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On the Analysis of Randomized Load Balancing Schemes

Michael Mitzenmachet

Abstract

It is well known that simple randomized load balancing schemes can balance load effectively while
incurring only a small overhead, making such schemes appealing for practical systems. In this paper, we
provide new analyses for several such dynamic randomized load balancing schemes.

Our work extends a previous analysis of thgpermarket modeh model that abstracts a simple,
efficient load balancing scheme in the setting where jobs arrive at a large system of parallel processors.
In this model, customers arrive at a system eérvers as a Poisson stream of vater < 1, with service
requirements exponentially distributed with mean 1. Each customer chibeeesgers independently and
uniformly at random from the servers, and is served according to the First In First Out (FIFO) protocol
at the choice with the fewest customers. For the supermarket model, it has been shown thtihtuging
choices yields an exponential improvement in the expected time a customer spends in the system over
d = 1 choice (simple random selection) in equilibrium. Here we examine several variations, including
constant service times atidreshold model|swvhere a customer makes updasuccessive choices until
finding one below a set threshold.

Our approach involves studying limiting, deterministic models representing the behavior of these
systems as the number of servergoes to infinity. Results of our work include useful general theorems
for showing that these deterministic systems are stable or converge exponentially to fixed points. We
also demonstrate that allowing customers two choices instead of just one leads to exponential improve-
ments in the expected time a customer spends in the system in several of the related models we study,
reinforcing the concept that just two choices yields significant power in load balancing.

1 Introduction

Distributed computing systems continue to rise in prevalence; networks of workstations and clusters of
personal computers hold the promise of increased power and price/performance ratios. It has long been
known that in distributed systems, redistributing the workload through load balancing can lead to significant
performance improvements, in terms of both the mean and standard deviation of the time jobs spend in the
system (for example, see [7, 35]). Moreover, simple randomized schemes with low overhead have proven
effective in simulations; however, analyzing such schemes is often difficult. In this paper, we provide new
analyses for several dynamic randomized load balancing models. Unlike previous similar analyses, we do
not assume that in equilibrium each server is stochastically independent from other servers.

One example of the type of problem we consider, previously studied in [27], is the following natural dy-
namic model: customers arrive as a Poisson stream ofnaigherer < 1, at a collection of servers. The
service times for the customers are independent and exponentially distributed with mean 1. Each customer
chooses some constant numbesf servers independently and uniformly at random fromrtlservers, and
waits for service at the one currently containing the fewest customers (ties being broken arbitrarily), accord-
ing to the First In First Out (FIFO) protocol. We call this model twgpermarket modgbr thesupermarket

*This work was supported in part by the ONR and in part by NSF Grant CCR-9505448. Much of this work was done while the
author was a student at U.C. Berkeley. A previous version of this work appeare®ith€M Symposium on Parallel Algorithms
and Architectures1997.
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Figure 1: The supermarket model. Incoming customer A chooses two random servers, and queues at the
shorter one. Customer B has recently been served and leaves the system.

systenisee Figure 1). We are interested in the behavior of this system in equilibrium. Note that the average
arrival rate per queue is less than service rate<(1), we expect the system to Btable in the sense that
the expected number of customers per queue remains finite in equilibrium.

Standard queueing theory does not directly apply to the supermarket model, because the server loads
are dependent: the arrival rate at any server depends on the loads at the other servers. This dependency
complicates the analysis dramatically.

Many variations on the supermarket model exist. For examplethreaholdsystem, an incoming cus-
tomer successively chooses queues at random until either finding one with a load below a fixed threshold or
usingd choices. A threshold scheme may be more efficient than giving each custarheices in practice,
since each choice will generally require some communication, and threshold schemes reduce the amount
of necessary communication. As another example, service times might not be eponentially distributed, but
constant, or given by another distribution. In this paper, we introduce new analyses for these and other
variations. Our approach, following that of [27], has two main components:

e We define an idealized process, corresponding to a system with an infinite number of servers. We then
analyze this process, which is cleaner and easier because its behavior is completely deterministic.

e We relate the idealized system to the finite system, bounding the error between them.

Our analysis of the limiting system (as the number of servers grows to infinity) focuses on finding the
fixed point(or equilibrium poin} to which the system tends. If the system converges to its fixed point, then
we can use it to determine such quantities as the expected time a customer spends in the system. For most of
the idealized systems we consider, we slexwonential convergende the fixed point, which demonstrates
that the system approaches the fixed point very quickly. Indeed, besides determining the behavior of several
interesting systems, a major contribution of this work is a simple, general theorem that gives appropriate
conditions for convergence; we expect this theorem will prove useful in other settings as well. We also
demonstrate through simulations that the method provides accurate numerical estimates of performance,
even when the actual number of servers is relatively small.

For ease of presentation, we have made several assumptions to simplify the models we consider. For
example, we assume that the time for a customer to obtain information about server loads and move to
a server is zero, and that the servers are homogeneous. Many of our techniques, however, generalize to
more complex systems, such as systems where transferring a customer incurs a delay (see [24]). Moreover,



even the simple systems we study demonstrate remarkably interesting behavior. In particular, we emphasize
throughout that there is often a qualitative difference between systems where customers choose a single des-
tination randomly and systems where customers have two or more choices available, leading to exponential
improvement in measures such as the expected time in the system. Hence our work extends a great deal of
previous work demonstrating the power of two choices in load balancing to several new settings, providing
further evidence of the significance of this idea in the design of distributed systems.

1.1 Previous work

Distributed load balancing strategies where individual customer decisions are based on information about a
limited number of other processors have been studied analytically by Eeglef7, 8, 9] and through trace-

driven simulations by Zhou [35]. In fact, Eagetral. also use Markovian models for their analysis [7, 8, 9];
however, the authors derive their results assuming that the state of each queue is stochastically independent
of the state of any other queue. This approach is exact in the asymptotic limit as the number of queues
grows to infinity. Our work avoids these assumptions and introduces several new directions in the analysis
of these systems. Zhou’s work examines the effectiveness of the load balancing strategies proposed by Eager
et al. as well as others in practice using a trace-driven simulation. Both Edggrand Zhou suggest that

simple randomized load balancing schemes, based on choosing from a small subset of processors, perform
extremely well.

