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Authors’ Abstract

We show how to specify components of concurrent systems. The speci-
fication of a system is the conjunction of its components’ specifications.
Properties of the system are proved by reasoning about its components.
We consider both the decomposition of a given system into parts, and the
composition of given parts to form a system.
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1 Introduction

Large systems are built from smaller parts. We present a method for deduc-
ing properties of a system by reasoning about its components. We show how
to represent an individual component II; by a formula S; so that the parallel
composition usually denoted cobegin Il || ... ||Il, coend is represented
by the formula S; A ... A S,,. Composition is conjunction.

We reduce composition to conjunction not for the sake of elegance, but
because it is the best way we know to prove properties of composite systems.
Rigorous reasoning requires logic, and hence a language of logical formulas.
It does not require a conventional programming language for describing sys-
tems. We find it most convenient to regard programs and circuit descriptions
as low-level specifications, and to represent them in the same logic used for
higher-level specifications. The logic we use is TLA, the Temporal Logic of
Actions [14]. We do not discuss here the important problem of translating
from a low-level TLA specification to an implementation in a conventional
language.

The idea of representing concurrent programs and their specifications
as formulas in a temporal logic was first proposed by Pnueli [18]. It was
later observed that, if specifications allow “stuttering” steps that leave the
state unchanged, then S; = S}, asserts that S; implements S, [12]. Hence,
proving that a lower-level specification implements a higher-level one was
reduced to proving a formula in the logic. Still later, it was noticed that the
formula dz : S specifies the same system as S except with the variable x
hidden [1, 13], and variable hiding became logical quantification. The idea
of composition as conjunction has also been suggested [4, 5, 21], but our
method for reducing composition to conjunction is new.

To deduce useful properties of a component, we must specify its envi-
ronment. No component will exhibit its intended behavior in the presence
of a sufficiently hostile environment. For example, a combinational circuit
will not produce an output in the intended range if some input line, instead
of having a 0 or a 1, has an improper voltage level of 1/2. The specification
of the circuit’s environment must rule out such improper inputs.

How we reason about a composite system depends on how it was formed.
Composite specifications arise in two ways: by decomposing a given system
into smaller parts, and by composing given parts to form a larger system.
These two situations call for two methods of writing component specifica-
tions that differ in their treatment of the environment. This difference in
turn leads to different proof rules.



When decomposing a specification, the environment of each component
is assumed to be the other components, and is usually left implicit. To
reason about a component, we must state what we are assuming about its
environment, and then prove that this assumption is satisfied by the other
components. The Decomposition Theorem of Section 4 provides the needed
proof rule. It reduces the verification of a complex, low-level system to
proving properties of a higher-level specification and properties of one low-
level component at a time. Decomposing proofs in this way allows us to
apply decision procedures to verifications that hitherto required completely
hand-guided proofs [11].

When specifying a reusable component, without knowing precisely where
it will be used, we must make explicit what it assumes of its environment.
We therefore assert that the component satisfies a guarantee M only as long
as its environment satisfies an assumption F. This assumption/guarantee
property [10] is denoted E > M. To show that a composition of reusable
components satisfies a specification S, we must prove a formula of the form
(Ey & M) A...A(E, T M,) = S, where S may again be an assump-
tion/guarantee property. We prove such a formula with the Composition
Theorem of Section 5. This theorem allows us to reason about assump-
tion/guarantee specifications using well-established, effective methods for
reasoning about specifications of complete systems.

In the following section, we examine the issues that arise in decomposi-
tion and composition. Qur discussion is informal, because we wish to show
that these issues are fundamental, not artifacts of a particular formalism.
We treat these topics formally in Sections 4 and 5. Section 3 covers the
formal preliminaries. A comparison with related work appears in the con-
clusion. Proofs are relegated to the appendix.

2 An Informal Overview

2.1 Decomposing Complete Systems

A complete system is one that is self-contained; it may be observed, but
it does not interact with the observer. A program is a complete system,
provided we model inputs as being generated nondeterministically by the
program itself.

As a tiny example of a complete system, consider the following program,
written in an informal programming-language notation in which statements
within angle brackets are executed atomically.



Program GCD
var « initially 233344, b initially 233577899
cobegin loop (if @ > b then a:=a —b ) endloop

loop (if b > a then b:=b — a ) endloop coend

Program GCD satisfies the correctness property that eventually a and b
become and remain equal to the ged of 233344 and 233577899. We make
no distinction between programs and properties, writing them all as TLA
formulas. If formula Mgy.4 represents program GCD and formula P.q rep-
resents the correctness property, then the program implements the property
iff (if and only if) M,.q implies P,q. Thus, correctness of program GCD is
verified by proving My.q = Pyed.

In hierarchical development, one decomposes the specification of a sys-
tem into specifications of its parts. As explained in Section 4, the specifica-
tion Myeq of program GCD can be written as M, A My, where M, asserts
that a initially equals 233344 and is repeatedly decremented by the value of
b whenever a > b, and where My is analogous. The formulas M, and M, are
the specifications of two processes 11, and II;. We can write 11, and II; as

Process 11, Process II;

output var « initially 233344 ; output var b initially 233577899;
input var b; input var «;

loop (ifa > bthena:=a—b) loop (if b > athenb:=b—-a)
endloop endloop

One decomposes a specification in order to refine the components sep-
arately. We can refine the GCD program, to remove simultaneous atomic
accesses to both a and b, by refining process I, to

Process 11!

output var « initially 233344 ;

internal var ai;

input var b;

loop (ai:=1b); if (a > ai) then (a:=a — ai) endloop

and refining Il to the analogous process I1}.

The composition of processes II', and Hé correctly implements program
GCD. This is expressed in TLA by the assertion that M! A Mé implies
M, A My, where M! and M} are the formulas representing I1}, and TI..



We would like to decompose the proof of M! /\Mé = M, A M, into proofs
of M} = M, and M} = M,. These proofs would show that II! implements
I1, and Hé implements II;.

Unfortunately, IT} does not implement II, because, in the absence of
assumptions about when its input b can change, II! can behave in ways
that process 1I, cannot. Process II, can decrement a only by the current
value of b, but I} can decrement a by a previous value of b if b changes
between the assignment to ai and the assignment to a. Similarly, Hé does
not implement 1I,.

Process II', does correctly implement process II, in a context in which
b does not change when a > b. This is expressed in TLA by the formula
E, A MUZL = M,, where F, asserts that b does not change when a > b.
Similarly, Ej A Mé = M, holds, for the analogous F3. The Decomposition
Theorem of Section 4.3 allows us to deduce Mé A Mé = M, N M from
approximately the following hypotheses:

E, N M. = M,
Ey A M} = M, (1)
M, ANM, = E, N E

The third hypothesis holds because the composition of processes I, and 11,
does not allow @ to change when b > a or b to change when a > b.

Observe that F, asserts only the property of Hé needed to guarantee that
ITY implements II,. In a more complicated example, F, will be significantly
simpler than Mé, the full specification of Hlb. Verifying these hypotheses will
therefore be easier than proving M. A Mé = M, A M, directly, since this
proof requires reasoning about the specification M! A Mé of the complete
low-level program.

