∇ ⇕≀⊑⟩\} ⊔⟨⌉⇕ ⊔≀ √⊣† ≀{{⇔ ∫≀ ⊒⌉ ⊣↕∫≀ ⌈≀ ⊣ ↕⟩⊑⌉\⌉∫∫ ⊣\⊣↕†∫⟩∫ ⊔≀ ⊘\⌈ ∇⌉}⟩∫⊔⌉∇∫ ⊔⟨⊣⊔ ⊣∇⌉ ⊓\⊓∫⌉⌈ ≀⊑⌉∇ ⊔⟨⌉ ∇⊣\}⌉ ≀{ ⊔⟨⌉ ↕≀≀√↙ T⟨⟩∫ ↕⟩⊑⌉\⌉∫∫ ⊣\⊣↕†∫⟩∫ ⟩\ ⊔⊓∇\ ⇕⊣‖⌉∫ ⟩⊔ ⌉⊣∫† ⊔≀ ⌈≀ ⟩\⊔⌉∇√∇≀⌋⌉⌈⊓∇⊣↕ ⌈⌉⊣⌈ ⌋≀⌈⌉ ∇⌉⇕≀⊑⊣↕↙ S⌉⌋⊔⟩≀\ △ ⌈⌉∫⌋∇⟩⌊⌉∫ ≀⊓∇ ↕⟩⊑⌉\⌉∫∫ ⊣\⊣↕†∫⟩∫⇔ ⊒⟨⟩⌋⟨ ⊔∇⌉⊣⊔∫ ⊔⟨⌉ ⌉\⊔⟩∇⌉ √∇≀}∇⊣⇕ ⊣∫ ⊣ ∫⟩\}↕⌉ ⊙≀⊒ }∇⊣√⟨ ⊣\⌈ ⊓∫⌉∫ ⟩\⊔⌉∇√∇≀⌋⌉⌈⊓∇⊣↕ ∫⊓⇕⇕⊣∇† ⟩\{≀∇⇕⊣⊔⟩≀\ ⊔≀ ⊘↕⊔⌉∇ ⊔⟨⌉ ⊙≀⊒ ⟩\⊔≀ ≀∇ ≀⊓⊔ ≀{ ⊣ √∇≀⌋⌉⌈⊓∇⌉↙ S⌉⌋⊔⟩≀\ ▽ ⌈⌉∫⌋∇⟩⌊⌉∫ ≀⊓∇ ⌋⊓∇∇⌉\⊔ ≀√⊔⟩⇕⟩‡⊣⊔⟩≀\∫↙

△ I\⊔⌉∇√∇≀⌋⌉⌈⊓∇⊣↕ L⟩⊑⌉ V⊣∇⟩⊣⌊↕⌉ A\⊣↕†∫⟩∫ O⊓∇ ⌈⊣⊔⊣ ⊙≀⊒ ⊣\⊣↕†∫⟩∫ ⊔⊣‖⌉∫ ⊣⌈⊑⊣\⊔⊣}⌉ ≀{ ⇕≀⌈⌉∇\ ↕⊣∇}⌉ ⇕⌉⇕≀∇⟩⌉∫ ⌊† ⊓∫⟩\} ⊣ ⌈⟩∇⌉⌋⊔⇔ ⌊∇⊓⊔⌉↖{≀∇⌋⌉ ⊣√√∇≀⊣⌋⟨↙ W⌉ ⊔∇⌉⊣⊔ ⊔⟨⌉ ⌉\⊔⟩∇⌉ √∇≀}∇⊣⇕ ⊣∫ ⊣ ∫⟩\}↕⌉ ⊙≀⊒ }∇⊣√⟨⇔ ⊒⟩⊔⟨ ⌉⌈}⌉∫ ⌊⌉⊔⊒⌉⌉\ √∇≀⌋⌉⌈⊓∇⌉∫ ⌋≀∇∇⌉∫√≀\⌈⟩\} ⊔≀ ⌋⊣↕↕∫ ⊣\⌈ ∇⌉⊔⊓∇\∫↙ I\ ⊔⟨⌉ ⇕⊣\\⌉∇ ≀{ M†⌉∇∫ ∪M†⌉∀∞⊎⇔ ⊒⌉ ∫√↕⟩⊔ ⊣ √∇≀⌋⌉⌈⊓∇⌉ ⌋⊣↕↕ ⟩\⊔≀ ⊣ √⊣⟩∇ ≀{ ⌋≀\|⊓}⊣⊔⌉ ⌊↕≀⌋‖∫¬ ⊔⟨⌉ ⌋⊣↕↕ ⌊↕≀⌋‖ ⌉§⌉⌋⊓⊔⌉⌈ |⊓∫⊔ ⌊⌉{≀∇⌉ ⊔⟨⌉ ⊔∇⊣\∫{⌉∇ ⊔≀ ⊔⟨⌉ ⌋⊣↕↕⌉⌈ √∇≀⌋⌉⌈⊓∇⌉⇔ ⊣\⌈ ⊔⟨⌉ ∇⌉⊔⊓∇\ ⌊↕≀⌋‖ ⌉§⌉⌋⊓⊔⌉⌈ |⊓∫⊔ ⊣{⊔⌉∇ ⊔⟨⌉ ⌋⊣↕↕⌉⌈ √∇≀⌋⌉⌈⊓∇⌉↙ A ⌋⊣↕↕ ⌊↕≀⌋‖ ⟨⊣∫ ⊣ ∫⟩\}↕⌉ ∫⊓⌋⌋⌉∫∫≀∇⇔ ⊔⟨⌉ ⌉\⊔∇† ⌊↕≀⌋‖ ≀{ ⊔⟨⌉ ⌋⊣↕↕⌉⌈ √∇≀⌋⌉⌈⊓∇⌉↙ A ∇⌉⊔⊓∇\ ⌊↕≀⌋‖ ⟨⊣∫ ⊣ ∫⟩\}↕⌉ √∇⌉⌈⌉⌋⌉∫∫≀∇⇔ ⊔⟨⌉ ⌉§⟩⊔ ⌊↕≀⌋‖ ≀{ ⊔⟨⌉ ⌋⊣↕↕⌉⌈ √∇≀⌋⌉⌈⊓∇⌉↙ A\ ⌉\⊔∇† ⌊↕≀⌋‖⇔ ≀{ ⌋≀⊓∇∫⌉⇔ ⟨⊣∫ ⊣∫ ⇕⊣\† √∇⌉⌈⌉⌋⌉∫∫≀∇∫ ⊣∫ ⊔⟨⌉∇⌉ ⊣∇⌉ √↕⊣⌋⌉∫ ⊔⟨⊣⊔ ⌋⊣↕↕ ⟩⊔∫ √∇≀⌋⌉⌈⊓∇⌉∅ ↕⟩‖⌉⊒⟩∫⌉ {≀∇ ∫⊓⌋⌋⌉∫∫≀∇∫ ≀{ ⌉§⟩⊔ ⌊↕≀⌋‖∫↙ B⌉⌋⊣⊓∫⌉ ⊒⌉ ⌈⌉⊣↕ ⊒⟩⊔⟨ ⌋≀⌈⌉ ⊣⊔ ⊔⟨⌉ ≀⌊|⌉⌋⊔ ↕⌉⊑⌉↕⇔ ⊔⟨⌉ ⊣∇}⊓⇕⌉\⊔ √⊣∫∫⟩\} ⊣\⌈ ∫⊔⊣⌋‖ ⇕⊣\⟩√⊓↕⊣⊔⟩≀\ ⊔⟨⊣⊔ ⊣∇⌉ ⊣∫∫≀⌋⟩⊣⊔⌉⌈ ⊒⟩⊔⟨ √∇≀⌋⌉⌈⊓∇⌉ ⌋⊣↕↕∫ ⊣∇⌉ ∇⌉√∇⌉∫⌉\⊔⌉⌈ ⌉§√↕⟩⌋⟩⊔↕† ⊣\⌈ ⊣∇⌉ \≀⊔ ⌋≀\∫⟩⌈⌉∇⌉⌈ √⊣∇⊔ ≀{ ⊔⟨⌉ ⌋⊣↕↕ ⟩⊔∫⌉↕{↙ F⟩}⊓∇⌉ ∈ ∫⟨≀⊒∫ ⊣\ ⌉§⊣⇕√↕⌉ √∇≀}∇⊣⇕ }∇⊣√⟨↙ P∇≀⌋⌉⌈⊓∇⌉∫ √∞ ⊣\⌈ √∈ ⌉⊣⌋⟨ ⌋≀\⊔⊣⟩\ ⊣ ⌋⊣↕↕ ⊔≀ √∇≀⌋⌉⌈⊓∇⌉ √↙ I\⊔⌉∇√∇≀⌋⌉⌈⊓∇⊣↕ ⌉⌈}⌉∫ ⊣∇⌉ √∇⌉∫⌉\⊔ {∇≀⇕ ⊔⟨⌉ ⌋⊣↕↕ ⌊↕≀⌋‖∫ ⊔≀ ⊔⟨⌉ ⌉\⊔∇† ≀{ √⇔ ⊣\⌈ {∇≀⇕ ⊔⟨⌉ ⌉§⟩⊔ ≀{ √ ⊔≀ ⊔⟨⌉ ∇⌉⊔⊓∇\ ⌊↕≀⌋‖∫↙ A∫ ⊓∫⊓⊣↕⇔ {≀∇ ⌉⊣⌋⟨ ⌊↕≀⌋‖ B ⟩\ ⊔⟨⌉ √∇≀}∇⊣⇕⇔ ⊒⌉ ⊒⊣\⊔ ⊔≀ ⌋≀⇕√⊓⊔⌉ ∫⌉⊔∫ IN∪B⊎ ⊣\⌈ OUT∪B⊎ ≀{ ⊑⊣∇⟩⊣⌊↕⌉∫ ⊔⟨⊣⊔ ⊣∇⌉ ↕⟩⊑⌉ ⟩⇕⇕⌉⌈⟩⊣⊔⌉↕† ⌊⌉{≀∇⌉ ⊣\⌈ ⊣{⊔⌉∇ B↙ W⌉ ⊔∇⌉⊣⊔ ⊔⟨⌉ ⊒⟨≀↕⌉ √∇≀}∇⊣⇕ ⊣∫ ≀\⌉ ⌊⟩} ⊙≀⊒ }∇⊣√⟨ ∫≀ ⊔⟨⊣⊔ ⊔⟨⟩∫ ⟩\{≀∇⇕⊣⊔⟩≀\ ⌋⊣\ ⌋∇≀∫∫ √∇≀⌋⌉⌈⊓∇⌉ ⌊≀⊓\⌈⊣∇⟩⌉∫∅ {≀∇ ⌉§⊣⇕√↕⌉⇔ ⊒⌉ ⊒⊣\⊔ ⊔≀ ⌋≀\∫⟩⌈⌉∇ § ⊣\⌈ †⇔ ⌊⊓⊔ \≀⊔ ‡⇔ ⊣∫ ↕⟩⊑⌉ ⊣⊔ ⊔⟨⌉ ⌉\⊔∇† ⊔≀ √↙ W⌉ ⇕⊓∫⊔ ⊔⊣‖⌉ ⌋⊣∇⌉⇔ ⟨≀⊒⌉⊑⌉∇⇔ ⊔≀ ⌈⟩∫⊣↕↕≀⊒ ⟩\{≀∇⇕⊣⊔⟩≀\