In another well-studied model, incoming customers join the shortest queue; see, for example, the work
by Adan, van Houtum, and van der Wal [1] and by Adan, Wessels, and Zijm [2, 3] for results and further
references. The shortest queue model appears more applicaelettalizedsystems, whereas the limited
coordination enforced by our model corresponds nicely to modelstibutedsystems.

Randomized load balancing schemes have also been analyzed in the static case, where there are a fixed
number of customers to be permanently distributed, as in a static hash table. For example, Karp, Luby,
and Meyer auf der Heide showed that using two hash functions instead of one could provide an exponential
improvement in the maximum load of a hash bucket [13]; this idea was further developed and aanalyzed
by Azar, Broder, Karlin, and Upfal [5]. Our work demonstrates that making two choices leads to a similar
exponential improvement in the dynamic setting as well.

The justification of the relationship between the finite and limiting systems relies on Kurtz's work on
density dependent jump Markov procesddl 19, 20, 21, 22]. Because Kurtz’'s work is rather technical,
we only briefly describe it here, focusing instead on examining a variety of models and attempting to gain
insight into the load balancing problem. More details regarding the application of Kurtz’s work these models
can be found in [28]. This approach has been used similarly in several other works (for example, see
[4,11, 14, 15, 27, 31, 33, 34]).

The rest of the paper proceeds as follows: in Section 2, we briefly review the work of [27] by examining
the limiting system for the supermarket model. This allows us to introduce the necessary terminology
and keeps this paper essentially self-contained. To demonstrate the applicability of our methods to more
realistic systems, we consider alternative service distributions in Section 3, focusing on the example of
constant service times. In Sections 4 and 5, we explore some variations on the supermarket model that may
also prove useful in practice, including threshold models. Section 4 includes general theorems for proving
the stability or exponential convergence of the limiting systems. We specialize these theorems to handle
threshold systems in Section 5. We conclude with some final comments and open questions. The main
points of Kurtz's work are summarized in an appendix for the interested reader.



2 The supermarket model

In this section, we review results for the supermarket model from [27]. This review allows us to introduce
the necessary terminology and methodology that we will use to study other systems.

2.1 The limiting system

Recall the definition of the supermarket model. customers arrive as a Poisson strearhmpfwdierer < 1,
at a collection oin FIFO servers. Each customer chooses some corgtan® servers independently and
uniformly at random with replaceménand queues at the server currently containing the fewest customers.
The service time for a customer is exponentially distributed with mean 1.

We definem; (t) to be the number of queues with least i customers at timg, ands; (t) = m;(t)/n to
be fraction of queues witht least icustomers. We drop the referencd to the notation where the meaning
is clear. In arempty systenwhich corresponds to one with no customegs= 1 ands = O fori > 1. We
can represent the state of the system at any given time by an infinite dimensionaBvectsy, s1, S, . . .).
Itis clear that for each value of, the supermarket model can be considered as a Markov chain on the above
state space.

We now introduce a deterministitniting systenrelated to the finite supermarket system, given by the
following set of differential equations:

ds .
gt = Meli—sh—(s —sqp) fori =1 1)

S = 1

To explain the reasoning behind the system (1), we determine the expected change in the number of
servers with at leastcustomers over a small period of time of length The probability a customer arrives
during this period is.n dt, and the probability an arriving customer joins a queue of isizel is s{‘fl — s{‘.

(This is the probability that al servers chosen by the new customer are of size atilea®t but not all are
of size at least.) Thus the expected changenm due to arrivals is exactlgm(s{‘f1 — s1d)dt. Similarly, the
probability a customer leaves a server of siaethis period isn; dt = n(s — 51)dt. Hence, if the system
behaved according to these expectations, we would have

i—f = % - %—T =gl — 8 — (8 —s40).
It should be intuitively clear that as— oo the behavior of the supermarket system approaches that of this
deterministic system; this is justified by Kurtz’s theorem, as explained in Appendix A. For now, we simply
take this set of differential equations to be the appropriate limiting process.

2.2 The fixed point

Given a reasonable condition on the initial po&i0), the infinite process described by the system (1)
converges to éixed pointr such that ifS(t) = 7 thens(t’) = 7 for all t’ > t. For the supermarket model a
necessary and sufficient condition fto be a fixed point is that for ail %—ﬂﬁ =0.
Lemma1l [[27], Lemma 1.] The system (1) with & 2 has a unique fixed point with 2, i < oo given

d-1
bym = Ad1,

1We note that our results also hold with minor variations ifthgueues are chosen without replacement.



Definition 2 A sequencex; ), is said todecrease doubly exponentialfyand only if there exist positive
constants Noe < 1, 8 > 1, andy such that fori> N, x < yaﬁ'.

It is worth contrasting the result of Lemma 1 with the case wiitee 1 (i.e., all servers are M/M/1
queues), for which the fixed point is given by = Al. Ford = 2, the fixed point is given byt; = A2 1.
The key feature of the supermarket system is thatifer 2 the tailsr; decrease doubly exponentially, while
for d = 1 the tails decrease only geometrically (or singly exponentially).

2.3 Convergence to the fixed point

The deterministic differential equations (1), along with an initial point, definjgctory of the system

in the infinite dimensional space. In [27] it was shown that every trajectory of the limiting model of the
supermarket system converges to the fixed poiat (r;) of Lemma 1 in an appropriate metric. We review
the main points here. In what follows we assume that 2 unless otherwise specified.

To show convergence, we find a suitalpetential function(also called a_Lyapunov functiorin the
dynamical systems literature}(t). The potential function must be related to the distance between the
current point on the trajectory and the fixed point; by showing the potential function decreases quickly over
time, we may show the trajectory heads towards the fixed point. A natural potential function to consider is
D(t) = Y 2, |s (t) — |, which measures thie;-distance (or Manhattan distance) between the two points.
The potential function used in [27] is actually a weighted variant of this, nafgly= Y >, wi|s (t) — 7|
for suitably chosen weights;.

The supermarket system not only converges to its fixed point, but that it despspentially

Definition 3 The potential functiorb is said toconverge exponentially to, ®r simply to converge expo-
nentially, if ®(0) < oo and®(t) < coe~?! for some constart > 0 and a constantgwhich may depend on
the state at t= 0.

Exponential convergence implies not only that the limiting system approaches the fixed point, but that it
does so rapidly, making it a suitable reference point for system performance in practice.