One cannot really deduce M! A Mé = M, A M, from the hypotheses
(1). For example, (1) is trivially satisfied if F,, Fy, M,, and M, all equal
false; but we cannot deduce M. A M} = false for arbitrary M! and M}. The
precise hypotheses of the Decomposition Theorem are more complicated,
and we must develop a number of formal concepts in order to state them.
We also develop results that allow us to discharge these more complicated
hypotheses by proving conditions essentially as simple as (1).

2.2 Composing Open Systems

An open system is one that interacts with an environment it does not control.
In our examples, we consider systems that communicate by using a standard



initial 37 37 4 4 19

state sent acked sent acked sent
c.ack: 0 0 1 1 0 0
c.51g: 0 1 1 0 0 1
c.val: - 37 37 4 4 19

Figure 1: The two-phase handshake protocol for a channel c.

1.snd o.snd
—_— —

) Queue

1.ack o.ack
- [————

Figure 2: A queue.

two-phase handshake protocol [15] to send values over channels. The state
of a channel ¢ is described by three components: the value c.val that is
being sent, and two bits c.sig and c.ack used for synchronization. We let
c.snd denote the pair (c.sig, c.val). Figure 1 shows the sequence of states
assumed in sending the sequence of values 37, 4, 19, .... The channel
is ready to send when c.sig = c.ack. A value v is sent by setting c.val
to v and complementing c.sig. Receipt of the value is acknowledged by
complementing c.ack.

We consider an N-element queue with input channel ¢ and output chan-
nel o. It is depicted in Figure 2. To describe the queue, we introduce the
following notation for finite sequences: |p| denotes the length of sequence p,
which equals 0 if p is empty; Head(p) and Tail(p) as usual denote the head
(first element) and the tail of sequence p, if p is nonempty; and por denotes
the concatenation of sequences p and 7. Angle brackets are used to form
sequences, so () denotes the empty sequence and (e) denotes the sequence
with e as its only element. With this notation, the queue can be written as
in Figure 3.

Let QM be the TLA formula that represents this queue process. It might
seem natural to take QM as the specification of the queue. However, this
specification would be difficult or impossible to implement because it states
that the queue behaves properly even if the environment does not obey
the communication protocol. For example, in a lower-level implementation,
reading the input o.ack and setting the outputs o.sig and o.val would be
separate actions. If the environment changed o.ack between these actions,



Process Queue:
output var i.ack, o.sig initially 0,
o.val;
internal var ¢ initially ();
input var 1i.sig, i.val, o.ack;
cobegin if (i.ack # i.sig) A (Jg| < N)
loop then ¢:= qo (i.val); endloop
t.ack =1 — i.ack
|

if (o.ack = o.sig) A (|q] > 0)
then o.val := head(q);
q := tail(q);
0.5t .= 1 — 0.s1g

loop endloop

coend

Figure 3: A queue process.

the implementation could violate the requirement that it change o.val only
when o.ack = o.sig. This problem is not an artifact of our particular rep-
resentation of the queue; actual hardware implementations of a queue can
enter metastable states, consequently producing bizarre, unpredictable be-
havior, if their inputs are changed when they are not supposed to be [15].

A specification of the queue should allow executions in which the queue
performs correctly; it should not rule out bad behavior of the queue caused
by the environment performing incorrectly. Such a specification can be writ-
ten in the assumption/guarantee style, a generalization of the traditional
pre/post-condition style for sequential programs. An assumption/guarantee
specification asserts that the system provides a guarantee M if its environ-
ment satisfies an assumption E. For the queue, M is the formula QM and
F asserts that the environment obeys the communication protocol.

It is not obvious how to reason about the composition of systems de-
scribed by assumption/guarantee specifications. The basic problem is illus-
trated by the simple case of two systems, one guaranteeing M. assuming My,
and the other guaranteeing My assuming M.. Since each system guarantees
to satisfy the other’s environment assumption, we would like to conclude
that their composition implements the specification M. A My uncondition-
ally, with no environment assumption. Can we? We attempt to answer this
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System System

Figure 4: A simple example.
question by considering two simple examples, based on Figure 4.
In the first example:
e MY asserts that ¢ always equals 0.
e MY? asserts that d always equals 0.

We can implement these specifications with the following two processes.

Process II. Process 11,

output var c initially 0; output var d initially 0;
input var d; input var c;

loop (c:=d) endloop loop (d:= ¢) endloop

Process Il. guarantees M? assuming MY, and process Il; guarantees M}
assuming M?. Clearly, their composition leaves ¢ and d unchanged, so it
implements M9 A MJ.

In the second example:

e M! asserts that ¢ eventually equals 1.
e M} asserts that d eventually equals 1.

The same processes Il and II; implement the specifications in this case too;
Process Il. guarantees M. assuming M}, and process Il; guarantees M}
assuming M!. However, since their composition leaves ¢ and d unchanged,
it does not implement M! A M}].

Our conclusion in the first example does not depend on the particu-
lar choice of processes Il. and II;. We can deduce directly from the as-
sumption/guarantee specifications that the composition must implement
M2 A MY, because the first process to change its output variable would
violate its guarantee before its assumption had been violated. This argu-
ment does not apply to the second example, because violating M} and M}



are sins of omission that do not occur at any particular instant. A property
that can be made false only by being violated at some instant is called a
safety property [6]. As the examples suggest, reasoning about the composi-
tion of assumption/guarantee specifications is easiest when assumptions are
safety properties.

The argument that the composition should implement M2 A MY in the
first example rests on the requirement that a process maintains its guarantee
until after the environment violates its assumption. In other words, we
interpret the assumption/guarantee specification as an assertion that the
guarantee M can become false only after the assumption F becomes false.
We write this assertion as the formula £ > M. Section 5 discusses this
form of specification.

Our rules for reasoning about the composition of assumption/guarantee
specifications are embodied in the Composition Theorem of Section 5.2.
With the Composition Theorem, we can prove that the conjunction of the
assumption/guarantee specifications M2 > M9 and M? *> M? implies
M2 A MY. We can also prove more substantial results—for example, that
the composition of queues implements a larger queue. Verifying the hy-
potheses of the theorem requires reasoning only about complete systems,
so the theorem allows us to handle assumption/guarantee specifications as
easily as complete-system specifications.

3 Preliminaries

3.1 TLA
3.1.1 Review of the Syntax and Semantics

A state is an assignment of values to variables. (Technically, our variables
are the “flexible” variables of temporal logic that correspond to the variables
of programming languages; they are distinct from the variables of first-order
logic.) A behavior is an infinite sequence of states. Semantically, a TLA
formula [ is true or false of a behavior; we say that F' is wvalid, and write
E F, iff it is true of every behavior. Syntactically, TLA formulas are built
up from state functions using Boolean operators (=, A, V, = [implication],
and = [equivalence|) and the operators ’, O, and 3, as described below.

A state function is like an expression in a programming language. Se-
mantically, it assigns a value to each state—for example 3 + z assigns to
state s three plus the value of the variable  in s. A state predicate is a



Boolean-valued state function. An action is a Boolean-valued expression
containing primed and unprimed variables. Semantically, an action is true
or false of a pair of states, with primed variables referring to the second
state—for example,  + 1 > ¢’ is true for (s, ¢) iff the value of @ + 1 in s
is greater than the value of y in . A pair of states satisfying action A is
called an A step. We say that A is enabled in state s iff there exists a state
t such that (s, t) is an A step. We write f’ for the expression obtained by
priming all the variables of the state function f, and [A]; for AV (f' = f),
so an [A]s step is either an A step or a step that leaves f unchanged.