F⟩}⊓∇⌉ ∈¬ S⟩\}↕⌉ ⊙≀⊒ }∇⊣√⟨ ⇕≀⌈⌉↕

⊙≀⊒ ≀\ √⊣⊔⟨∫ ⊔⟨⊣⊔ ⌋⊣\\≀⊔ ⌊⌉ {≀↕↕≀⊒⌉⌈ ⟩\ ⊣ ∇⌉⊣↕ ⌉§⌉⌋⊓⊔⟩≀\↙ F≀∇ ⌉§⊣⇕√↕⌉⇔ ⊔⟨⌉∇⌉ ⟩∫ ⊣ √⊣⊔⟨ {∇≀⇕ ⌊↕≀⌋‖ ⌊∞ ⊔⟨∇≀⊓}⟨ √∇≀⌋⌉⌈⊓∇⌉ √ ⇐⊒⟨⌉∇⌉ † ⟩∫ ↕⟩⊑⌉⇒ ⊔≀ ⊔⟨⌉ ⊓∫⌉ ≀{ † ⊣⊔ ⊔⟨⌉ ⌉\⌈ ≀{ √∈↙ B⊓⊔ ⟩⊔ ⊒≀⊓↕⌈ ⌊⌉ ⟩⇕√∇⌉⌋⟩∫⌉ ⊔≀ ⌋≀\⌋↕⊓⌈⌉ {∇≀⇕ ⊔⟨⟩∫ ⊔⟨⊣⊔ † ⟩∫ ↕⟩⊑⌉ ⊣⊔ ⌊∞⇔ ⌊⌉⌋⊣⊓∫⌉ ⟩⊔ ⟩∫ ⇕⌉⊣\⟩\}↕⌉∫∫ ⊔≀ ⊔⊣↕‖ ⊣⌊≀⊓⊔ ⌋⊣↕↕⟩\} √ {∇≀⇕ ⌊∞ ⊣\⌈ ⊔⟨⌉\ ∇⌉⊔⊓∇\⟩\} ⊔≀ ⊔⟨⌉ ⌋≀\|⊓}⊣⊔⌉ ⌊↕≀⌋‖ {≀∇ ∫≀⇕⌉ ≀⊔⟨⌉∇ ⌋⊣↕↕↙ T≀ ⊣⌋⌋≀⇕√↕⟩∫⟨ ⊔⟨⟩∫⇔ ⊒⌉ ⊓∫⌉ ⊣ ⊔⊒≀↖√⟨⊣∫⌉ ⊣√√∇≀⊣⌋⟨ ∫⟩⇕⟩↕⊣∇ ⊔≀ ⊔⟨⌉ ≀\⌉ ⌈⌉∫⌋∇⟩⌊⌉⌈ ⌊† L⊣\⌈⟩ ⊣\⌈ R†⌈⌉∇ ∪LR∃′⊎ {≀∇ ⊣↕⟩⊣∫ ⊣\⊣↕†∫⟩∫↙ I\ ⊔⟨⌉ ⊘∇∫⊔ √⟨⊣∫⌉⇔ ⊒⌉ ⌈⌉↕⌉⊔⌉ ⊣↕↕ ∇⌉⊔⊓∇\ ⌉⌈}⌉∫ ⊣\⌈ ↕⌉⊔ ⟩\{≀∇⇕⊣⊔⟩≀\ ⊙≀⊒ ≀⊑⌉∇ \≀∇⇕⊣↕ ⌉⌈}⌉∫ ⊣\⌈ ⌋⊣↕↕ ⌉⌈}⌉∫⇔ ⊣\⌈ {∇≀⇕ ⊣ ∇⌉⊔⊓∇\ ⌊↕≀⌋‖ ⊔≀ ⟩⊔∫ ⌋≀\|⊓}⊣⊔⌉ ⌋⊣↕↕ ⌊↕≀⌋‖↙ I\ ⊔⟨⟩∫ √⟨⊣∫⌉ ⊒⌉ ⌋≀⇕√⊓⊔⌉ ⌊≀⊔⟨ ↕⟩⊑⌉\⌉∫∫ ⇐⊒⟨⟩⌋⟨ ⟩∫ ⊖⇕⊣†⪰ ⟩\{≀∇⇕⊣⊔⟩≀\⇒ ⊣\⌈ ⟩⊔∫ ⌋≀⊓\⊔⌉∇√⊣∇⊔ ⌈⌉⊣⌈\⌉∫∫ ⇐⊒⟨⟩⌋⟨ ⟩∫ ⊖⇕⊓∫⊔⪰ ⟩\{≀∇⇕⊣⊔⟩≀\⇒↙ B⌉⌋⊣⊓∫⌉ ⟩\{≀∇⇕⊣⊔⟩≀\ ⌈≀⌉∫ \≀⊔ ⊙≀⊒ ≀⊑⌉∇ ∇⌉⊔⊓∇\ ⌉⌈}⌉∫⇔ ⊔⟨⟩∫ √⟨⊣∫⌉ }⟩⊑⌉∫ ⊣ √∇⌉⌋⟩∫⌉⇔ ⊙≀⊒↖∫⌉\∫⟩⊔⟩⊑⌉ ∫⊓⇕⇕⊣∇† ≀{ ⊔⟨⌉ √≀∫∫⟩⌊↕⌉ ⌉{{⌉⌋⊔∫ ≀{ ⌋⊣↕↕⟩\} ⌉⊣⌋⟨ √∇≀⌋⌉⌈⊓∇⌉⇔ ⟩\⌋↕⊓⌈⟩\} ⊔⟨⌉ ⌉{{⌉⌋⊔∫ ≀{ ⊣\† ⌋⊣↕↕∫ ⊔⟨⊣⊔ √∇≀⌋⌉⌈⊓∇⌉ ⇕⊣‖⌉∫↙ W⌉ ⊔⟨⌉\ ∇⌉√↕⊣⌋⌉ ⊔⟨⌉ ∇⌉⊔⊓∇\ ⌉⌈}⌉∫ ⊣\⌈ ⌈⌉↕⌉⊔⌉ ⊔⟨⌉ ⌋⊣↕↕ ⌉⌈}⌉∫⇔ ⊓∫⟩\} ⊔⟨⌉ √∇≀⌋⌉⌈⊓∇⌉ ∫⊓⇕⇕⊣∇† ⟩\{≀∇⇕⊣⊔⟩≀\ {∇≀⇕ ⊔⟨⌉ ⊘∇∫⊔ √⊣∫∫ ⊔≀ ⌋≀⇕√⊓⊔⌉ ⊔⟨⌉ ⊑⊣∇⟩⊣⌊↕⌉∫ ⊔⟨⊣⊔ ⊣∇⌉ ↕⟩⊑⌉ ⌊⌉{≀∇⌉ ⊣ ⌋⊣↕↕↙ T⟨⟩∫ ⟩∫ ∫⟩⇕⟩↕⊣∇ ⊔≀ C⊣↕↕⊣⟨⊣\≃∫ ⊣√√∇≀⊣⌋⟨ ∪C⊣↕∀∀⊎⇔ ⊒⟨⟩⌋⟨ ⌋≀⇕√⊓⊔⌉⌈ ⊔⟨⌉ ∫⊣⇕⌉ ⊙≀⊒↖∫⌉\∫⟩⊔⟩⊑⌉ ∫⊓⇕⇕⊣∇† ⟩\{≀∇⇕⊣⊔⟩≀\ ⌊⊓⊔ ⊒⌉\⊔ ⊔≀ ⌋≀\∫⟩⌈⌉∇⊣⌊↕⌉ ⊔∇≀⊓⌊↕⌉ ⊔≀ ⊣⊑≀⟩⌈ ⟨⊣⊑⟩\} ⊔⟨⌉ ⊒⟨≀↕⌉ √∇≀}∇⊣⇕ ⟩\ ⇕⌉⇕≀∇† ⊣⊔ ≀\⌋⌉↙ B⌉⌋⊣⊓∫⌉ ⟩\{≀∇⇕⊣⊔⟩≀\ ⌋⊣\ ⊙≀⊒ {∇≀⇕ ⊣ ⌋⊣↕↕⌉∇ ⊔≀ ⊣ ⌋⊣↕↕⌉⌉ ⊣∫ ⊒⌉↕↕ ⊣∫ ⊑⟩⌋⌉ ⊑⌉∇∫⊣⇔ ⊔⟨⟩∫ ∇⌉∫⊓↕⊔∫ ⟩\ ⇕≀∇⌉ √∇⌉⌋⟩∫⌉ ⟩\{≀∇⇕⊣⊔⟩≀\ ⊔⟨⊣\ ⊣√√∇≀⊣⌋⟨⌉∫ ↕⟩‖⌉ ⊔⟨≀∫⌉ ≀{ B⊣∇⊔⟨ ∪B⊣∇⊎ ≀∇ B⊣\\⟩\} ∪B⊣\∃⊎⇔ ⊒⟨⟩⌋⟨ ⊓∫⌉ ⊙≀⊒↖⟩\∫⌉\∫⟩⊔⟩⊑⌉ ∫⊓⇕⇕⊣∇† ⟩\{≀∇⇕⊣⊔⟩≀\ ⊔≀ ⌋⊣√⊔⊓∇⌉ ⊔⟨⌉ ⌉{{⌉⌋⊔∫ ≀{ ⊣ ⌋⊣↕↕ ⊒⟩⊔⟨⟩\ ⊔⟨⌉ ⊣\⊣↕†‡⌉⌈ √∇≀⌋⌉⌈⊓∇⌉ ⌊⊓⊔ ⌈≀ \≀⊔ ⊔⌉↕↕ ⊔⟨⌉ ⊣\⊣↕†‡⌉∇ ⟨≀⊒ ⌋≀\⊔∇≀↕ }≀⊔ ⊔≀ ⊔⟨⟩∫ √∇≀⌋⌉⌈⊓∇⌉ ⟩\ ⊔⟨⌉ ⊘∇∫⊔ √↕⊣⌋⌉↙ F⟩}⊓∇⌉ ∋ ∫‖⌉⊔⌋⟨⌉∫ ≀⊓∇ ⊔⊒≀↖√⟨⊣∫⌉ ⌈⊣⊔⊣⊙≀⊒ ⊣↕}≀∇⟩⊔⟨⇕ ⊣\⌈ ⊔⟨⌉ ⌉∐⊓⊣⊔⟩≀\∫ ⊒⌉ ⊓∫⌉ ⟩\ ⌉⊣⌋⟨ √⟨⊣∫⌉↙ T⟨⌉ ⌉∐⊓⊣⊔⟩≀\∫ {≀∇ ⊣ \≀∇⇕⊣↕ ⌊⊣∫⟩⌋ ⌊↕≀⌋‖ ⊣∇⌉ ⊔⟨⌉ ∫⊣⇕⌉ ⊣∫ ⟩\ ⊣ ∫⊔⊣\⌈⊣∇⌈ ↕⟩⊑⌉\⌉∫∫ ⊣\⊣↕†∫⟩∫↙ T⟨⌉ ⊑⊣∇⟩⊣⌊↕⌉∫ ⊔⟨⊣⊔ ⊣∇⌉ ↕⟩⊑⌉ ≀\ ⌉§⟩⊔ {∇≀⇕ B ⊣∇⌉ ∫⟩⇕√↕† ⊔⟨≀∫⌉ ↕⟩⊑⌉ ≀\ ⌉\⊔∇† ⊔≀ ⊣\† ∫⊓⌋⌋⌉∫∫≀∇ ≀{ B↙ T⟨⌉ ⊑⊣∇⟩⊣⌊↕⌉∫ ⊔⟨⊣⊔ ⊣∇⌉ ↕⟩⊑⌉ ≀\ ⌉\⊔∇† ⊔≀ B ⊣∇⌉ ⊔⟨≀∫⌉ ↕⟩⊑⌉ ≀\ ⌉§⟩⊔ ⌊⊓⊔ \≀⊔ ∫⌉⊔ ⌊† B⇔ ⊣↕≀\} ⊒⟩⊔⟨ ⊔⟨≀∫⌉ ⊓∫⌉⌈ ⌊† B ⌊⌉{≀∇⌉ ⌊⌉⟩\} ∫⌉⊔ ⌊† B↙ N≀⊔⌉ ⊔⟨⊣⊔ ⟩\ P⟨⊣∫⌉ ∈⇔ ⊔⟨⌉ ∫⊓⌋⌋⌉∫∫≀∇∫ ≀{ ⊣ √∇≀⌋⌉⌈⊓∇⌉ ⌉§⟩⊔ ⌊↕≀⌋‖ ⊣∇⌉ ⊔⟨⌉ ⌋≀∇∇⌉∫√≀\⌈⟩\} ∇⌉⊔⊓∇\ ⌊↕≀⌋‖∫⇔ ⊣\⌈ ⟩\{≀∇⇕⊣⊔⟩≀\ ⊙≀⊒∫ ⊣↕≀\} ⊔⟨⌉∫⌉ ⌉⌈}⌉∫↙ S⟩\⌋⌉ ⊣ ⌋⊣↕↕∝∇⌉⊔⊓∇\ √⊣⟩∇ ⌋≀\∫⟩∫⊔∫ ≀\↕† ≀{ ⊔∇⊣\∫{⌉∇∫ ≀{ ⌋≀\⊔∇≀↕⇔ ⊔⟨⌉∫⌉ ⌊↕≀⌋‖∫ \⌉⟩⊔⟨⌉∇ ∫⌉⊔ \≀∇ ⊓∫⌉ ⊑⊣∇⟩⊣⌊↕⌉∫↙ T⟨⌉ IN ⊣\⌈ OUT ∫⌉⊔∫ ≀{ ∫⊓⌋⟨ ⊣ ⌊↕≀⌋‖ ⊣∇⌉ ⊔⟨⌉∇⌉{≀∇⌉ ⟩⌈⌉\⊔⟩⌋⊣↕↙ A ⊑⊣∇⟩⊣⌊↕⌉ ⟩∫ ↕⟩⊑⌉ ⊣⊔ ⊣ ⌋⊣↕↕ ⌊↕≀⌋‖ {≀∇ ⌉⟩⊔⟨⌉∇ ≀{ ⊔⊒≀ ∇⌉⊣∫≀\∫¬ ⟩⊔ ⇕⊣† ⌊⌉ ⊣ ⊑⊣∇⟩⊣⌊↕⌉ ⊔⟨⊣⊔ ⟩∫ ⊓∫⌉⌈ ⌈⊓∇⟩\} ⊔⟨⌉ √∇≀⌋⌉⌈⊓∇⌉ ⌋⊣↕↕⇔ ≀∇ ⟩⊔ ⇕⊣† ⌊⌉ ⊣ ⊑⊣∇⟩⊣⌊↕⌉ ⊔⟨⊣⊔ ⟩∫ ⊓∫⌉⌈ ⊣{⊔⌉∇ ∇⌉⊔⊓∇\ {∇≀⇕ ⊔⟨⌉ ⌋⊣↕↕⌉⌈ √∇≀⌋⌉⌈⊓∇⌉ ⌊⊓⊔ ⊒⊣∫ \≀⊔ ‖⟩↕↕⌉⌈ ⌈⊓∇⟩\} ⊔⟨⌉ √∇≀⌋⌉⌈⊓∇⌉ ⌋⊣↕↕↙ D⊓∇⟩\} ⊔⟨⌉ ⊘∇∫⊔ √⟨⊣∫⌉⇔ ⊒⌉ ⇕≀⌈⌉↕ ⊔⟨⟩∫ ⌊† ⊣↕↕≀⊒⟩\} ⟩\{≀∇⇕⊣⊔⟩≀\ ⊔≀ ⊙≀⊒ ⊔≀ ⊣ ⌋⊣↕↕ ⌊↕≀⌋‖ ⌊≀⊔⟨ {∇≀⇕ ⊔⟨⌉ ⌉\⊔∇† ⊔≀ ⊔⟨⌉ √∇≀⌋⌉⌈⊓∇⌉ ⊣\⌈ {∇≀⇕ ⊔⟨⌉ ⌋⊣↕↕ ⌊↕≀⌋‖≃∫ ⌋≀\|⊓}⊣⊔⌉ ∇⌉⊔⊓∇\ ⌊↕≀⌋‖↙ D⊓∇⟩\} ⊔⟨⌉ ∫⌉⌋≀\⌈ √⟨⊣∫⌉⇔ ⊒⟨⌉\ ⟩\{≀∇⇕⊣⊔⟩≀\ ⊙≀⊒∫ ⟩\⊔≀ ⊔⟨⌉ √∇≀⌋⌉⌈⊓∇⌉ {∇≀⇕ ⇕⊣\† ⌈⟩{{⌉∇⌉\⊔ ∇⌉⊔⊓∇\ ⌊↕≀⌋‖∫⇔ ⊒⌉ ⌋⊓⊔ ≀{{ ⟩\{≀∇⇕⊣⊔⟩≀\ ⊙≀⊒ ⊣⌋∇≀∫∫ ⌋⊣↕↕ ⌉⌈}⌉∫ ⊣\⌈ ⊓∫⌉ ⟩\∫⊔⌉⊣⌈ ⊔⟨⌉ ⌉\⊔∇† ∫⌉⊔∫ ⊒⌉ ⌋≀\⊑⌉∇}⌉⌈ ⊔≀ ⟩\ ⊔⟨⌉ ⊘∇∫⊔ √⟨⊣∫⌉↙ T⟨⟩∫ √∇⌉⊑⌉\⊔∫ ⟩⇕√∇⌉⌋⟩∫⌉ ⟩\{≀∇⇕⊣⊔⟩≀\ {∇≀⇕ ⊙≀⊒⟩\} ⊔⟨∇≀⊓}⟨ ⊣ √∇≀⌋⌉⌈⊓∇⌉ ∀