Theorem 4 [[27], Theorem 6]Let®(t) = Y 2, wils (t) — 7|, where for i> 1, w; > 1 are appropriately
chosen constants. #(0) < oo, then® converges exponentially @ In particular, if there exists a j such
that §(0) = 0, then® converges exponentially @

The condition of Theorem 4 that there existssuch thas; (0) = 0 is a natural one. It can be interpreted
as saying initially there is an upper bound on the maximum queue size.

Corollary 5 [[27], Corollary 7] Under the conditions of Theorem 4, the-tlistance from the fixed point
D(t) = Y 2, |s (t) — mi| converges exponentially t

Corollary 5 shows that the;-distance to the fixed point converges exponentially quickly to 0. Given
this convergence, we may now ask what the expected time in the system looks like. It is interesting to
compare the case whetle> 2 to the case off = 1 (for which the expected time is well known).

Theorem 6 [[27], Theorem 8] The expected time a customer spends in the limiting model of an initially

empty supermarket system foed2 converges as + oo to Tq(A) = Zi"ilx\(ﬂ%f. If Ti(A) = ﬁ then for

A €0, 1], Tg(») < cq(InTy(A)) for some constantyadependent only on d. Furthermoten, _ - % =
1

logd*
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Figure 2: The graph compares the expected time in the system from simulations of 8 and 100 queues with the
limiting system prediction when two choices are made andiaparithm of the expected time in equilibrium
when one choice is made under various arrival ratgs (

Choosing fromd > 1 queues hence yields an exponential improvement in the expected time a customer
spends in the limiting system, and as— 1~ the choice ofd affects the time only by a small constant
factor (dependent od). These results are remarkably similar to those for the static load balancing problem
studied in [5].

Simulations verify that this behavior is apparent even in small systems; for example, see Figure 2. More
details are given [27] or [28].

3 Constant service times

The assumptions underlying the supermarket model, namely that the arrival process is Poisson and that
the service times are exponentially distributed, do not accurately describe many (and probably most) real
systems, although they are useful because they lead to a simple Markovian system. In this section, we
demonstrate how to modify our approach to handle more general service and arrival times. We focus on
the example where the service time is a fixed constant. The approach we use is bEskeshga method
of stageswhich we shall describe briefly here. For a more detailed explanation see [17, Sections 4.2 and
4.3]. We approximate the constant service time witpaanma distribution a single service will consists
of r stages of service, where each stage is exponentially distributed with miea&r becomes large,
the expected service time remains 1 while the variance falls like 9o that the service time behaves like a
constant random variable in the limit as> oo.

The state of a queue will now be the total number of stages remaining that the queue has to pro-
cess, rather than the number of customers; that is, the state of a queu# af jaiting customens+
stages of the customer being servefincer determines the size of the state space, numerical calculations
will be easier if we chooseto be a reasonably small finite number. Our simulations suggest thatf&0
the approximations for constant service times are quite accurate.



There is some ambiguity in the meaning of a customer choosing the shortest queue. If the number of
customers in two queues are the same, can an incoming customer distinguish which queue has fewer stages
of service remaining? Let us first consider the case where wedveagincoming customers, who can tell
how many stages are left for each of thetichoices and choose accordingly. Isgbe the fraction of queues
with at leastj stages left to process (where we take= 1 whenevelj < 0). Thens; increases whenever an
arrival comes to a queue with at legst- r and fewer tharj stages left to complete. Similarly, decreases
whenever a queue with stages completes a stage, which happens at rat&e corresponding system of
differential equations is thus

ds A (s
E— ( ) rs —sj+1)-

(Whenr = 1, this corresponds exactly to the standard supermarket model.)

We can identify a unique fixed poirt for this system (usin% = 0 at the fixed point). We must have
1 = A (intuitively because the arrival rate and exit rate of customers must be equaly; and fori < 0.
From these initial conditions one can find successive valuas ffbm the recurrence

=T J
A=) — — 17 )

Unfortunately, we have not found a convenient closed formrfor
We say that the system hasawarecustomers if customers learn only the queue size of their choices,
and not the number of stages. If more than one server chosen by an incoming customer has the shortest
gueue, then the customer chooses randomly from those servers. The differential equations are slightly more
complicated than in the aware case. Again,gebe the fraction of queues with at leaststages left to
process. For notational convenience, $et= si_1r+1 be the fraction of queues with at leastustomers
(whereS = 1 always), and lep(j) = (H be the number of customers in a queue wjitetages left to
process. The corresponding differential equations are:
ds

T = MSoa- Sy

= S(j)
stm 1— S())

S
M85 — Sg<1>+1)m — 1§ — S+

Note that the fixed point cannot be determined by a simple recurrence, as the derivafiviepénds
on Ss(j), Sp(j)—1, and Sy(j+1. One can find the fixed point to a suitable degree of accuracy by standard
numerical methods, however.

+

3.1 Constant versus exponential service times

The question of whether constant service times reduce the expected delay in comparison to exponential
service times often arises when one tries to use standard queueing theory results to find performance bounds
on networks. (See, for example, [12, 25, 26, 29, 32].) Generally, results comparing various service times
are achieved using stochastic comparison techniques. Here, we instead compare the fixed points of the
corresponding limiting systems.

We show that at the fixed points, the fraction of servers with at keaastomers is greater when service
times are exponential than when service times have a gamma distributionr(with2) with the same
mean. Since gamma distributed random variables become constant in the limiting case, we can conclude
that constant service times are better than exponential service times in supermarket systems in terms of
measures such as the expected time in the system. (We note that to formally compare constant service



times with exponential service times with this approach requires technical arguments regarding changing
the order in which the limits as — oo andr — oo are taken; for example, see [31, Chapter 14]. We have
not completed such a formal justification. However, the theorem below is the key step in the argument, and
moreover it is interesting in its own right.)

We consider the case of aware customers where service times have a gamma distribution corresponding
tor stages. Recall that the fixed point was given by the recurrence (2) as= j — )L(yrjd_r — njd)/r , With
w1 = A andxm; = 1fori < 0. The fixed point for the standard supermarket model, as found in Lemma 1,
satisfiesrj 1 = Anid. Sinces; is A in both the standard supermarket model and the model with gamma
distributed service times, to show that the tails are larger in the standard supermarket model, it suffices to
show thatmgj)+1 < Ang(j) in the aware customer model. Inductively it is easy to show the following
stronger fact:

Theorem 7 In the system with aware customers, for |1,

Proof: The equality can easily be verified ford j <r. Forj > r, the following induction yields the
theorem:

o d d
mpo= ma— (T~ )

A
_ d
= T2 T T 2T T T T

Here the last step follows from the inductive hypothesis, and all other steps follow from the recurrence
equation (2) for the fixed point. [

An entirely similar proof holds even in the caseunfawarecustomers [28, Theorem 4.7].