As usual in temporal logic, if F' is a formula then OF is a formula that
means that F’ is always true. Using O and “enabled” predicates, we can
define fairness operators WE and SF. The weak fairness formula WF, (A)
asserts of a behavior that either there are infinitely many A steps that change
v, or there are infinitely many states in which such steps are not enabled.
The strong fairness formula SF,(A) asserts that either there are infinitely
many A steps that change v, or there are only finitely many states in which
such steps are enabled.

The formula Jz : F essentially means that there is some way of choosing
a sequence of values for z such that the temporal formula F' holds. We think
of Az : F as “F with z hidden” and call x an internal variable of 3z : F. If
x is a tuple of variables (21, ..., 21), we write dz : F for Jaq ;... Jay @ F.

The standard way of specifying a system in TLA is with a formula in
the “canonical form” 3a : Init AQ[N], A L, where Init is a predicate and L
a conjunction of fairness conditions. This formula asserts that there exists
a sequence of values for z such that Init is true for the initial state, every
step of the behavior is an A step or leaves the state function v unchanged,
and L holds. For example, the specification M4 of the complete high-level
GCD program is written in canonical form by taking!

Init = (a=233344) A (b = 233577899)
N 2 Vva>b A(d=a—-b) A (b =0)
Vib>a) A (0 =b—a) A (d =a) (2)
v = (a,b)
L = WF,W)

Intuitively, a variable represents some part of the universe and a behavior

'We let a list of formulas bulleted with A or V denote the conjunction or disjunction
of the formulas, using indentation to eliminate parentheses. We also let = have lower
precedence than the other Boolean operators.



represents a possible complete history of the universe. A system II is repre-
sented by a TLA formula M that is true for precisely those behaviors that
represent histories in which II is running. We make no formal distinction
between systems, specifications, and properties; they are all represented by
TLA formulas, which we usually call specifications.

3.1.2 Interleaving and Noninterleaving Representations

When representing a history of the universe as a behavior, we can describe
concurrent changes to two objects € and 1 either by a single simultaneous
change to the corresponding variables & and y, or by separate changes to z
and y in some order. If the changes to £ and v are directly linked, then it
is usually most convenient to describe their concurrent change by a single
change to both  and y. However, if the changes are independent, then we
are free to choose whether or not to allow simultaneous changes to z and y.
An interleaving representation is one in which such simultaneous changes
are disallowed.

When changes to € and % are directly linked, we often think of z and
y as output variables of a single component. An interleaving representation
is then one in which simultaneous changes to output variables of different
processes are disallowed. The absence of such simultaneous changes can be
expressed as a TLA formula. For a system with » components in which v,
is the tuple of output variables of component i, interleaving is expressed by
the formula

Disjoint(vi, ..., v.) =\ O[(v] = 0) V (v} = 0))](u,.,)
i#]

We have found that, in TLA, interleaving representations are usually eas-
ier to write and to reason about. Moreover, an interleaving representation
is adequate for reasoning about a system if the system is modeled at a suffi-
ciently fine grain of atomicity. However, TLA also works for noninterleaving
representations.

3.1.3 The Queue Example

We now give a TLA specification of the queue of natural numbers of length
N, which was described informally in Section 2.2 and illustrated in Figure 2.
As in Section 2.2, we write c.snd for the pair (c.sig, c.ack) for a channel ¢;
we also write ¢ for the triple (c.sig, c.ack, c.val).

10
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Figure 5: The complete system of queue plus environment.

A channel is initially ready for sending, so the initial condition on wire
c is the predicate CInit(c) defined by

Chnit(c) = (c.sig= c.ack = 0)

The operations of sending a value v and acknowledging receipt of a value on
channel ¢ are represented by the following Send(v, ¢) and Ack(c) actions.

Send(v, c) 2 Ac.sig = c.ack Ack(c) 2 A c.sig # c.ack
A c.snd = (v, 1 — c.sig) A c.ack! =1 — c.ack
A c.ack! = c.ack A c.snd = c.snd

To represent the queue as a complete system, we add an environment that
sends arbitrary natural numbers over channel ¢ and acknowledges values on
channel o. The resulting complete system is shown in Figure 5.

The TLA formula C'Q) specifying the queue is defined in Figure 6. It has
the canonical form x : Init A O[N], A L, where:

x is the internal variable ¢, which represents the sequence of values received
on the input channel 7 but not yet sent on the output channel o.

Init is written as the conjunction Initgp A Initpy; of initial predicates for
the environment and component. (We arbitrarily consider the initial
conditions on a channel to be part of the sender’s initial predicate.)

N is the disjunction of two actions: Qps, describing the steps taken by
the component, and Qg A (¢’ = ¢), describing steps taken by the
environment (which leave ¢ unchanged). Action Qjy is the disjunction
of actions Fng and Deq. An Fnq step acknowledges receipt of a value
on ¢ and appends the value to ¢; it is enabled only when ¢ has fewer
than N elements. A Deq step removes the first element of ¢ and sends
it on 0. Action Qg is the disjunction of Put, which sends an arbitrary

11



number on channel ¢, and Get, which acknowledges receipt of a number
on channel o.

v is the tuple (i, o, ¢) of all relevant variables.?

L is the weak-fairness condition WF<i7o7q>(QM), which asserts that a com-
ponent step cannot remain forever possible without occurring. It can
be shown that a logically equivalent specification is obtained if this
condition is replaced with WEF; , ov(Eng) A WF; , o (Deq).

Formula C'¢) gives an interleaving representation of a queue; simultaneous
steps by the queue and its environment are not allowed. Moreover, simul-
taneous changes to the two inputs i.snd and o.ack are disallowed, as are
simultaneous changes to the two outputs ¢.ack and o.snd. In Section 4, we
describe a noninterleaving representation of the queue.

3.2 Implementation

A specification M* implies a specification M iff every behavior that satisfies
M also satisfies M, hence proving M! = M shows that the system II
represented by M' implements the system or property II represented by M.
The formula M! = M is proved by applying a handful of simple rules [14].
When M has the form Jx : 1\7, a key step in the proof is finding a refinement

mapping—a tuple of state functions T such that M! implies M\, where M
is the formula obtained by substituting T for z in M. Under reasonable
assumptions, such a refinement mapping exists when M! = Fz : M is
valid [1].

As an example, we show that the system composed of two queues in
series, shown in Figure 7, implements a single larger queue. We first specify
the composite queue. Let Fleq /vy, ..., €,/v,] denote the result of (simulta-
neously) substituting each expression e; for v; in a formula F'. For example,
if Get is defined as in Figure 6, then Get[z/t] equals Ack(o) A (2/ = z). For
any formula F, let

FU 2 Flefo.afq)  FP 2 Flefi g2/q]

In Figure 8, the specification C'D@) of the complete system, consisting of the
double queue and its environment, is defined in terms of the formulas from
Figure 6. We think of the complete system as containing three components:

®Informally, we write (i, o, ¢} for the concatenation of the tuples i, o, and (g).