P⟨⊣∫⌉ ∞¬ D⌉↕⌉⊔⌉ ∇⌉⊔⊓∇\ ⌉⌈}⌉∫ ⊣\⌈ ⌋≀⇕√⊓⊔⌉ LIVE ⇐⊖⇕⊣†⪰ ⟩\{≀∇⇕⊣⊔⟩≀\⇒ ⊣\⌈ DEAD ⇐⊖⇕⊓∫⊔⪰ ⟩\{≀∇⇕⊣⊔⟩≀\⇒⇔ ⊣⌋⌋≀∇⌈⟩\} ⊔≀ ⊔⟨⌉ {≀↕↕≀⊒⟩\} ⌉∐⊓⊣⊔⟩≀\∫↙ \≀∇⇕⊣↕ ⌊↕≀⌋‖∫¬ DEF∪B⊎ ℑ ⊑⊣∇⟩⊣⌊↕⌉∫ ⌈⌉⊘\⌉⌈ ⌊† B ⌊⌉{≀∇⌉ ⊣\† ⊓∫⌉ ⟩\ B USE∪B⊎ ℑ ⊑⊣∇⟩⊣⌊↕⌉∫ ⊓∫⌉⌈ ⟩\ B ⌊⌉{≀∇⌉ ⊣\† ⌈⌉⊘\⟩⊔⟩≀\ ⟩\ B LIVEIN∪B⊎ ℑ USE∪B⊎ ∪ LIVEOUT∪B⊎ − DEF∪B⊎ LIVEOUT∪B⊎ ℑ ∪_s LIVEIN♭S♯ for all successors S of B DEADIN♭B♯ / DEF♭B♯ ∪ DEADOUT∪B⊎ − USE∪B⊎ DEADOUT∪B⊎ ℑ ∩_s DEADIN♭S♯ for all successors S of B call and return blocks. LIVEOUT♭call♯ / LIVEIN♭entry♯ ∪ LIVEOUT∪∇⌉⊔⊓∇\⊎ − DEADIN∪⌉\⊔∇†⊎ LIVEOUT∪∇⌉⊔⊓∇\⊎ ℑ ∪_s LIVEIN♭S♯ for all successors S of return DEADOUT♭call♯ / DEADIN♭entry♯ ∪ DEADOUT∪∇⌉⊔⊓∇\⊎ − LIVEIN∪⌉\⊔∇†⊎ DEADOUT∪∇⌉⊔⊓∇\⊎ ℑ ∩_s DEADIN♭S♯ for all successors S of return IN sets for a call or return block are identical to its OUT sets

When this converges deαne for each procedure P. PUSE♭P♯ / LIVEIN♭B♯ where B is the entry to P PDEF♭P♯ / DEADIN♭B♯ where B is the entry to P and then throw away the LIVE and DEAD sets computed in this phase▷

Phase 2. Restore return edges and delete call edges and compute LIVE ↼Ψmayν information↽ according to the following equations▷

normal blocks. DEF♭B♯ / variables deαned by B before any use in B USE♭B♯ / variables used in B before any deαnition in B LIVEIN♭B♯ / USE♭B♯ ∪ LIVEOUT∪B⊎ − DEF∪B⊎ LIVEOUT∪B⊎ ℑ ∪_s LIVEIN♭S♯ for all successors S of B call and return blocks for call to procedure P. LIVEOUT♭call♯ / PUSE♭P♯ ∪ LIVEOUT∪∇⌉⊔⊓∇\⊎ − PDEF∪P⊎ LIVEOUT∪∇⌉⊔⊓∇\⊎ ℑ ∪_s LIVEIN♭S♯ for all successors S of return IN sets for a call or return block are identical to its OUT sets

Figure 3. Algorithm and data βow equations for live variable analysis between a return block and a call block that are not conjugates▷ Because we want to determine liveness of registers as well as user variables we add one improvement to this algorithm▷ Procedures commonly save a register on entry and restore it on exit and then utilize the register for some unrelated purpose in between▷ Neither such unrelated references nor the saves and restores that protect them are considered true uses or deαnitions in our analysis▷ We could extend this specialization to user variables as well but such protected unrelated uses of a user variable are rare▷ Indirect procedure calls via procedure variables pose a problem for any interprocedural analysis▷ We model such a call as a call to an abstract procedure that in turn calls each actual procedure that might be the value of the procedure variable▷ Determination of this set of actual procedures can be crude or sophisticated▷ Ours is crude. we have exactly one abstract procedure and it calls each procedure whose address is ever taken or speciαed as an initial value▷ We handle global variables similarly. a read or write via an unknown pointer is assumed to read or write any variable whose address is ever taken▷ We use a variation of the standard iterative algorithm ♭ASU88♯ to solve the data βow equations. we repeatedly examine the basic blocks computing the IN and OUT sets from the equations until we make one complete pass without changes▷ The standard iterative algorithm would visit the basic blocks in reversedepthαrst search order but this is complicated by the fact that this order changes from phase 1 to phase 2▷ Instead we compute the depthαrst order for the blocks in each procedure independently and also the depthαrst order of the procedures in the call graph▷ In either phase we visit all the nodes of a procedure consecutively in their own reversedepthαrst order▷ In phase 1 we visit the procedures themselves in reversedepthαrst order so that called procedures tend to be visited before their callers▷ In phase 2 we reverse this so that callers tend to be visited before the procedures they call▷ In practice this required no more iterations than the normal Ψβatν depthαrst ordering that ignores procedures and saved us both the time and the memory needed to compute the Ψβatν ordering▷

5 Interprocedural Optimizations

The OM system performs several optimizations with more planned▷ In this section we discuss two. interprocedural dead code elimination and interprocedural loopinvariant code motion▷ Both require the interprocedural live variable analysis described previously▷ Interprocedural data βow information improves the effectiveness of normal intraprocedural optimizations▷ For example movement of code out of loops may be limited by the availability of registers to hold

Figure 4. Interprocedural dead code elimination

the invariant results, interprocedural information can help us αnd more free registers▷ Code that a given procedure considers part of its job can be seen as useless in the wider context▷ Because our analysis is more precise than the traditional summary approach opportunities like these arise more often▷ Moreover optimizing the whole program at once lets us perform optimizations such as code motion out of loops even across procedure boundaries▷

5▷1 Interprocedural Dead Code Elimination Interprocedural liveness information allows us to remove dead code that would not be recognized as dead by a compiler▷ Some examples are shown in Figure 4▷ The compiler has treated r22 as a calleesave register but we can see that it is dead at the only call to q2▷ The save and restore in q2 are therefore useless and can be removed▷ Similarly q2 returns a function result that is not used by its caller a common occurrence in languages such as C, our analysis allows us to remove the computation of the result▷ To discover that these pieces of code are dead we need information about q1 to be available when we examine q2▷ The traditional summary approach would have found neither of these because summary information βows only up the call graph from q2 to q1▷

5▷2 Interprocedural LoopInvariant Code Motion Code inside a loop whose effect does not change from one iteration to the next can be moved outside the loop▷ Mechanisms for detecting loops and loopinvariant code are wellunderstood