3.2 Simulations and other service times

We show with simulations that small values for the number of staggield good approximations for
constant service times. Table 1 compares the value of the expected time a customer spends in a limiting
system with unaware customers ahek 2 choices per customer obtained using various valuesaghinst
the results from simulations with constant service times for 100 queues. The simulation results are the
average of ten runs, each for 100,000 time units, with the first 10,000 time units excluded to account for the
fact that the system begins empty. In all cases excepi0.99 increasing Yyields a better match between the
simulation and the prediction from the fixed point; this discrepancy is because the predictians 289
are not sufficiently accurate for systems of only one hundred queues.

In principle, this approach could be used to develop deterministic differential equations that approximate
the behavior of any service time distribution. This follows from the fact that the distribution function of any



| x| Simulation| r =10 r =20|r =30
0.50 1.1352| 1.1478| 1.1412| 1.1390
0.70 1.3070| 1.3355| 1.3200| 1.3148
0.80 1.4654| 1.5090| 1.4847| 1.4766
0.90 1.7788| 1.8492| 1.8065| 1.7923
0.95 2.1427| 2.2355| 2.1714| 2.1500
0.99 3.2678| 3.2461| 3.1243| 3.0644

Table 1: Simulations versus estimates for constant service times: 100 queues.

positive random variable can be approximated arbitrarily closely by a mixture of countably many gamma
distributions [16, Lemma 3.9]. In practice, for the solution of this problem to be computable in a reasonable
amount of time, both the number of distributions in the mixture and the number of stages for each distribution
must be small in order to keep the total number of states reasonably small. Although these limitations appear
severe, many service distributions can still be handled easily. For example, as we have seen, in the case of
constant service times one only needs to use a single gamma distribution with a reasonable number of
stages to get a very good approximation. This increases the state space, and hence approximately the time
to determine the behavior of the linear equations, by a facter mfer the case where service times are
exponential. Distributions where the service time takes on one of a small finite humber of values can be
handled similarly.

4 Other dynamic models

In this section, we shall develop limiting systems for some variations on the supermarket model and show
that many of these systems also converge exponentially to their fixed points. (As all of the systems we
examine have a unique fixed point where the average number of customers per queue is finite, we shall
simply refer tothefixed point for these systems.)

4.1 Customer types and errors

One way to extend the supermarket model is to consider what happens when different customers can have
different numbers of choices. We will observe that giving even a small fraction of customers an extra choice
can have a dramatic effect on load distribution, especially in a heavily loaded system. This fact has important
practical ramifications; for example, since obtaining load information typically requires sending messages
through the system, one may wish to reduce the average number of messages per customer by only giving a
fraction of the customers additional choices.

We examine the specific case where there are two types of customers. One type chooses only one queue;
each customer is of this type with probability-1p. The more privileged customer chooses two queues;
each customer is of this type with probability The corresponding limiting system is governed by the
following set of differential equations:

ds
dt
The fixed point is given bytg = A, 7y = Ami_1(1 — p + pmi_1). Note that this matches the supermarket

model ford = 1 andd = 2 in the cases wherg = 0 andp = 1, respectively. There does not appear to be
a convenient closed form for the fixed point for other valuep.of

AP — ) AL —pP)(S-1—S) — (S —S11) ®3)
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Figure 3: Expected time in the system versus probabf{lgy of that a customer chooses two locations
(A =0.99).

As shown in Figure 3, which demonstrates the results for the limiting system, the effect of increasing
the fraction of customers with two choices has a non-linear effect on the expected time that is dramatic at
high loads; at. = 0.99, most of the gain occurs when only 20% of the customers have two choices. Our
simulation results verify that the behavior of finite systems accurately matches the behavior predicted by our
limiting model.

This model has an interesting alternative interpretation. A customer who only has one choice is equiva-
lent to a customer who has two choices, but erroneously goes to the wrong queue half of the time. Hence, the
above system is equivalent to a two-choice system where customers make errors and go to the wrong queue
with probability % A model of this sort may therefore also be useful in the case where the information
available to the customers from the chosen servers is unreliable or approximate. This analysis suggests that
as long as this approximate load information reflects server loads with some reasonable accuracy between
updates, choosing from two servers should still perform quite well. (See also [24] for similar ideas in other
scenarios.)

4.2 Closed models

In the closedsupermarket model, at each time step exactly one non-empty queue, chosen uniformly at ran-
dom, completes service, and the customer is immediately recycled back into the system by again choosing
the shortest ofl random queues. Let the number of customers that cycle through the system KNete
that the average number of customers per queuettsis corresponds to the invariaht;~; s = «.

The limiting system is again very similar to that of the original supermarket model. An important
difference is that at each step, the probability that a customer leaves a servérongtomers i—+L,
since a random queue with at least one customer loses a customer. The corresponding differential equations
are thus

dS_d d S —S+1

Pl B s 4)

To find the fixed point, assume; = B. Then inductively, we can solve to find = ﬂ%; the correct
value of 8 can be found by using the constra®, = = 3%, o1 = a.

10



4.3 Bounded buffers

In practice, we may have a system where the queue size has a maximum lirmit, @y example, if
customers are processes with associated data, then the queue size may be limited by the amount of memory
in a server’s buffer. In this case, we assume that arriving customers that find queues filled are turned away.
That is, for the supermarket model, if an arriving customer chodsgseues that all have customers
already waiting, the customer leaves the system unserved immediately.

The state can be represented by a finite dimensional vésta, ..., S). The long-term probability
that a customer is turned away can be determined by finding from the point,ya@ud‘ll'se limiting system
is given by the following equations:

ds .

d—f = e, - (s -S40, i <b;
dg, d o ody

e R C PR

Note that at the fixed point for this problemn; # 1. The total arrival rate of customers into the queues
at the fixed point is.(1 — ng'), as some customers do not enter the system. Since at the fixed point the total
rate at which customers arrive must equal the rate at which they leave, werhaver (1 — ng‘). Using
the differential equations, we can develop a recurrence for the values of the fixedrjpdiiiis recurrence
yields a polynomial equation foty,, which can be shown to have a unigue root between 0 and 1. Solving
for 7, then allows us to compute the fixed point numerically.