12



Initg 2 Clnit(7) Environment
Put = (Jv € Nat: Send(v,i)) A (o) = o) Actions
Get = Ack(o) A (i = 1)
Qp = Get Vv Put
Inity; = Clnit(o) A (¢q=()) Component
Fng ENN g < N Actions

A Ack(i) N (¢ = qo (i.val))

ANod=o
Deq = Algl>0

A Send(Head(q),0) N (¢ = Tail(q))

Ad =1
Qv = Eng V Deq
cL = WF(i,o,q)(QM) Complete
ICQ 2 A Iitg A Inity System

Specification
Var A (¢ =q)
A O
vV Qu .
<2707q>

A ICL

cQ = dq: ICQ

Figure 6: The specification C'¢) of the complete queue.
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Figure 7: A complete system containing two queues in series.
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CpDQ = 3Aq, ¢ : ICDQ

{(i,0,2,q1,92)

Figure 8: Specification of the complete double-queue system of Figure 7.

the environment and the two queues. The initial condition is the conjunction
of the initial conditions of each component. The next-state action consists
of three disjuncts, representing actions of each of the three components that
leave other components’ variables unchanged. Finally, we take as the liveness
condition the conjunction of the fairness conditions of the two queues.

We now show that the composite queue implements a (2N + 1)-element
queue. (The “+17 arises because the internal channel z acts as a buffer
element.) The correctness condition is CDQ = C QPN where FIAPT denotes
F[(2N + 1)/N], for any formula F. This is proved by showing ICDQ =

IC QP with the refinement mapping defined by

g = if z.sig=z.ack then ¢ oq
else ¢y 0 (z.val)oq

The formula ICDQ = ICQIPI can be proved by standard TLA reason-
ing [14].
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3.3 Conditional Implementation

Instead of proving that a specification M' implements a specification M,
we sometimes want to prove the weaker condition that M! implements M
assuming a formula G. In other words, we want to prove G = (Ml = M),
which is equivalent to G A M! = M. The formula G’ may express one or
more of the following:

e A law of nature. For example, in a real-time specification, G might
assert that time increases monotonically. Letting the current time be
represented by the variable now, this assumption is expressed by the
formula (now € R) A O[now’ € (now,o0)],0y, where R is the set of
real numbers.

e An interface refinement, where GG expresses the relation between a low-
level tuple [ of variables and its high-level representation as a tuple h
of variables. For example, [ might be a low-level interface representing
the transmission of sequences of bits over a wire, and h could be the
high-level interface in which the sending of seven successive bits is
interpreted as the transmission of a single ASCII character.

e An assumption about how reality is translated into the formalism of
behaviors. In particular, G may assert an interleaving assumption—
for example, an assumption of the form Disjoint(vy, ..., v,).

Conditional implementation, with an explicit formula &, is needed only for
open systems. For a complete system, the properties expressed by G can
easily be made part of the system specification. For example, the system
can include a component that advances time. In contrast, it can be difficult
to include G in the specification of an open system.

3.4 Safety and Closure
3.4.1 Definition of Closure

A finite sequence of states is called a finite behavior. For any formula F
and finite behavior p, we say that p satisfies F'iff p can be extended to an
infinite behavior that satisfies /. For convenience, we say that the empty
sequence () satisfies every formula.

A safety property is a formula that is satisfied by an infinite behavior
o iff it is satisfied by every prefix of o [6]. For any predicate Init, action
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N, and state function v, the formula Init A O[N], is a safety property. It
can be shown that, for any TLA formula F'| there is a TLA formula C(F),
called the closure of I', such that a behavior ¢ satisfies C(F) iff every prefix
of o satisfies F. Formula C(F') is the strongest safety property such that

= F=C(F).

3.4.2 Machine Closure

When writing a specification in the form Init A O[N], A L, we expect L to
constrain infinite behaviors, not finite ones. Formally, this means that the
closure of Init A O[N], A L should be Init A O[N],. A pair of properties
(P, L) is called machine closed iff C(P A L) equals P [1]. (We often say
informally that P A L is machine closed.)

Proposition 1 below, which is proved in [2], shows that we can use fairness
properties to write machine-closed specifications. The proposition relies on
the following definition: an action A is a subaction of a safety property P
iff for every finite behavior p = (rg, ..., r,), if p satisfies P and A is enabled
in state r,, then there exists a state r,4q such that (ro,...,r,41) satisfies
P and (r,, rn41) is an A step. If A implies A, then A is a subaction of
Init A O[N],

Proposition 1 If P is a safety property and L is the conjunction of a
countable number of formulas of the form WEF,, (A) and/or SF,(A) such
that AN (w' # w) is a subaction of P, then (P, L) is machine closed.

3.4.3 Closure and Hiding

Several of our results have hypotheses of the form C(M;) A...AC(M,) =
C(M). The obvious first step in proving such a formula is to compute the
closures C(My), ..., C(M,), and C(M). We can use Proposition 1 to com-
pute the closure of a formula with no internal variables. When there are
internal variables, the following proposition allows us to reduce the proof of
C(Mi)A...NC(M,) = C(M) to the proof of a formula in which the closures
can be computed with Proposition 1.

Proposition 2 Let x, 21, ..., x, be tuples of variables such that for each
i, no variable in x; occurs in M or in any M; with i # j.

If = /n\C(MZ) = dz:C(M), then = /n\C(Elxi:Mi) = C(Jz: M).

Proofs are in the appendix.
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3.5 Additional Temporal Operators

We now define some additional temporal operators. Although they can be
expressed in terms of the primitive TLA operations /, O, and 3, we define
them semantically.

3.5.1 +

The formula I/, asserts that, if the temporal formula I ever becomes false,
then the state function v stops changing. More precisely, a behavior o
satisfies Iy, iff either o satisfies I/, or there is some n such that IV holds for
the first n states of o, and v never changes from the (n+1)st state on. When
IV is a safety property in canonical form, it is easy to write F/4, explicitly:

Proposition 3 If © is a tuple of variables none of which occurs in v, and
s 1s a variable that does not occur in Init, N', w, v, or z, and

Init 2 (Init A (s = 0)) V (=Init A (s = 1))

N 2v(E=0AV(E=0)A NV (0 =uw))
\/(8_1) SNV (0w = w))
V=1 A (=A@ =v)

then = Az : Init AO[N )4y = 2, s: Init A D[//\\/]<w7v7s>.

We need to reason about 4 only to verify hypotheses of the form = C(F) 4, A
C(M") = C(M) in our Decomposition and Composition Theorems. We can
verify such a hypothesis by first applying the observation that C(F), equals
C(F4,) and using Proposition 3 to calculate F,. However, this approach
is necessary only for noninterleaving specifications. Proposition 4 below
provides a way of proving these hypotheses for interleaving specifications
without having to calculate I/,.