Figure 5. Interprocedural loops

for single procedures ♭ASU88♯ but certain loops are not completely visible to techniques that process one procedure at a time▷ Figure 5 shows two examples▷ Procedure p2 is called from a loop in procedure p1▷ Looking at p1 or p2 in isolation will not tell us if p2 contains loopinvariant code▷ Procedures p3 and p4 call each other in a recursive cycle▷ Code that is invariant across both could be moved out into p1▷ Richardson ♭Ric91♯ suggested that this kind of optimization could be accomplished by pro cedure inlining followed by normal intraprocedural analysis and optimization▷ That approach has several drawbacks▷ Inlining already presupposes some kind of interprocedural analysis to αnd the most useful inlining opportunities▷ Loops that arise through recursion cannot be made intraprocedural by inlining▷ And inlining can have unpredictable and sometimes detrimental effects on cache performance unless cache behavior is used to guide inlining decisions ♭McF91♯▷ Good interprocedural analysis together with judicious use of procedure cloning ♭CHK92♯ would avoid these problems▷ 2 Though we are looking for loopinvariant code across procedure boundaries our ambitions in this prototype are modest▷ Our liveness analysis can tell us when a register is dead or unused 2Richardson also found that inlining overwhelmed the existing intraprocedure optimizer sometimes causing it to crash and sometimes simply confusing it so badly that optimization was degraded▷ This probably reβects only how the intraprocedural optimizer was written and tuned rather than any fundamental principle but it shows that inlining does not simply reduce interprocedural optimization to the Ψprevious problemν of intraprocedural optimization▷ over a particular part of the program and we look for simple obviously invariant values to keep in these registers▷ At present the only operations we move across procedure boundaries are loadaddress operations which produce constant values by deαnition▷ There are three parts to the problem. determining the extent of the loop determining the set of available registers and selecting the operations to move▷ Determining the extent of the loop is the most interesting part▷ The classical way of αnding a loop is to look for a stronglyconnected component of the βow graph that is dominated by some point just outside it▷ This approach does not work well here for two reasons▷ First the call edges and returnedges result in many Ψfalse loopsν that are not computationally valid. control cannot ever follow these paths in a real computation which is why we needed to use summary information to αlter the data βow over these edges▷ Even if we somehow took this into account however this approach would fail to αnd loops that call utility routines reachable from elsewhere▷ We want a loopαnding algorithm that will let us correctly αnd loops that range over several procedures while excluding from the bodies of those loops routines that are not dominated by their entry points▷ We approach the problem of αnding interprocedural loops by concentrating on the call graph rather than the βow graph▷ We look for a Ψheavyν call one that gets executed many times and treat the procedure that makes that call as the loop header▷ We then try to move instructions from the called procedure or procedures reachable from it across the heavy call and into the loopheader procedure▷ Procedures in this loop region must be dominated by the loopheader procedure so we can move invariant instructions there and be sure they will be executed whenever necessary▷ And no path between points in the loop region may pass outside the region so that we can be sure that an available register really is unused throughout▷ We begin by building a weighted call graph▷ An edge p → q is weighted by an estimate of how many times we will call q each time we call p▷ These weights are based on our discovery of loops and recursive calls▷ To compute the weight of edge p → q initialize it to zero▷ For each call from p to q add 10^d where d is the number of loops in p that contain the call▷ Then for each recursive call to q from anywhere multiply the weight of p → q by 10▷ Note that these weights do not accumulate as we move down the call graph, the weight on edge p → q is independent of the weights on paths leading to p▷ A call edge p → q with a large weight implies that some kind of loop is present because q is called more often than p▷ If the call graph were a tree the loop region would contain q and all its descendants these being the procedures reachable via a call from p to q▷ Real call graphs are not trees however so we must do two more things to this region▷ First we add paths that lead from

Figure 6. The loop region ↼all shaded nodes↽ induced by edge p → q p to the loop region without going through q▷ Then we prune the region to exclude procedures called from outside the region so that all procedures in the region are dominated by p▷ Details of this algorithm appear in the Appendix▷ Note two things about the resulting region▷ First there may be calls from it to procedures outside the region▷ We call such a procedure a stepchild of the region▷ Stepchildren should perhaps be considered part of the loop but they are also reachable from outside the loop so it is not safe to move instructions from them to p▷3 Second if p does not dominate q we prune the region so thoroughly that it contains only p▷ All that is left is the part of the loop in p itself and only instructions from p will be considered for code motion▷ If the loop arose because q is recursive rather than because of a loop in p not even p will contain eligible instructions▷ Figure 6 shows an edge p → q and its associated loop region▷ The darkest nodes are procedure q and those descendants that are dominated by p▷ The lightest nodes are those we added to include all paths from p to nodes in the region▷ Nodes x and y are stepchildren▷ They may be tentatively added to the region but will later be pruned because they are not dominated by p▷ Given this loop region we look for invariant code to remove▷ This does not require a deep 3Cloning stepchildren would let us add them to the loop region at the cost of increasing program size▷ analysis because we look only for loadaddress operations which by deαnition have a constant result▷ Each candidate operation is given an estimated execution count by combining its loop depth in its own procedure with the weights on the call graph edges in paths leading to its procedure▷ These operations are ordered according to this estimate so those with the highest payoff will be given registers αrst▷ Finally we look for registers to hold the invariant values▷ Such a register has to be unmentioned throughout the region ↼except possibly for a save◁restore around the body of p↽▷ An unmentioned register is available if it is dead at the exit of p and at the entry to each stepchild of the region or if it is unmentioned in each stepchild and its descendants ↼except when protected by a save◁restore↽▷ In the αrst case a stepchild or its descendants may independently deαne and use the register but we can still consider it available if we insert a save◁restore around the call to the stepchild▷ However it is very likely that the compiler has already generated the necessary save◁restore in which case we need not▷ In the second case the register may be live throughout the region because its value is set before the call to p and used afterward▷ If it is live at pφs exit we must insert a save◁restore around the body of p, dead code removal will excise this save◁restore if it is redundant▷ The costs of inserted save◁restores are factored into the decision to use a register, code motion with a small payoff might not outweigh the expense of the save◁restores▷ If we αnd n available registers we can move the n heaviest operations out to the beginning of procedure p▷ In the original position of each we leave a registerregister copy to get the value in the right place▷ These copies will be cleaned up later▷ The threestep process of deriving the loop region prioritizing invariant operations and αnding registers to hold their values is done for each call graph edge with a weight greater than 1▷ 5▷3 Intraprocedural LoopInvariant Code Motion After interprocedural code motion we perform a more traditional phase that moves invariant code out of loops within a single procedure▷ There are two reasons why this is effective even though the compiler has already optimized the code OM sees▷ First our interprocedural liveness analysis is more precise than a compiler can achieve looking at one module at a time▷ This means we can αnd available registers that the compiler could not▷ Second since we integrate register allocation with code motion we can move very small pieces of invariant code that represent signiαcant savings only if their results are kept in registers▷ At present we move only loadaddress operations and single loads mostly of global or stack variables that we are sure produce invariant values▷ In contrast a compiletime optimizer may be less thoroughly integrated with register allocation and so concentrate on invariant code that pays off even if its result is kept in memory▷ 5▷4 Cleanup and Procedure Ordering After each of the two code motion phases OM performs a cleanup phase consisting of copy propagation common subexpression removal and interprocedural dead store removal▷ This cleanup gets rid of the registerregister copies we added redundant save◁restores and duplicate pieces of invariant code that were moved to one spot from multiple locations▷ Because the code we start with was previously optimized nearly all of the opportunities for copy propagation and common subexpression removal are those introduced by our code motion algorithm▷ When all the optimization and cleanup is αnished we write the procedures in depthαrst order rather than the original order▷ This simple heuristic is intended to improve the locality and hence the cache behavior▷

6 Where Do LinkTime Opportunities Come From⋆ Our invariant code motion depends on αnding two things. a piece of invariant code that can be moved and a dead register to keep it in▷ Why do either of these exist⋆ Doesnφt their presence mean the compiler dropped the ball⋆ We do not think so▷ As we discussed earlier the compiler is hindered by the need to support separate compilation and by its own fragmentation into different phases▷ Our ability to analyze the entire program at once all at the object code level means that we can αnd opportunities easily that would have been hard for the compiler to αnd▷ Consider dead registers αrst▷ In the MIPS compilers some registers are designated as caller save or calleesave whether the resulting saves are really needed or not▷ One pair of registers is reserved for return values even though many procedures return no results and few others return tworegister results▷ Similarly another register is reserved for shortterm uses by the assembler which may not arise at all in some part of the program▷ Intermodule analysis can show us where these conventions are unnecessary▷ Next consider moveable invariant code▷ Some instances of this are visible to us because we allow such code to move across procedure boundaries, a compiler supporting separate compilation does not have that luxury▷ Even moving code within a single procedure however may be easy for us but not for the compiler because we have a more complete picture of available resources▷

Classical code motion is machineindependent and therefore often looks only for code that is expensive enough to move even if its result must be kept in a memory location▷ Register allocation is likely to be done in an entirely different phase▷ Our approach in a sense is Ψmachinedependent code motionν in that it is integrated with knowledge of what registers are available▷ As a result we can move tiny pieces of code whose result must be kept in a register for its motion to pay off▷ An example of what this integration can buy is our handling of Fortran common blocks▷ Because the declared size of a common block may vary from module to module the MIPS Fortran compiler leaves allocation of these areas to the linker▷ References to them are more expensive than references to normal variables typically requiring an address calculation instead of a direct reference relative to a known base register▷ In our RTL we represent a reference to a common variable as a loadaddress of some nearby base address in the common area followed by a reference relative to that base▷ This allows us to combine the redundant loadaddress parts of many different references to the same common block by keeping their common base address in a register▷ In this way we can access variables in the common block much as the compiled code accesses variables in the Ψsmall data sectionsν which consist of small global scalars that are kept together in memory so that a single dedicated register the global pointer can be used to access them quickly▷