4.4 Convergence and stability of limiting systems

In this section, we provide a general theorem (similar to Theorem 4) that can be used to show that several
systems we have considered converge exponentially to their fixed point. In some cases, however, proving
convergence is difficult. Instead of proving convergence, it is often easier to prove the weaker property of
stability of the fixed point. We will say that a fixed point is stable if the-distance to the fixed point is
non-increasing along every trajectory (this is actually stronger than the standard definition). We also give a
general theorems with conditions for stability. We believe these results are interesting in their own right and
will be useful in the future for studying other systems. (For another approach to proving convergence for
these problems, see [33].)

We consider general systems governed by the equa%%aﬁs fi(S) fori > 1, with fixed pointz = (j).

Letei (t) = s (1) — 7;, with the understanding that for< 1 ori larger than the dimension of the state space

we fix ¢, = 0. We shall drop the explicit dependencetomhen the meaning is clear. For convenience, we
shall consider only systems whesgt) € [0, 1] for all t, and hence;(t) € [—m;, 1 — 7;] for all t. This
restriction simplifies the statements of our theorems and can easily be removed; however, all the systems
described in this section meet this condition.

We examine thé. 1-distanceD(t) = ) ;; |&i (t)]. In the case where our state space is countably infinite
dimensional, the upper limit of the summation is infinity, and otherwise it is the dimension of the state space.
For technical reasons, we I%? denote the right-hand derivative (this will be explained in the last paragraph
of the proof). We shall prove th% < 0 everywhere; this implies thdd(t) is non-increasing over time,
and hence the fixed point is stable.

For many of the systems we have examined, the functiphave a convenient form: they can be written
as sums of polynomial functions of the individugpl with no product terms;s, for j # k. This allows us
to group together terms id D/dt containing onlye;, and consider them separately. By telescoping the
terms of the derivative appropriately, we can show the system is stable by showing that the sum of the terms
containinge; are at most 0.

11



Theorem 8 Suppose we are given a system /dit = Zj 0ij (¢j), where the functions;g satisfy the
following conditions:

1.gi(¥) =—23409.i(X forx e [-mi, 1 —m];
2. foralli # j, sgn(g;,i (X)) = sgnx) for x € [—mj, 1 — mj].
Then for Dt) = Y 2, |& (t)| we have d Ddt < 0, and hence the fixed point is stable.

Proof:

For eachi, we group the terms i, of dD/dt, and show that the sum of all terms involviagis at
most 0. Note that, technicallg D/dt is not well-defined when somg = 0; we shall clarify this problem
subsequently and temporarily we assume that; ate non-zero.

The terms containing; in d D/dt sum toh(e;) = g.i (i) sgn(e;) + Z#i 0;.i (i) sgn(ej). By condition
2 of the statement of the theorern(e;) is maximized when sgij) = sgn() for all j # i. Hence
h(ei) < sgne) Zj 0;.i(e)) = 0, where the last equaity follows from condition 1 of the theorem. Hence
dD/dt < 0, and this suffices to show that the fixed point is stable.

We now consider the technical problem of definoh®/dt whenej(t) = 0 for somei. Since we are
interested in the forward progress of the system, it is sufficient to consider the upper right-hand derivatives
of ¢. (See, for instance, [23, p. 16].) That is, we may define

dial| _ . la)
dt =, totg t—1o

and similarly ford D/dt. Note that this choice has the following propertyziitt) = 0, then =1 d'e' ‘ >0,

as it intuitively should be. The above proof applies unchanged with this deflnltlcdmﬂt W|th the
understanding that with regard to the sgn function the ease 0 includes the case wheeg = 0 and
dej /dt > 0, and similarly the casg < 0 includes the case whetg= 0 andde¢; /dt < 0. [ ]

It is simple to check that the conditions of Theorem 8 hold for several of the systems we have studied.
Hence we immediately have the following corollary:

Corollary 9 The limiting systems for the following systems have stable fixed points: gamma distributed
service times with aware customers (Section 3), customer types (Section 4.1), and bounded buffers (Sec-
tion 4.3).

Proof: We consider only the system with customer types described in Section 4.1 and whose behavior is
given by equation (3), as the argument is entirely similar for the other models stated.
With the substitutiorr; = 5 — 7, equation (3) becomes

de;

dt
(Note that all terms without somg factor sum to O by definition of the fixed point.)

Condition 1 of Theorem 8 clearly holds from equation (5). Condition 2 is also easily checked— note that

sgnej_1 = sgr(kei271+2)»m_1ei_1) over the appropriate interval. Hence the conditions of Theorem 8 hold,
proving the corollary. [

= —2)pmi€i — APe? — A1 — P)ei — € + 2umi 161+ A +A(L— Peir1+ i1 (B)

A simple generalization of Theorem 8 allows us to prove convergence, using a weighted form of the
potential function as in Theorem 4.

12



Theorem 10 Suppose we are given a system/dt = > g j(¢;), and suppose also that there exists an
increasing sequence of real numbers (with wg = 0) and a positive constar#t such that thew; and the
functions g satisfy the following conditions:

1. sgnx) Zj w;jg,i (X) < —dwj|x| for x € [—mi, 1 — mi];
2. foralli # j, sgn(g;,i (X)) = sgnx) for x € [—mj, 1 — mj].

Then for®(t) = Y72, wilei(t)|, we have that d/dt < —§®, and hence from any initial point where
> i wilei| < oo the process converges exponentially to the fixed point idistance.

Proof: We group the terms ig; from d®/dt as in Theorem 8. By the assumptions of the theorem, the sum
of all the terms involving; is at most—Swi |¢j|. We may conclude that®/dt < —§®(t) and henceb(t)
converges exponentially to 0. Also, note that we may assume without loss of generaliiy; that, since

we may scale tha;. Hence we may také (t) to be larger than thé1-distance to the fixed poirid(t), and

thus the process converges exponentially to the fixed poibi-distance. [

Proving convergence thus reduces to showing that a suitable sequence of wegggttsfying Condition
1 of Theorem 10 exist, which is quite often straightforward. In fact, Theorem 10 applies directly to several
of the models we have mentioned. For these models we will assume, as in Theorem 4, that in our intial state
there exists an upper bound on the initial queue size, to guarantee that the system begins in a well-defined
state.