3.5.2

For temporal formulas £ and M, the formula F¥ = M asserts that M holds
at least as long as E does [4]. More precisely £ —> M is true of a behavior o
iff ¥ = M is true of o and of every finite prefix of o. Thus, ¥ = M equals
(C(E) = C(M)) N (£ = M). The operator = acts much like ordinary
implication. In fact, | E - M is equivalent to = F = M. Of course, it is
not in general true that = (E - M) = (E = M).
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3.5.3 &

As we observed in the introduction, we interpret the specification that M is
guaranteed under assumption F as the formula £ *> M, which means that
M holds at least one step longer than F does. More precisely, £ > M is
true of a behavior ¢ iff ¥ = M is true of ¢ and, for every n > 0, if E holds
for the first n states of o, then M holds for the first n+1 states of . Thus,
F * M equals (C(E) ¥ C(M))A (E = M).

The formula F *> M is stronger than F —> M, which asserts that M
holds as long as E does. If E is a safety property, then £ &> M equals
(M =+ F) = M. If F and M are both safety properties and v is a tuple of
variables containing all free variables of M, then F *> M equals F,, —> M.

3.5.4 L

The specification M of a component can be made false only by a step that
changes the component’s output variables. In an interleaving representation,
we do not allow a single step to change output variables of two different
components. Hence, if £ and M are specifications of separate components,
we expect that no step will make both F and M false. More precisely, we
expect I/ and M to be orthogonal (L), where EJ L M is true of a behavior
o iff there is no n > 0 such that F and M are both true for the first n
states of o and both false for the first n+1 states of . If ¥ and M are
safety properties, then F 1 M equals (E A M) *> (EV M). For arbitrary
properties, £/ L M equals C(&) L C(M).

If no step falsifies both F and M, and M remains true as long as F
does, then M must remain true at least one step longer than F does. Hence,
FE L M implies the equivalence of F - M and F > M. In fact, (F *
M) = (F—+ M)A (£ L M) is valid. From this and the relation between
1> and 4, we can derive:

Proposition 4 If £, M, and R are safety properties, and v is a tuple of
variables containing all variables that occur free in M, then E EAR= M
and ER=FE LM imply = F, N\R= M.

This proposition enables us to use orthogonality to remove + from proof
obligations. To apply the proposition, we must prove the orthogonality of
component specifications. We do this for interleaving specifications with the
following result.
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Proposition 5

If = C(E) = Initg A O[NE]s, e
= C(M) = Inityr A O[N]y, m)

then
E (3x: Initg vV Jy : Initar) A Disjoint(e, m) = C(Fx: E) L C(Ay : M)

4 Decomposing a Complete Specification

4.1 Specifying a Component

Let us consider how to write the specification M of one component of a
larger system. We assume that the free variables of the specification can be
partitioned into tuples m of output variables and e of input variables; the
component changes the values of the variables of m only. (A more general
situation is discussed below.) The specification of a component has the same
form Jz : Init A O[N], A L as that of a complete system. For a component
specification:

v is the tuple (z, m, e).

Init describes the initial values of the component’s output variables m and
internal variables z.

N should allow two kinds of steps—ones that the component performs, and
ones that its environment performs. Steps performed by the compo-
nent, which change its output variables m, are described by an action
N,.. In an interleaving representation, the component’s inputs and
outputs cannot change simultaneously, so A, implies ¢/ = e. In a
noninterleaving representation, N, does not constrain the value of €,
so the variables of ¢ do not appear primed in A,,. In either case, we
are specifying the component but not its environment, so the speci-
fication should allow the environment to do anything except change
the component’s output variables or internal variables. In other words,
the environment is allowed to perform any step in which (m, z)" equals

(m, z). Therefore, N should equal NV,, V ({m, z) = (m, z)).

L is the conjunction of fairness conditions of the form WF, .(A) and
SE(im, z) (A). For an interleaving representation, which by definition
does not allow steps that change both e and m, the subscripts (m, )
and (e, m, x) yield equivalent fairness conditions.
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This leads us to write M in the form
M = 3u:Init A ON, v ((m, ) = (m, 2))]emey AL (3)
By simple logic, (3) is equivalent to
M = Fa:Init A ON ) AL (4)
For the specification M, of process I, in the GCD example, z is the

empty tuple (there is no internal variable), the input variable e is b, the
output variable m is @, and

Init, = a=233344
No = (a>b) A (d=a-0b) A =b) (5)
M, = Init, A ON]e A WF,(N,)

For the specification M! of the low-level process II', the tuple z is (ai, pca),
where pca is an internal variable that tells whether control is at the beginning
of the loop or after the assignment to ai. The specification has the form

ML 2 Fai, pea: Init, A ON ] aipeay A WEF (0, ai pea) (Ni) (6

for appropriate initial condition Im’ti1 and next-state action V!, The speci-
fications M} and Mé are similar.

In our queue example, we can write the specifications of both the queue
and its environment as separate components in the form (4). For the queue
component, the tuple m of output variables is (i.ack, o.snd), the tuple e of
input variables is (i.snd, o.ack), and the specification is

]QM é Ith A D[QM](i.ack,o.snd,q> A ICL

QM =2 3q:IQM @)

The specification of the environment as a separate component is

A .
QE = Initg A D[QE](i.snd,o.ack> (8)
We have provided specifications of the queue and its environment in an

interleaving representation. A noninterleaving representation of the queue
can be obtained by modifying its specification as follows.
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Inityy = Chit(o) A (g=())
Eng™ = A lgl < N
A Ack(i) A (¢’ = qo (i.val))
A o.snd = o.snd
A Send(Head(q),0) N (¢ = Tail(q))
A i.ack! = i.ack
DeqEng™ = A (Jg| >0) A Send(Head(q),o0)
A Ack(i)
A ¢ = Tail(q) o (t.val)
o)} = Eng™ V Deq™ V DeqBng™
]QM”Z 2 Inityr A D[Q%](i.ack,o.snd,q) N WF(i~de70~5ndvq>(Q%)
QM™ £ Jq:IQM"

Figure 9: A noninterleaving representation of the queue component.

e Change the Fnqg and Deq actions so they do not constrain the values
of i.snd’ or o.ack’.

e Define an action DeqFEng that simultaneously enqueues an input value
and dequeues an output value, and change the definition of Qus to
have DegEng as an additional disjunct.

The resulting specification QM™ is given in Figure 9. A noninterleaving
representation of the queue’s environment can be obtained in a similar fash-
ion.

We have been assuming that the visible variables of the component’s
specification can be partitioned into tuples m of output variables and e of
input variables. To see how to handle a more general case, let up; be the
action m’ # m, let v equal (e, m), and observe that [Nas](y,, ») equals [Ny V
(~um A (2" = 2))] (0, 2y A pas step is one that is attributed to the component,
since it changes the component’s output variables. When the tuple v of
variables is not partitioned into input and output variables, we define an
action pps that specifies what steps are attributed to the component, and we
write the component’s next-state action in the form NV (mpar A (2" = ).
All our results for separate input and output variables can be generalized
by writing the next-state action in this form. However, for simplicity, we
consider only the special case.
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4.2 Conjoining Components to Form a Complete System

In Section 3.1, we describe how to specify a complete system. In Section 4.1,
we describe how to specify an individual component of a system. A complete
system is the composition of its components. Composing two systems means
constructing a universe in which they are both running. If formulas AM; and
M, represent the two systems, then My A M; represents their composition,
since a behavior represents a possible history of a universe containing both
systems iff it satisfies both M; and Ms,. Thus, in principle, composition is
conjunction. We now show that composition is conjunction in practice as
well.