7 Performance We used OM to optimize nine SPEC benchmarks▷ Both OM and the benchmarks ran under Ultrix on a DECstation 5000 with 48 Mb memory▷ Object modules given to OM were produced by the standard MIPS compilers with optimization level O2▷ We measured the speed of an executable in two ways▷ The αrst was real user time according to the system clock as measured by the systime facility▷ The second was cycles as measured by instrumenting the executable using pixie ♭MIP86♯▷ The pixie tool counts instructions and pipeline stalls and gives a theoretical cycle count assuming no cache memory paging or I◁O delays▷ OM was able to improve the performance of each of the benchmarks sometimes slightly and sometimes signiαcantly▷ This is unsurprising because the MIPS O2 option causes only intraprocedural optimization▷ To compare our code with that of a peer we also compiled the benchmarks using the MIPS options that cause interprocedural optimization▷ In one case we used the MIPS O3 option by itself, in the other we gave it a dynamic proαle and also invoked the cord option which reorders procedures based on the proαle to improve cache behavior▷ The effects of the MIPS interprocedural was spotty, it was common for it to produce worse code than O2 did▷ speedup with runtime measured by systime pixie OM MIPS ↼opt level↽ OM MIPS ↼opt level↽ doduc 14▷40ϱ 11▷77ϱ ↼O3↽ 2▷48ϱ 1▷39ϱ ↼O3p↽ eqntott 5▷13ϱ 9▷77ϱ ↼O3↽ 5▷56ϱ 10▷91ϱ ↼O3p↽ espresso 0▷30ϱ 0▷55ϱ ↼O3p↽ 2▷96ϱ 1▷13ϱ ↼O3p↽ fpppp 12▷51ϱ 0▷00ϱ ↼O2↽ 10▷51ϱ 0▷00ϱ ↼O3p↽ gcc1 1▷03ϱ 0▷00ϱ ↼O2↽ 1▷19ϱ 0▷66ϱ ↼O3p↽ li 1▷52ϱ 0▷00ϱ ↼O2↽ 0▷63ϱ 0▷80ϱ ↼O3p↽ nasa7 0▷12ϱ 0▷00ϱ ↼O2↽ 0▷85ϱ 0▷00ϱ ↼O2↽ spice 12▷36ϱ 0▷36ϱ ↼O3p↽ 17▷30ϱ 1▷00ϱ ↼O3p↽ tomcatv 2▷57ϱ 0▷00ϱ ↼O2↽ 7▷89ϱ 0▷00ϱ ↼O3p↽ average 5▷55ϱ 2▷49ϱ 5▷49ϱ 1▷77ϱ Figure 7. Speedup relative to MIPS O2 Figure 7 shows the reduction in runtimes for OM and for the best code produced by the MIPS compilers using O2 O3 or O3 with a proαle and cord ↼denoted ΨO3pν in the αgure↽▷ All these times are normalized by the times for code compiled with MIPS O2 as measured by systime or pixie respectively▷ Thus a reduction of 0ϱ means the interprocedurally optimized program took exactly as long as it did when optimized with only MIPS O2, in many cases O2 gave the best code the MIPS compilers could produce▷ OM was able to improve performance over MIPS O2 by about 5ϱ on the average and by 12ϱ or more in some cases▷ Code motion accounts for nearly all of this but precise attribution is difαcult because the code motion depends on dead code removal to remove useless operations and thereby free more registers and also to clean up the code afterwards▷ Even compared to the MIPS interprocedural optimization OM looks good, only for eqntott was the MIPS optimizer able to do much better than OM▷ Also of interest are the costs of using OM▷ Figure 8 shows the total time OM takes to process each benchmark▷ This time includes reading the object αles and libraries converting them into a single RTL structure optimizing and generating assembler code▷4 About 75ϱ of the time is spent on the analysis and optimization with the remaining time divided evenly between producing RTL from object and producing assembler from RTL▷ We have done essentially no performance tuning 4In the future we plan to generate an executable directly which should be faster than generating a textual assembler αle▷ This is also why we do not include assembly time in these αgures▷ total OM one liveness phase 1 phase 2 static static time ↼secs↽ analysis ↼secs↽ iterations iterations block count instr count doduc 14▷98 0▷966 4 4 6759 47524 eqntott 4▷85 0▷384 4 4 2946 10200 espresso 19▷80 1▷683 4 4 11901 46452 fpppp 14▷58 0▷867 4 4 6013 41540 gcc1 88▷95 7▷583 6 4 46536 169608 li 9▷08 0▷833 4 4 5863 18884 nasa7 8▷40 0▷633 4 4 4697 21656 spice 37▷05 2▷833 5 6 16173 92956 tomcatv 6▷53 0▷534 4 4 3995 15100 Figure 8. OM processing time statistics and do many things by brute force, for example the liveness analysis is actually performed from scratch αve separate times▷ Figure 8 also shows how long one complete execution of the liveness analysis takes▷ Each liveness analysis requires around eight iterations correlating weakly with the static number of basic blocks in the program▷ It is interesting that each phase requires about the same number of iterations that are required to converge on a single procedure ♭ASU88♯ even though the wholeprogram graph is much larger and more deeply nested▷ Presumably this is because the absence of either all call or all return edges hides the global depth of loop nesting▷ One reason we can do so much in a minute or less of processing is that we are quite free in our use of memory▷ Figure 9 shows how much memory OM used for each benchmark▷ In general it needs memory space equal to about 18 times the disk space occupied by the object code▷

8 Conclusions We have shown that very modest interprocedural optimization can deliver a signiαcant improve ment in performance even without inlining or cloning▷ To do this it must be driven by precise interprocedural data βow analysis that allows information to βow in both directions between caller and callee▷ We have shown that obtaining information this precise need not be extravagantly expensive even using brute force algorithms▷ Our system requires no explicit help from the compiler itself and is thus relatively independent of both source language and compiler▷ We plan to extend our prototype in several ways▷ First a full register allocator that renames existing registers when possible without degrading pipeline performance would free more registers object OM ratio size memory doduc 0▷37 Mb 5▷5 Mb 14▷7 eqntott 0▷10 Mb 2▷3 Mb 23▷0 espresso 0▷40 Mb 6▷9 Mb 17▷3 fpppp 0▷35 Mb 5▷0 Mb 14▷3 gcc1 1▷31 Mb 24▷0 Mb 18▷3 li 0▷20 Mb 3▷7 Mb 18▷5 nasa7 0▷19 Mb 3▷4 Mb 17▷9 spice 0▷73 Mb 10▷8 Mb 14▷8 tomcatv 0▷14 Mb 2▷8 Mb 20▷0 Figure 9. OM memory requirements for other purposes▷ Second more ambitious recognition of loopinvariant code would give us more uses for these registers and could reveal invariant code that was worth moving even if its result had to be kept in memory▷ Dynamic proαles could guide careful procedure cloning allowing key procedures to be added to loop regions even when they are not dominated by the region header which could lead to a more general and elegant construction of a loop region▷ Beyond these shortterm improvements we expect to implement other traditional loop op timizations in our interprocedural framework▷ We hope OM will continue to be an effective platform for the study of both very global optimization and machinedependent optimization▷

Acknowledgements We are very grateful to Mary Jo Doherty Mary Fernandez Joel McCormack Scott McFarling and Paul Vixie for careful reading and pertinent comments and to Mick Jordan for insisting that we measure our performance improvement with pixie along with systime▷

Appendix▷ Construction of an Interprocedural Loop Input. A call graph C/↼PE↽ where P is the set of procedures and E is the set of call edges a depth αrst spanning tree D of C and an edge e / (p_h → p_e). Output: LoopRegion(e), a subset of the procedures of C. Method:

constant Family = {p | p is a descendant of p h in D } ∝⇑ L≀≀√R⌉}⟩≀\ ⊆ ⊔⟨⌉ ⇑∝ L≀≀√R⌉}⟩≀\ ℑ {p_h p_e} ∝⇑ ⌈⌉∫⌋⌉\⌈⊣\⊔∫ ⟩\ D ≀{ p_h ⇀◁ while changes to set LoopRegion do ◁⇀ Build initial set of nodes ⇀◁ for each p in Family−{p h}⇔ ⟩\ ⌈⌉√⊔⟨↖⊘∇∫⊔ ≀∇⌈⌉∇⇔ ⌈≀ ∝⇑ ∇⌉⊣⌋⟨⊣⌊↕⌉ {∇≀⇕ pe ⇀◁ if p ∈ L≀≀√R⌉}⟩≀\ ⊔⟨⌉\ {≀∇ ⌉⊣⌋⟨ √∇≀⌋⌉⌈⊓∇⌉ q that p calls do if q /∈ L≀≀√R⌉}⟩≀\ ⊣\⌈ q ∈ F⊣⇕⟩↕† ⊔⟨⌉\ L≀≀√R⌉}⟩≀\ ℑ L≀≀√R⌉}⟩≀\ ∪ {q} ⊒⟨⟩↕⌉ ⌋⟨⊣\}⌉∫ ⊔≀ ∫⌉⊔ L≀≀√R⌉}⟩≀\ ⌈≀ ∝⇑ A⌈⌈ ⌋⊣↕↕⌉∇∫ ≀{ \≀⌈⌉∫ ⊣↕∇⌉⊣⌈† ⇑∝ {≀∇ ⌉⊣⌋⟨ q in Family in reversedepthαrst order do ◁⇀ in region if all callers ⇀◁ if q ∈ L≀≀√R⌉}⟩≀\ ⊔⟨⌉\ ∝⇑ ⊣∇⌉ ⟩\ F⊣⇕⟩↕† ⇑∝ ⊣⌈⌈⌋⊣↕↕⌉∇∫ ℑ ⊔∇⊓⌉ {≀∇ ⌉⊣⌋⟨ √∇≀⌋⌉⌈⊓∇⌉ p that calls q do if p /∈ F⊣⇕⟩↕† ⊔⟨⌉\ ⊣⌈⌈⌋⊣↕↕⌉∇∫ ℑ {⊣↕∫⌉ ⟩{ ⊣⌈⌈⌋⊣↕↕⌉∇∫ ⊔⟨⌉\ {≀∇ ⌉⊣⌋⟨ √∇≀⌋⌉⌈⊓∇⌉ p that calls q do if p /∈ L≀≀√R⌉}⟩≀\ ⊔⟨⌉\ L≀≀√R⌉}⟩≀\ ℑ L≀≀√R⌉}⟩≀\ ∪ {p} ⊒⟨⟩↕⌉ ⌋⟨⊣\}⌉∫ ⊔≀ ∫⌉⊔ L≀≀√R⌉}⟩≀\ ⌈≀ ∝⇑ E\∫⊓∇⌉ ∇⌉}⟩≀\ ⟨⊣∫ ⊣ ∫⟩\}↕⌉ ⇑∝ {≀∇ ⌉⊣⌋⟨ q in Family−{p_h}⇔ ⟩\ ⌈⌉√⊔⟨↖⊘∇∫⊔ ≀∇⌈⌉∇⇔ ⌈≀ ∝⇑ ⌉\⊔∇† √≀⟩\⊔ p_h ⇀◁ if q ∈ L≀≀√R⌉}⟩≀\ ⊔⟨⌉\ {≀∇ ⌉⊣⌋⟨ √∇≀⌋⌉⌈⊓∇⌉ p that calls q do if p /∈ L≀≀√R⌉}⟩≀\ ⊔⟨⌉\ L≀≀√R⌉}⟩≀\ ℑ L≀≀√R⌉}⟩≀\ ↖ {q}

∈∞

R⌉{⌉∇⌉\⌋⌉∫ ∪ASU∀∀⊎ A↕{∇⌉⌈ V↙ A⟨≀⇔ R⊣⊑⟩ S⌉⊔⟨⟩⇔ ⊣\⌈ J⌉{{∇⌉† D↙ U↕↕⇕⊣\↙ C≀⇕√⟩↕⌉∇∫⇔ P∇⟩\⌋⟩√↕⌉∫⇔ T⌉⌋⟨\⟩∐⊓⌉∫ ⊣\⌈ T≀≀↕∫↙ A⌈⌈⟩∫≀\↖W⌉∫↕⌉†⇔ ∞∃∀∀↙ ∪A↕↕△⊎ F↙E↙ A↕↕⌉\↙ I\⊔⌉∇√∇≀⌋⌉⌈⊓∇⊣↕ ⌈⊣⊔⊣ ⊙≀⊒ ⊣\⊣↕†∫⟩∫↙ P∇≀⌋⌉⌉⌈⟩\}∫ ≀{ IFIP C≀\}∇⌉∫∫ ∞∃△⇔ √√↙ ∋∃∀∘△′∈↙ N≀∇⊔⟨ H≀↕↕⊣\⌈⇔ ∞∃△↙ ∪B⊣\∃⊎ J≀⟨\ P↙ B⊣\\⟩\}↙ A\ ⌉{⊘⌋⟩⌉\⊔ ⊒⊣† ⊔≀ ⊘\⌈ ⊔⟨⌉ ∫⟩⌈⌉ ⌉{{⌉⌋⊔∫ ≀{ √∇≀⌋⌉⌈⊓∇⌉ ⌋⊣↕↕∫ ⊣\⌈ ⊔⟨⌉ ⊣↕⟩⊣∫⌉∫ ≀{ ⊑⊣∇⟩⊣⌊↕⌉∫↙ C≀\{⌉∇⌉\⌋⌉ R⌉⌋≀∇⌈ ≀{ ⊔⟨⌉ S⟩§⊔⟨ A\\⊓⊣↕ ACM S†⇕√≀∫⟩⊓⇕ ≀\ P∇⟩\⌋⟩√↕⌉∫ ≀{ P∇≀}∇⊣⇕⇕⟩\} L⊣\}⊓⊣}⌉∫⇔ √√↙ ∈∃∘△∞⇔ J⊣\⊓⊣∇† ∞∃∃↙ ∪B⊣∇⊎ J⌉{{∇⌉† M↙ B⊣∇⊔⟨↙ A √∇⊣⌋⊔⟩⌋⊣↕ ⟩\⊔⌉∇√∇≀⌋⌉⌈⊓∇⊣↕ ⌈⊣⊔⊣ ⊙≀⊒ ⊣\⊣↕†∫⟩∫ ⊣↕}≀∇⟩⊔⟨⇕↙ C≀⇕⇕⊓\⟩↖ ⌋⊣⊔⟩≀\∫ ≀{ ⊔⟨⌉ ACM ∈∞⇐∃⇒⇔ √√↙ ∈△∘∋⇎ S⌉√⊔⌉⇕⌊⌉∇ ∞∃∀↙ ∪C⊣↕∀∀⊎ D⊣⊑⟩⌈ C⊣↕↕⊣⟨⊣\↙ T⟨⌉ √∇≀}∇⊣⇕ ∫⊓⇕⇕⊣∇† }∇⊣√⟨ ⊣\⌈ ⊙≀⊒↖∫⌉\∫⟩⊔⟩⊑⌉ ⟩\⊔⌉∇√∇≀⌋⌉⌈⊓∇⊣↕ ⌈⊣⊔⊣ ⊙≀⊒ ⊣\⊣↕†∫⟩∫↙ P∇≀⌋⌉⌉⌈⟩\}∫ ≀{ ⊔⟨⌉ SIGPLAN ≃∀∀ C≀\{⌉∇⌉\⌋⌉ ≀\ P∇≀}∇⊣⇕⇕⟩\} L⊣\}⊓⊣}⌉ D⌉∫⟩}\ ⊣\⌈ I⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\⇔ √√↙ △∘▽↙̸ P⊓⌊↕⟩∫⟨⌉⌈ ⊣∫ SIGPLAN N≀⊔⟩⌋⌉∫ ∈∋⇐⇒⇔ J⊓↕† ∞∃∀∀↙ ∪CHK∃∈⊎ K⌉⟩⊔⟨ D↙ C≀≀√⌉∇⇔ M⊣∇† W↙ H⊣↕↕⇔ ⊣\⌈ K⌉\ K⌉\\⌉⌈†↙ P∇≀⌋⌉⌈⊓∇⌉ ⌋↕≀\⟩\}↙ P∇≀⌋⌉⌉⌈⟩\}∫ ≀{ ⊔⟨⌉ ∞∃∃∈ I\⊔⌉∇\⊣⊔⟩≀\⊣↕ C≀\{⌉∇⌉\⌋⌉ ≀\ C≀⇕√⊓⊔⌉∇ L⊣\}⊓⊣}⌉∫⇔ √√↙ ∃∘̸∞′▽⇔ IEEE C≀⇕√⊓⊔⌉∇ S≀⌋⟩⌉⊔† P∇⌉∫∫⇔ A√∇⟩↕ ∞∃∃∈↙ ∪DF∀△⊎ J⊣⌋‖ W↙ D⊣⊑⟩⌈∫≀\ ⊣\⌈ C⟨∇⟩∫⊔≀√⟨⌉∇ W↙ F∇⊣∫⌉∇↙ C≀⌈⌉ ∫⌉↕⌉⌋⊔⟩≀\ ⊔⟨∇≀⊓}⟨ ≀⌊|⌉⌋⊔ ⌋≀⌈⌉ ≀√⊔⟩⇕⟩‡⊣⊔⟩≀\↙ ACM T∇⊣\∫⊣⌋⊔⟩≀\∫ ≀\ P∇≀}∇⊣⇕⇕⟩\} L⊣\}⊓⊣}⌉∫ ⊣\⌈ S†∫⊔⌉⇕∫ ⇍△⇒⇔ √√↙ ▽′▽↖▽∈⇎ O⌋⊔≀⌊⌉∇ ∞∃∀△↙ ∪LR∃′⊎ W⟩↕↕⟩⊣⇕ L⊣\⌈⟩ ⊣\⌈ B⊣∇⌊⊣∇⊣ R†⌈⌉∇↙ P≀⟩\⊔⌉∇↖⟩\⌈⊓⌋⌉⌈ ⊣↕⟩⊣∫⟩\}¬ A √∇≀⌊↕⌉⇕ ⌋↕⊣∫∫⟩⊘⌋⊣↖ ⊔⟩≀\↙ C≀\{⌉∇⌉\⌋⌉ R⌉⌋≀∇⌈ ≀{ ⊔⟨⌉ S⌉⊑⌉\⊔⌉⌉\⊔⟨ A\\⊓⊣↕ ACM S†⇕√≀∫⟩⊓⇕ ≀\ P∇⟩\⌋⟩√↕⌉∫ ≀{ P∇≀}∇⊣⇕⇕⟩\} L⊣\}⊓⊣}⌉∫⇔ √√↙ ∃∋∘∞′∋⇔ J⊣\⊓⊣∇† ∞∃∃′↙ ∪LB∃∈⊎ J⊣⇕⌉∫ R↙ L⊣∇⊓∫ ⊣\⌈ T⟨≀⇕⊣∫ B⊣↕↕↙ R⌉⊒∇⟩⊔⟩\} ⌉§⌉⌋⊓⊔⊣⌊↕⌉ ⊘↕⌉∫ ⊔≀ ⇕⌉⊣∫⊓∇⌉ √∇≀}∇⊣⇕ ⌊⌉⟨⊣⊑⟩≀∇↙ U\⟩⊑⌉∇∫⟩⊔† ≀{ W⟩∫⌋≀\∫⟩\ C≀⇕√⊓⊔⌉∇ S⌋⟩⌉\⌋⌉∫ T⌉⌋⟨\⟩⌋⊣↕ R⌉√≀∇⊔ ∞′∀∋⇔ M⊣∇⌋⟨ ∞∃∃∈↙ ∪L≀⇕⊎ D↙ L≀⇕⌉⊔↙ D⊣⊔⊣ ⊙≀⊒ ⊣\⊣↕†∫⟩∫ ⟩\ √∇⌉∫⌉\⌋⌉ ≀{ √∇≀⌋⌉⌈⊓∇⌉ ⌋⊣↕↕∫↙ IBM J≀⊓∇\⊣↕ ≀{ R⌉∫⌉⊣∇⌋⟨ ⊣\⌈ D⌉⊑⌉↕≀√⇕⌉\⊔ ∈∞⇔⇎ √√↙ ▽▽∃∘▽∞⇔ ∞∃↙ ∈∈