Corollary 11 The limiting systems for the following systems converge exponentially to their fixed points:
gamma distributed service times with aware customers (Section 3), customer types (Section 4.1), and
bounded buffers (Section 4.3).

Proof. Again we consider only the system with customer types given by equation (3), as the argument for
other models is similar. That Condition 2 of Theorem 10 holds was shown in Corollary 9. Hence we need
only show that & and a sequence; that satisfies Condtion 1 of Theorem 10 exist. Wewsgt= 0 and
w1 = 1 and show how to define the othey and thes accordingly.

Using equation (5), Condition 1 of Theorem 10 becomes the following:

sgnei) [wi+1(2rpmi€i + Ape?) — wi (2Ami€i + re? + A(L— P)ei + €) + wi_1(A(1 — P)ei +e)] = —dwilel

As |€i| = sgn(ej)ei, and the condition trivially holds & = 0, we may divide through bjg; | to restate the
condition as
(wi —wi—1)(L+ A1 - p)) + @rp7mi + APei) (Wi — wit1) > Swj ;

or, using the fact that;| < 1,

wi(1+A(1—p)—§8) —wi-1(1+212(1—p)
Ap2r; + 1) '

Wiyl < wj +

It is simple to check inductively that one can choose an increasing sequengdstarting withwg =
0, w1 = 1) and & such that thew; satisfy the above restriction. For example, we break the terms up into
two subsequences. The first subsequence consistswof alich thatr; satisfiesip(2r; + 1) > iz* For

thesei we can choose 1 = wj + wid=d)-wi-1 Bacause this subsequence has only finitely many terms,
we can choose a suitably smalso that this sequence is increasing. For sufficiently largee must have

Ap2ri +1) < B2 < 1, and for thesé we may setw; 1 = w; 4 24 (1“(1’p)"sl);f(”“l’p))w“l. This
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Figure 4: Weak and strong threshold models. A customer rechooses if and only if they would start behind
the dashed line. In the weak model, the customer jumps to a second server, and may go to a longer line (2).
In the strong model, the customer goes to the shorter of the two lines (1).

simple recurrence for the; is easily solved and clearly increasing for suitably srdialHence, by taking a
8 small enough, both sequencesugfwill be increasing.

Technically, we should choose a sequencep§o that the the correspondir®(0) = > 72, wilei (0)]
is finite. We can easily modify the tail of the; sequence above so that it is dominated by a geometrically
increasing sequence, where the ratio of successive terms is less/thati we assume that in the initial
states; (0) = O for somej, thene; is eventually dominated by geometric series where the ratio of successive
terms is at most. Hence we may find a suitable sequencevptuch thaty >, wile; (0)] is finite. From
this it is clear that the conditions of Theorem 10 holds, proving the corollary. ]

For the closed model and the model with unaware customers, Theorems 8 and 10 do not immediately
apply. However, the technique of examining the terms in eadeparately can still prove effective; for
example, it can be used to prove that the fixed point for the closed model given by the equations (4) is stable.

5 Threshold models

In practice, it may often be more efficient not to give all customers several choices, as each choice may have
a corresponding cost (for example, a cost corresponding to communication). A threshold system reduces the
number of choices by only allowing a customer a second random choice if the load at its first choice exceeds
a fixed threshold. The customer begins by choosing a single queue uniformly at random: if the queue length
at this first choice (excluding the incoming customer) is at mgshe customer queues there; otherwise, the
customer chooses a second queue uniformly at random (with replacement). Two variations are now possible.
In the weak threshold modethe customer waits at the second queue, regardless of whether it is longer or
shorter than the first. In th&trong threshold modgthe customer queues at the shorter of its two choices.
(See Figure 4.) One could also expand both models so that a customer has several successive choices, with
a different threshold set for each choice, up to any fixed number of choices; here we model only the case
where a customer has at most two choices. Although threshold systems have been shown to perform well in
practice [7, 18, 35], our results distinguishing these two models are new.

5.1 Limiting systems

We consider the limiting system for the weak threshold model. The rate at which a queue changes size
depends on whether it has more or fewer thatustomers. We first calculaﬁ inthecase < T + 1. Let
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pi = S — S+1 be the fraction of queues with exactlycustomers. An arriving customer becomesittie
customer in a queue if one of two events happen: either its first choide-hagsustomers, or its first choice
hasT + 1 or more customers and its second choiceihad customers. Hence over a time interdalthe
expected number of jumps from queues of $izel toi is An(pi_1 + Sry1pi—1). Similarly, the expected
number of jumps from queues of sizeoi — 1 isnpdt. Hence we find

ds :
Tl APi-1+Sr41Pi-1) — pi, i <T+1 or
ds .
S = Msa-S)(I+sr) — (-840, i ST+ (6)
The case where> T + 1 can be calculated similarly, yielding
ds ,
a9 = eSSt (S-S, T>TH1L (7)

We now determine the fixed point. As usuah = 1 and, because at the fixed point the rate at which
customers arrive must equal the rate at which they leave; A. In this case we also need to find the value
of 7141 to be able to calculate further valuesmt Using the fact tha!‘;,—st = 0 at the fixed point yields that
for2<i<T+1,

mi = mwi—1 — A(mi—2 — mi—) (L + w740). (8)
Recursively plugging in, we find
A=A+ 77N = 1]
QA+rrir—1

Given the threshold’, w11 can be computed effectively by finding the unique root between 0 and 1 of the
above equation. (The root is unique as the left hand side is increasinyg. i while the right hand side is
decreasing inrT41.) Note that in this system the; do notdecrease doubly exponentially, although they
can decrease very quicklyfr 1 is sufficiently small.

The strong threshold model is given by the following differential equations:

ds

Tr41=1-

a9t = AMS-_1—S)(A+Sr41) —(S—S41), i =T+ 1; 9)
ds .
d—‘:f = ML, - (5 -S4, i >T+1 (10)

As equations (6) and (9) are the same, thre recurrence (8) also holds for the fixed point of the strong
threshold system, sor ., ; for the strong threshold system is calculated similarly.

For small thresholds, the behavior of this system is very similar to that of the supermarket system, as has
been noted empirically previously in [7] and [35]. In fact, the strong threshold model is double exponentially
decreasing.

Lemma 12 The fixed point for the strong threshold model decreases doubly exponentially.