For composition to be conjunction, the conjunction of the specifications
of all components should be equivalent to the specification of the complete
system. For example, the conjunction of the specifications QM of the queue
and QF of its environment should be equivalent to the specification C'Q) of
the complete system shown in Figure 5. Recall that

QE = Initg A D[QE](i.snd,o.ack>
QM = HqInZtM A D[QM](i.ack,o.snd,q> N ICL
CQ = Aqg:A Initg A Inity
Vg A (¢ =4
A O
vV Qun :
(i,0,9)
A ICL

We deduce the equivalence of QF A QM and C'¢) from the following result,
by substituting QF for M; and QM for M;. (In this case, 21 is the empty
tuple (), so 2 equals () and Z}, = 73 equals true.)

Proposition 6 Let my,...,my,, 21,...,2, be tuples of variables, and let
m é <m1,...,mn> xT é <$17"'7$n>
~ A
i = (@1 Ty Tigly oo 5 Tp)
M; 2 dz; : Init; A D[M](mz',xﬁ A L

If, foralli, j=1,..., n withi# j:
1. no variable of x; occurs free in x; or M.
2. m includes all free variables of M;.

3. EN; = (m) =m;)
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then

n n n n

): /\MZ = dz: /\ Init; A D[\/J\/’Z/\(f; :§2)](m,x) A /\ L;

=1 =1 =1 =1
In this proposition, hypothesis 3 asserts that component ¢ leaves the vari-
ables of other components unchanged, so M; is an interleaving representa-
tion of component 7. Hence, M; implies Disjoint(m;, m;), for each j # ¢,
and A, M; implies Disjoint(my, ... ,m,), as expected for an interleaving
representation of the complete system.

In the GCD example, we apply this proposition to the formula M, of
(5) and the analogous formula M. We immediately get that M, A M, is
equivalent to a formula that is the same as M4, defined by (2), except with
WE (4 0y (Na) A WE 3y (Ny) instead of WE, 5 (AV). It can be shown that
these two fairness conditions are equivalent; hence, M, A M} is equivalent
to Mgcd-

As another example of decomposition, we consider the system of Fig-
ure 7, consisting of two queues in series together with an environment. This
system can be decomposed into three components with the following speci-
fications.

1st queue: dq : Initg\l/[] A D[QE\I/[] A (o WNii.ack, z.snd,q1) ot

=0

. . gl (2] g [2]
2nd queue: g i Inithyy A D[Q5; A (1 = §)](z.ack, 0.5nd, q0) N ICL
environment: Initg A O[Qgp A (z' = 2) (i snd, o.ack)

To obtain an interleaving representation, we have conjoined o' = o to QE\I/[]

in the first queue’s next-state action, because QE\I/[] does not mention o. Sim-
ilarly, we have conjoined i’ = i to the second queue’s next-state action, and
Zz' = z to the environment’s. It follows from Proposition 6 that the con-
junction of these three specifications equals the specification C'D@Q of the
complete system, defined in Figure 8.

Hypothesis 3 of Proposition 6 is satisfied only by interleaving represen-
tations. For arbitrary representations, a straightforward calculation shows

EAM =32 AN Init; (9)
i=1 AN OINZ NV (s @) = (miy @) m,2)
A /\?:1 LZ

assuming only the first hypothesis of the proposition. The right-hand side
has the expected form for a noninterleaving specification, since it allows
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N;AN; steps for i # j. Hence, composition is conjunction for noninterleaving
representations too.

4.3 The Decomposition Theorem
4.3.1 The Basic Theorem

Consider a complete system decomposed into components I1;. We would like
to prove that this system is implemented by a lower-level one, consisting of
components Hﬁ», by proving that each Hﬁ» implements II;. Let M; be the
specification of IT; and M! be the specification of II!. We must prove that
A, M} implies A", M;. This implication is trivially true if M! implies M;,
for all i. However, as we saw in the GCD example, M! need not imply M.

Even when M! = M; does not hold, we need not reason about all the
lower-level components together. Instead, we prove E; AM! = M;, where E;
includes just the properties of the other components assumed by component
¢, and is usually much simpler than A, M. Proving F;AM! = M; involves
reasoning only about component 7, not about the entire lower-level system.

In propositional logic, to deduce that A", M! implies A”_; M; from
Ny (E; A M} = M;), we may prove that A7_, M} implies E; for each i.
However, proving this still requires reasoning about A7_; M,i, the specifi-
cation of the entire lower-level system. The following theorem shows that
we need only prove that Fj; is implied by Aj_; My, the specification of the
higher-level system—a formula usually much simpler than Aj_, M,i

Proving F; A MZ»I = M, and (Aj—y My) = F; for each ¢ and deducing
(N_y M}) = (A, M;) is circular reasoning, and is not sound in general.
Such reasoning would allow us to deduce (A", M!) = (A%, M;) for any
M} and M;—simply let F; equal M;. To break the circularity, we need to
add some C’s and one hypothesis: if F; is ever violated then, for at least one
additional step, M} implies M;. This hypothesis is expressed formally as
E C(E) 4y AC(M}) = C(M;), for some v; the hypothesis is weakest when
v is taken to be the tuple of all relevant variables. Our proof rule is:

Theorem 1 (Decomposition Theorem) If, fori=1,... n,

1. E /n\C(M]‘) = FE;

i=1

2. (a) EC(E) 1, ANC(M}) = C(M,)
(b) = E;AM! = M,
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then = /\MZ] = /\MZ
=1 =1

This theorem is a corollary of the Composition Theorem of Section 5.2 below.

In the GCD example, we want to use the theorem to prove M! A Mé =
M, A My. (The component specifications are described in Section 4.1.) The
abstract environment specification F, asserts that b can change only when
a < b, and that a is not changed by steps that change b. Thus,

E, = 0O[(a<b) A (d=a)

The definition of Ej is analogous. We let v be (a, b).

In general, the environment and component specifications can have inter-
nal variables. The theorem also allows them to contain fairness conditions.
However, hypothesis 1 asserts that the F; are implied by safety properties.
In practice, this means that the theorem can be applied only when the F; are
safety properties. Examples indicate that, in general, compositional reason-
ing is possible only when the environment conditions are safety properties.

4.3.2 Verifying the Hypotheses

We now discuss how one verifies the hypotheses of the Decomposition The-
orem, illustrating the method with the GCD example.

To prove the first hypothesis, one first uses Propositions 1 and 2 to
eliminate the closure operators and existential quantifiers, reducing the hy-
pothesis to a condition of the form

= /n\ (Init; AO[N),) = B (10)

=1

For interleaving representations, we can then use Proposition 6 to write
AL (Init; AO[N;],,) in canonical form. For noninterleaving representations,
we apply (9). In either case, the proof of (10) is an implementation proof of
the kind discussed in Section 3.2.