∪M⌋F∃∞⊎ S⌋≀⊔⊔ M⌋F⊣∇↕⟩\}↙ P∇≀⌋⌉⌈⊓∇⌉ ⇕⌉∇}⟩\} ⊒⟩⊔⟨ ⟩\∫⊔∇⊓⌋⊔⟩≀\ ⌋⊣⌋⟨⌉∫↙ P∇≀⌋⌉⌉⌈⟩\}∫ ≀{ ⊔⟨⌉ SIG↖ PLAN ≃∃∞ C≀\{⌉∇⌉\⌋⌉ ≀\ P∇≀}∇⊣⇕⇕⟩\} L⊣\}⊓⊣}⌉ D⌉∫⟩}\ ⊣\⌈ I⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\⇔ √√↙ ∞∘∃↙ P⊓⌊↕⟩∫⟨⌉⌈ ⊣∫ SIGPLAN N≀⊔⟩⌋⌉∫ ∈⇍⇏⇔ J⊓\⌉ ∞∃∃∞↙ ∪MIP∀⊎̸ MIPS C≀⇕√⊓⊔⌉∇ S†∫⊔⌉⇕∫⇔ I\⌋↙ L⊣\}⊓⊣}⌉ P∇≀}∇⊣⇕⇕⌉∇∫≃∫ G⊓⟩⌈⌉⇔ ∞∃∀↙̸ ∪M†⌉∀∞⊎ E↙ M†⌉∇∫↙ A √∇⌉⌋⟩∫⌉ ⟩\⊔⌉∇↖√∇≀⌋⌉⌈⊓∇⊣↕ ⌈⊣⊔⊣ ⊙≀⊒ ⊣↕}≀∇⟩⊔⟨⇕↙ C≀\{⌉∇⌉\⌋⌉ R⌉⌋≀∇⌈ ≀{ ⊔⟨⌉ E⟩}⟨⊔⟨ A\\⊓⊣↕ ACM S†⇕√≀∫⟩⊓⇕ ≀\ P∇⟩\⌋⟩√↕⌉∫ ≀{ P∇≀}∇⊣⇕⇕⟩\} L⊣\}⊓⊣}⌉∫⇔ √√↙ ∈∞∃∘ ∈∋′⇔ J⊣\⊓⊣∇† ∞∃∀∞↙ ∪R≀∫∃⊎ B↙ R≀∫⌉\↙ D⊣⊔⊣ ⊙≀⊒ ⊣\⊣↕†∫⟩∫ {≀∇ √∇≀⌋⌉⌈⊓∇⊣↕ ↕⊣\}⊓⊣}⌉∫↙ J≀⊓∇\⊣↕ ≀{ ⊔⟨⌉ ACM ∈⇍∈⇒⇔ √√↙ ∋∈∈∘∋△△⇔ A√∇⟩↕ ∞∃∃↙ ∪R⟩⌋∃∞⊎ S↙E↙ R⟩⌋⟨⊣∇⌈∫≀\↙ E⊑⊣↕⊓⊣⊔⟩\} I\⊔⌉∇√∇≀⌋⌉⌈⊓∇⊣↕ C≀⌈⌉ O√⊔⟩⇕⟩‡⊣⊔⟩≀\ T⌉⌋⟨\⟩∐⊓⌉∫↙ P⟨↙D↙ T⟨⌉∫⟩∫⇔ S⊔⊣\{≀∇⌈ U\⟩⊑⌉∇∫⟩⊔†⇔ T⌉⌋⟨\⟩⌋⊣↕ R⌉√≀∇⊔ N≀ CSL↖TR↖∃∞↖△′̸⇔ F⌉⌊∇⊓⊣∇† ∞∃∃∞↙ ∪SP∀∞⊎ M↙ S⟨⊣∇⟩∇ ⊣\⌈ A↙ P\⊓⌉↕⟩↙ T⊒≀ ⊣√√∇≀⊣⌋⟨⌉∫ ⊔≀ ⟩\⊔⌉∇√∇≀⌋⌉⌈⊓∇⊣↕ ⌈⊣⊔⊣ ⊙≀⊒ ⊣\⊣↕†∫⟩∫↙ I\ S⊔⌉⊑⌉\ S↙ M⊓⌋⟨\⟩⌋‖ ⊣\⌈ N⌉⟩↕ D↙ J≀\⌉∫⇔ ⌉⌈⟩⊔≀∇∫⇔ P∇≀}∇⊣⇕ F↕≀⊒ A\⊣↕†∫⟩∫¬ T⟨⌉≀∇† ⊣\⌈ A√√↕⟩⌋⊣⊔⟩≀\∫↙ P∇⌉\⊔⟩⌋⌉↖H⊣↕↕⇔ E\}↕⌉⊒≀≀⌈ C↕⟩{{∫⇔ N↙J⇔ ∞∃∀∞↙ ∪S∇⟩∃∞⊎ A⇕⟩⊔⊣⌊⟨ S∇⟩⊑⊣∫⊔⊣⊑⊣↙ U\∇⌉⊣⌋⟨⊣⌊↕⌉ √∇≀⌋⌉⌈⊓∇⌉∫ ⟩\ ≀⌊|⌉⌋⊔↖≀∇⟩⌉\⊔⌉⌈ √∇≀}∇⊣⇕⇕⟩\}↙ WRL T⌉⌋⟨\⟩⌋⊣↕ N≀⊔⌉ TN↖∈∞⇔ N≀⊑⌉⇕⌊⌉∇ ∞∃∃∞↙ ∪S⊔⊣∃∈⊎ R⟩⌋⟨⊣∇⌈ S⊔⊣↕↕⇕⊣\↙ U∫⟩\} ⊣\⌈ √≀∇⊔⟩\} GNU CC↙ F∇⌉⌉ S≀{⊔⊒⊣∇⌉ F≀⊓\⌈⊣⊔⟩≀\⇔ ∞∃∃∈↙ ∪W⊣↕∃∈⊎ D⊣⊑⟩⌈ W↙ W⊣↕↕↙ S†∫⊔⌉⇕∫ {≀∇ ↕⊣⊔⌉ ⌋≀⌈⌉ ⇕≀⌈⟩⊘⌋⊣⊔⟩≀\↙ P∇≀⌋⌉⌉⌈⟩\}∫ ≀{ ⊔⟨⌉ CODE ∃∞ W≀∇‖∫⟨≀√ ≀\ C≀⌈⌉ G⌉\⌉∇⊣⊔⟩≀\⇔ S√∇⟩\}⌉∇ W≀∇‖∫⟨≀√∫ ⟩\ C≀⇕√⊓⊔⌉∇ S⌋⟩⌉\⌋⌉⇔ ⊔≀ ⊣√√⌉⊣∇↙ A↕∫≀ ⊣⊑⊣⟩↕⊣⌊↕⌉ ⊣∫ WRL R⌉∫⌉⊣∇⌋⟨ R⌉√≀∇⊔ ∃∈∝∋⇔ M⊣† ∞∃∃∈↙

∈∋