Proof: To show that the fixed point decreases doubly exponentially, we note that it is sufficient to show that
TT4j41 = An-%H for all j > 1, from which the lemma follows by a simple induction. Moreover, to prove

thatrzryj1 = Ax%,; forall j > 1, itis sufficient to show thatr,» = AxZ,,. That this is sufficient
follows from equation (10) and the fact th% = 0 at the fixed point, from which we obtain

2 2
)\.7Ti_1 — T = )\.7Ti — TTi+1
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fori >T +2.
Hence, to prove the lemma, we now need only showsthab = krr%ﬂ. From equation (9) we have

aT42 = 7141 — AT — w740 (A +7740),

which can be written in the form
7TT+2—)\7T%+1 = A+Mrr41—AA+ w1077, (11)

We show that the right hand side of equation (11) is O.
The recurrence (8) yields that

AMraio—m_)A+ 77101 =71 — 7.

Summing the left and right hand sides of the above equation for all valueis ¢fie range 2<i < T + 1
yields
AMl—mr)A+ 7741 = A — 7741,
or more conveniently,
AMl+mri)nr = A+ )14

Hence the right hand side of equation (11) is 0 and the lemma is proved. [

5.2 Convergence and stability

For the strong threshold model, we can show that the infinite system converges exponentially to the fixed
point, as we have done for the supermarket model. Unfortunately, for the weak threshold model, we have
only been able to prove stability. We present both proofs here, beginning with the stability of the weak
model.

It is convenient to write the derivativelk; /dt obtained from equations (6) and (7) in the following form:

de; .

d_tl = Mei—1— €)X+ mr41) — (6 — €i41) + AeT41(S-1—S), | <T+1; (12)
de; .

d—t' = A(€i—1—€)mre1 — (6 — €i41) + reT1(S-1—S), | >T+1 (13)

Notice that we have made all the terms appear lineat loy leaving terms of the former1(5_1 — §)
unexpanded.

Theorem 13 The fixed point of the weak threshold model is stable.

Proof: We shall assume thg are non-zero; the cagse= 0 can be handled as in Theorem 8. We examine the
potential function given by thé ;-distanceD(t) = > 72 |€i ()|, and show tha% < 0. Asin Theorem 8
we collect all terms with a factor af. Fori # T + 1, it is simple to verify that all terms are linear ép,

and that the coefficient of sum of all such terms is at most 0. For example £of + 1, the sum of the
terms ingj is

(=2 + r741) — D€ sgn(ei) + AL+ mry1)€ SQN(€i+1) + € SOnei—1),

which is at most 0. The case> T + 1 is similarly straightforward.
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The only difficulty arises in thet, 1 term. Note the different form of the first expression on the right
hand side of (12) and (13) : one has a factotef 1, and one has a factor ofg 71, 1. Hence, in gathering
the terms iret, 1, we have the following sum:

(A + 7141 — Derr1Sgnier41) + Amri1€741SQMET12)

o0
+er1SgNn(eT) + €741 Z)\(Sj —1—§) sgnj).
=1
Let us suppose thatr, e741, ander o are all strictly positive; all other cases are similar. Then the
above summation reduces to

o
—A€T41+ €741 Z A(Sj—1 — §) sgn(ej).
j=1
The largest value the second expression can take is whég sga 1 for all j, in which case it ik 1.
Hence, regardless of the signs of the remainingve find that the coefficient of the sum of the terms in
€141 is also at most 0. [

For the weak threshold model, proving convergence to the fixed point appears possible using the tech-
nique of [33], although their methods do not appear to provide bounds on the rate of covergence. (Note that
stability does not imply convergence, nor does convergence imply our strong notion of stability, namely that
the L, distance is non-increasing.)

We can, however, show that the strong threshold model does converge exponentially. As in Theorem 13,
it will help us to rewrite the derivative%ﬁi for the infinite system of the strong threshold model obtained
from the equations (9) and (10) in the following form:

de; .

d_tl = Mei—1— €))L+ m141) — (6§ —€41) +AeT2(S_1—S), | <T+1; (14)
de; .

d_tl = k(eiz_l + 2mi_1€i_1 — eiz — 2mi€i) — (6§ —€41), | > T+ 1. (15)

Theorem 14 The strong threshold model converges exponentially to its fixed point from any initial state
where there exists a k such that® = 0.

Proof: We shall find an increasing sequenegands > 0 such that forb(t) = >, wilei(t)], we have
d®/dt = —§®. As in Theorem 10, the proof will depend on finding a sequancsuch that the terms of
dd/dt in ¢ sum to at most-Swi|¢i|. In fact, any sequence satisfying

wi(1—98) —wj_1

i < i o T+1 16

v = T T A ) = (10)
wi(1—96) —wj_1 .

i < i , 1 >T+1 17

Wi+l = wj+ )\,(14—271') I = + ( )

will suffice, and it is easy to verify that such sequences exist, as in Theorem 10. That this condition suffices
can be easily checked by grouping all theerms from equations (14) and (15) for gllexceptet,1. The
difficulty for the et 11 terms lies in the extraneoust,1(S_1 — S) terms in equation (14).

We now bound the sum of the termsen, ;. We consider here only the case wheresglire positive;
other cases are similar. The sum of all the termsriny is

(—2(A+ 141) — DwryreT+189N€eT+1) + 22141 + €T41)WTH2€6T41 SON(€TH2) +
T4+1

WTET11SON(€T) + €741 Z wjA(Sj—1 — §) SAN(€j).
i—1
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If all ¢ are positive this reduces to

T+1

(A4 77141) — Dwrprer41 + A(277 41 + €T4D)WT 26T 41 + WTETH1 + €T41 Z wjA(S-1— §).
=1

As thew; are increasing, the terey 1 Zjlel wjA(Sj—1 — §j) can be bounded above by

T41
€T+1 Z WT+1A(§ -1 — §) = erpawT 1A (L — w141 — €742).
=1

Hence the sum of the terms i ; is bounded above by

(A (2111 +em41) — Dwrirer41 +A2rT41 + €T WT426T41 + WTET 41,

and it is easily checked that equation (17) is sufficient to guarantee that this sum is atdngstier 1.