For the GCD example, the first hypothesis asserts that C(M,) A C(Mp)
implies £, and Ej. This differs from the third hypothesis of (1) in Section 2.1
because of the C’s. To verify the hypothesis, we can apply Proposition 1 to
show that C(M,) and C(M;) are obtained by simply deleting the fairness
conditions from M, and M;. Since N, implies (a < b) A (¢/ = a), it is
easy to see that C(M,) implies F,. It is equally easy to see that C(M,)
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implies F3. (In more complicated examples, £; will not follow from C(M;)
for any single j.)

To prove part (a) of the second hypothesis, we first eliminate the 4.
For noninterleaving representations, this must be done with Proposition 3,
as described in Section 3.5.1. For interleaving representations, we can ap-
ply Propositions 4 and 5, as described in Section 3.5.4. In either case, we
can prove the resulting formula by first using Proposition 2 to eliminate
quantifiers, using Proposition 1 to compute closures, and then performing a
standard implementation proof with a refinement mapping.

Part (b) of the hypothesis also calls for a standard implementation proof,
for which we use the same refinement mapping as in the proof of (a). Since
E; implies C(E;)1, and M/ implies C(M!), we can infer from part (a) that
E; A M! implies C(M;). Thus proving part (b) requires verifying only the
liveness part of M,;.

For the GCD example, we verify the two parts of the second hypothesis
by proving C(Eq) (a5 A C(M}) = C(M,) and E, A M} = M,; the proofs
of the corresponding conditions for M} are similar. We first observe that
the initial condition of F, is true, and that, since M! is an interleaving
representation, its next-state action N! implies that no step changes both
a and b, so C(M!) implies Disjoint(a, b). Hence, applying Propositions 4
and 5, we reduce our task to proving C(F,) A C(M!) = C(M,) and F, A
M! = M,. Applying Proposition 2 to remove the quantifier from C(Mé) and
Proposition 1 to remove the C’s, we reduce proving C(F,) AC(M}) = C(M,)
to proving

Eqo A Initly, AOIN (0, ai, peay = Inita A O[N], (11)
Using simple logic and (11), we reduce proving F, A M! = M, to proving
Ea A ity AOIN e ot peay AWE (i peay VD) = WEL(NL) (12)

We can use Proposition 6 to rewrite the left-hand sides of (11) and (12) in
canonical form. The resulting conditions are in the usual form for a TLA
implementation proof.

In summary, by applying our propositions in a standard sequence, we
can use the Decomposition Theorem to reduce decompositional reasoning
to ordinary TLA reasoning. This reduction may seem complicated for so
trivial an example as the GCD program, but it will be an insignificant part
of the proof for any realistic example.
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4.3.3 The General Theorem

We sometimes need to prove the correctness of systems defined inductively.
At induction stage N+1, the low- and high-level specifications are defined as
the conjunctions of k copies of low- and high-level specifications of stage NV,
respectively. For example, a 2Vt1-bit multiplier is sometimes implemented
by combining four 2V-bit multipliers. We want to prove by induction on
N that the stage N low-level specification implements the stage N high-
level specification. For such a proof, we need a more general decomposition
theorem whose conclusion at stage NV can be used in proving the hypotheses
at state N+1. The appropriate theorem is:

Theorem 2 (General Decomposition Theorem) If, fori=1,... n,

1. = C(B)A /n\C(Mj) = I

2. (a) £ C(E) 4 AC(MY = C(M)

K3

(b) = E;AM! = M,

3. v is a tuple of variables including all the free variables of M;.

n

then (a) = C(F) 4y A /n\C(M;) = A\C(M;), and

i=1

(b)) EEAN ANM! = A\ M;.
7=1 7=1

Conclusion (b) of this theorem has the same form as hypothesis 2(b), with
MZ»I and M; replaced with conjunctions. To make the corresponding hy-
pothesis 2(a) follow from conclusion (a), it suffices to prove A7_, C(M;) =
C(Aj=y M;), since C(Nj—y M}) = AJ_; C(M!) is always true.

The General Decomposition Theorem has been applied to the verification
of an inductively-defined multiplier circuit [11].

It can be shown that both versions of our decomposition theorem provide
complete rules for verifying that one composition implies another. However,
this result is of no significance. Decomposition can simplify a proof only
if the proof can be decomposed, in the sense that each MZ»I implements the
corresponding M; under a simple environment assumption F;. Our theorems
are designed to handle those proofs that can be decomposed.
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5 Composing Assumption/Guarantee
Specifications

5.1 The Form of an Assumption/Guarantee Specification

An assumption/guarantee specification asserts that a system guarantees M
under the assumption that its environment satisfies F/. As we saw in Sec-
tion 2.2, this specification is expressed by the formula £ ¥> M, which means
that, for any n, if the environment satisfies £/ through “time” n, then the
system must satisfy M through “time” n41.

Perhaps the most obvious form for an assumption/guarantee specifica-
tion is &/ = M. The formula ¥ = M is weaker than I > M, since it
allows behaviors in which M is violated before E. However, an implementa-
tion could exploit this extra freedom only by predicting in advance that the
environment will violate E. A system does not control its environment, so
it cannot predict what the environment will do. The specifications £ = M
and E *> M therefore allow the same implementations. We take F ¥ M to
be the form of assumption/guarantee specifications because this form leads
to the simpler rules for composition.

As suggested by the discussion in Section 2.2, composition works well
only when environment assumptions are safety properties. Because £ ¥ M
is equivalent to C(F) > (C(M) A (E = M)), we can in principle convert
any assumption/guarantee specification to one whose assumption is a safety
property. (A similar observation appears as Theorem 1 of [3].) However, this
equivalence is of intellectual interest only. In practice, we write the environ-
ment assumption as a safety property and the system’s fairness guarantee
as the conjunction of properties Iy, = WF,(A) and Er, = SF,(A), where
FEp is an environment fairness assumption. We can apply Proposition 1 to
show that the resulting specification is machine closed because, if (P, L)
is machine closed and L implies R, then (P, R) is also machine closed [2,
Proposition 3].

5.2 The Composition Theorem

Suppose we are given n devices, each with an assumption/guarantee specifi-
cation F; *> M;. To verify that the composition of these devices implements

a higher-level assumption/guarantee specification £ > M, we must prove
" (B T M;) = (F f> M). We use the following theorem:
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Theorem 3 (Composition Theorem) If, fori=1,...,n,

1. EC(E)A ;\C(Mj) ~ E
2 () E (B n ACOM) = ()
) EEANM, = M

i=1

then = /n\(EjiDMj) = (F % M).

J=1

This theorem also allows us to prove conditional implementation results of
the form G'A Nl (E; > M;) = (E % M); we just let M; equal ¢ and
E; equal true, since true > G equals . For interleaving specifications,
we can in general prove only conditional implementation, where GG includes
disjointness conditions asserting that the outputs of different components
do not change simultaneously.

The hypotheses of the Composition Theorem are similar to those of the
Decomposition Theorem, and they are proved in much the same way. The
major difference is that, for interleaving specifications, the orthogonality
condition C(£) L C(M) does not follow from the form of the component
specifications, but requires explicit disjointness assumptions.

Observe that the hypotheses have the form = P A A7_; Q; = R. Each
formula P A A7_; Q; has the form of the specification of a complete system,
with component specifications P, @1, ..., ¢),. Thus, each hypothesis asserts
that a complete system satisfies a property R. In other words, the theorem
reduces reasoning about assumption/guarantee specifications to the kind of
reasoning used for complete-system specifications.