Finally, we note that we may choose the so that they are eventually dominated by a geometric se-
ries, as in Theorem 10. Since the tail of the fixed point for the strong threshold model decreases doubly
exponentially by Lemma 12, we have

00 k 00
0 =) wilei| =Y wile|+ Y wim
i=1 i=1 i=k

is finite. [ ]

5.3 Simulations of threshold schemes

We first demonstrate the accuracy of the differential equations in describing system behavior. We consider
the weak threshold scheme of Section 5 (where customers who make a second choice always queue at their
second choice) with 100 queues at various arrival rates in Table 2. As before, simulations were done for
100,000 units of time with the first 10,000 thrown out for calculation purposes. For arrival rates up to 95% of
the service rate, the predictions are within approximately 2% of the simulation results; with smaller arrival
rates, the prediction is even more accurate. These results again demonstrates the accuracy of this approach.
We also compare the strong threshold scheme and the weak threshold scheme to the standard super-
market model where each customer always has two choices. Since the performance of the weak threshold
scheme depends on the threshold chosen, we graph the best choice and second best choice for specific ar-
rival ratesi. (Note the strong threshold scheme with the threshold set to O is equivalent to the supermarket
model.) As one might expect, threshold schemes do not perform as well as the supermarket model (See
Figure 5). It is worth noting, however, that even the weak threshold scheme performs almost as well for
reasonable arrival rates (say< 0.9), despite the proven difference in the behavior of the tails (exponen-
tial versus doubly exponential dropoff). In many applications threshold schemes may be suitable, or even
preferable, because they reduce the overall amount of communication that is necessary. Even though the
threshold must be chosen appropriately to match the load, small thresholds are adequate over a large range
of arrival rates.

6 Concluding remarks

We have demonstrated techniques for studying large decentralized systems that use simple, effective load
balancing strategies, based on analyzing the corresponding infinite system. We have applied our methods
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| 1 | Threshold| Simulation| Prediction| Relative Error (%)|

0.50 0 1.3360 1.3333 0.2025
1 1.4457 1.4444 0.0900
0.70 0 1.9635 1.9608 0.1377
1 1.8144 1.8074 0.3873
2 2.0150 2.0109 0.2039
0.80 0 2.7868 2.7778 0.3240
1 2.2493 2.2346 0.6578
2 2.3518 2.3387 0.5601
0.90 1 3.5322 3.4931 1.1194
2 3.1497 3.1067 1.3841
3 3.2903 3.2580 0.9914
0.95 2 4.5767 4.4464 2.9305
3 4.2434 4.1274 2.8105
4 4.3929 4.3061 2.0158
0.99 4 8.1969 7.4323 10.2875
5 7.5253 6.8674 9.5800
6 7.6375 6.9369 10.0996

Table 2: Simulations versus estimates for the weak threshold model: 100 queues.
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Figure 5: Comparison of the threshold models with two choices.
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to the supermarket model and several variations, including the case of fixed service times and threshold
systems. Besides allowing an analysis of these systems, our work demonstrates that there are important
behavioral differences between systems where customers have one choice and systems where they have
more than one choice. In particular, we have shown that using two choices can lead to an exponential
improvement in the expected time in the system over using one choice; using more choices leads to much
less substantial improvements.

Extrapolating from our results, we believe that the paradigm of using load information from a small
random sample of possible destinations will prove effective in many load balancing scenarios. Indeed, the
effectiveness of this general approach has been noted recently in practical load balancing scenarios [30] as
well as for load profiling in real-time systems [6].

Although our methodology has been successful for several models, there remain several open questions.
We conjecture that the closed model and the weak threshold model converge exponentially, although a proof
appears to require different techniques than given here. The problem of analyzing the behavior of these
simple randomized strategies on small systems and systems with fixed network topologies also appears to
lie outside the range of our techniques. Finally, it would be interesting to test the performance of these
methods in the context of more complex service and arrival distributions, such as heavy-tailed distributions.
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A From infinite to finite: Kurtz’'s theorem

In this section, we briefly describe the formal theory that connects the limiting system with systems of finite
size, based on the work of Kurtz. As even stating an appropriate theorem requires a great deal of background
and notation, we here provide only an informal argument; further explication with regard to load balancing
problems is available in [28] or [33]; more general works covering the appropriat theory include [10, 31].
The supermarket model is an example ofeasity dependent family of jump Markov processdsrmally,

such a family is a one parameter family of Markov processes, where the parangesponds to the

total population size (or, in some cases, area or volume). The states can be normalized and interpreted
as measuring population densities, so that the transition rates depend only on these densities. As we have
seen in Section 2.1, for the supermarket model the transition rates between states depend only upon the
densitiess. Hence the supermarket model fits our informal definition of a density dependent family. The
limiting system corresponding to a density dependent family is the limiting model as the population size
grows arbitrarily large.

Kurtz’s work provides a basis for relating the limiting system for a density dependent family to the
corresponding finite systems. Essentially, Kurtz’'s theorem provides a law of large numbers and Chernoff-
like bounds for density dependent families. The primary differences between the limiting system and the
finite system are:

e The limiting system is deterministic; the finite system is random.
e The limiting system is continuous; the finite system has jump sizes that are discrete values.

Imagine starting both systems from the same point for a small period of time. Since the jump rates for
both processes are initially the same, they will have nearly the same behavior. Now suppose that if two
points are close in the infinite dimensional space then their transition rates are also close; this is called the
Lipschitz conditionand it is a precondition for Kurtz's theorem. Then even after the two processes separate,
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if they remain close, they will still have nearly the same behavior. Continuing this process inductively over
time, we can bound how far the processes separate over any intervl [0

The following theorem, which we state without proof, is derived from an application of Kurtz’'s results
to the finite supermarket model to obtain bounds on the expected time a customer spends in the system.

Theorem 15 For any fixed T, the expected time a customer spends in an initially empty supermarket system
of size n over the intervgD, T] is bounded above by

o0 .
d'—d
Zxﬁ + o(1),

i=1
where the ¢1) is understood as > co and may depend on T. [

Theo(1) term in Theorem 15 is the correction for the finite system, while the main term is the expected time
in the limiting system from Corollary 6.

Of course, similar theorems bounding the deviation of the infinite and finite processes hold for the other
systems we have studied as well. Essentially, whenever the limiting system converges to a fixed point, the
equilibrium distribution of the corresponding finite system is concentrated around the fixed point. Hence
the fixed point may be used to give good approximations for such quantities as the average time a customer
spends in the system. The discrepancy between the finite and limiting system is gem@yallg practice,
as we have seen, for load balancing problem the discrepancy is small even when the number of gueues
relatively small.
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