Among the corollaries of the Composition Theorem are ones that allow
us to prove that a lower-level specification implies a higher-level one. The
simplest such result has, as its conclusion, = (F %> M!) = (E *> M). This
condition expresses the correctness of the refinement of a component with a
fixed environment assumption.

Corollary 1 If F is a safety property and

(a) | Equ AC(MY) = C(M)
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(b)) =EEAM = M

then |= (F > M') = (E *> M).

5.3 The Queue Example

The assumption/guarantee specification of the queue of Figure 2 is QF >
@M, where QM and QF are defined in (7) and (8) of Section 4.1. We now
compose two queues, as shown in Figure 7. The specifications of these queues
are obtained from QF *> QM by substitution; they are QE[l] > QM[l] and
QEM > QM[Q]. We want to show that their composition implements the
(2N +1)-element queue specified by QEMP 2 oM The obvious thing
to try to prove is

(QEM 2o QM) A (QEM % QU = (@B 2 QU™ (13)

We could prove this had we used a noninterleaving representation of the
queue. However, (13) is not valid for an interleaving representation, for
the following reason. The specification of the first queue does not men-
tion o, and that of the second queue does not mention 7. The conjunction
of the two specifications allows an enqueue action of the first queue and a
dequeue action of the second queue to happen simultaneously, a step that
changes i.ack and o.snd simultaneously. But, in an interleaving representa-
tion, the (2N +1)-element queue’s guarantee does not allow such a step, so
(13) must be invalid. Another problem with (13) is that the conjunction of
the component queues’ specifications allows a step that changes z.snd and
o.ack simultaneously. Such a step satisfies the (2N +1)-element queue’s en-
vironment assumption QE[dbl], which does not mention z, so (13) asserts
that the next step must satisfy its guarantee QM[dbl]. However, a step
that changes both z.snd and o.ack violates the second component queue’s
environment assumption QE[Q]7 permitting the component queue to make
arbitrary changes to o.snd in the next step. A similar problem is caused by
simultaneous changes to ¢.snd and z.ack.

We already faced the problem of disallowing simultaneous changes to
different components’ outputs in Section 4.2, where we decomposed an in-
terleaving specification of a (2N 4 1)-element queue. There, the solution
was to strengthen the next-state actions of the component queues and of
the environment. This solution cannot be used if we want to compose pre-
existing specifications without modifying them. In this case, we prove that
the composition implements the larger queue under the assumption that the
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outputs of two different components do not change simultaneously. Thus,
we prove

G A (QEM 2 QM A (QEP £ QM) = (B[P 2 QarldPly (14)
where (G is the formula
G = Disjoint((i.snd, o.ack), (z.snd, i.ack), (o.snd, z.ack))

The proof is outlined in Figure 10.

6 Conclusion

We have developed a method for describing components of concurrent sys-
tems as TLA formulas. We have shown how to describe a complete system
as the conjunction of component specifications, and how to describe an open
system as a formula F *> M, where E/ and M are specifications of an en-
vironment component and a system component, respectively. Although the
idea of reducing programming concepts to logic is old, our approach is new.
Our style of writing specifications is direct and, we believe, practical.

We have also provided rules for proving properties of large systems by
reasoning about their components. The Composition and Decomposition
Theorems are rather simple, yet they allow fairness properties and hiding.
They were preceded by results in a long list of publications, described next.

Like ours, most previous composition theorems were strong, in the sense
that they could handle circularities for safety properties. Our approach dif-
fers from earlier ones in its general treatment of fairness and hiding. The
first strong composition theorem we know is that of Misra and Chandy [16],
who considered safety properties of processes communicating by means of
CSP primitives. They wrote assumption/guarantee specifications as Hoare
triples containing assertions about history variables. Pandya and Joseph [17]
extended this approach to handle some liveness properties. Pnueli [19] was
the first to use temporal logic to write assumption/guarantee specifications.
He had a strong composition theorem for safety properties with no hiding.
To handle liveness, he wrote assumption/guarantee specifications with im-
plication instead of %>, so he did not obtain a strong composition theorem.
Stark [20] also wrote assumption/guarantee specifications as implications
of temporal formulas and required that circularity be avoided. Our earlier
work [3] was semantic, in a more complicated model with agents. It lacked

31



1. C(QEM™y nc(@)y nc(QmMy ac(QmP) = QEM A QEP
ProoF: We use Propositions 2 and 1 to remove the quantifiers and clo-
sure operators from the left-hand side of the implication. The resulting
formula then asserts that a complete system, consisting of the safety parts
of the two queues (with their internal state visible) together with the en-
vironment, implements QE[l] and QE[Q]. The proof of this formula is
straightforward.
2. C(QEM) i oy AC(QMI) AC(G) nC(QUMPY) = c(QMM™M)
2.1. C(G)AC(QMIY A c(QMPy = c(QE1Y) 1 c(QmebT)
2.1.1. CLIQMMY AC(IQM) = Fq1, 5 : Wit A mitld
Proor: Follows easily from Proposition 1 and the definitions.
2.1.2. C(QMMY Ac(QMP) = ¢, ¢ : Initg\l/[] A Initg\z/[]
ProovF: 2.1.1 and Proposition 2 (since any predicate is a safety prop-
erty).
2.1.3. Q.E.D.
ProovF: 2.1.2, the definition of GG, and Proposition 5 (since disjoint-
ness is a safety property).
2.2. C(QE™N Ac(G) Ac(QMMy Ac(QmPy = ¢l
Proor: We use Propositions 2 and 1 to remove the quantifiers and
closures from the formula. The resulting formula is proved when proving
the safety part of step 3.
2.3. Q.E.D.
Proor: 2.1, 2.2, and Proposition 4.
3. QEMPMI A G A QMM A QMTE] = QTP
Proor: A direct calculation shows that the left-hand side of the implica-
tion implies C'D@), the complete-system specification of the double queue.
We already observed in Section 3.2 that C'D@ implements CQ[dbl], which
equals QE[dbl] N QM [dbl]

4. Q.E.D.
Proor: 1-3 and the Composition Theorem, substituting
M, + G My — QMM My QM M o Quldb]

By «true  F, « QBN By « QEMX E +« Qp'Ml

Figure 10: Proof sketch of (14).
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practical proof rules for handling fairness and hiding. Collette [8] adapted
this work to Unity. Abadi and Plotkin [4] used a propositional logic with
agents, and considered only safety properties.

Most previous papers were concerned only with composition of assump-
tion/guarantee specifications, and lacked an analog of our Decomposition
Theorem. An exception is the work of Berthet and Cerny [7], who used
decomposition in proving safety properties for finite-state automata.

So far, we have applied our Composition Theorem only to toy examples.
Formal reasoning about systems is still rare, and it generally occurs on a
case-by-case basis. When the specification of a component is used only to
verify a specific system, there is no need for a general assumption/guarantee
specification. For most practical applications, decomposition suffices. When
decomposition does not suffice, the Composition Theorem makes reasoning
about open systems almost as easy as reasoning about complete ones.

We have used our Decomposition Theorem with no difficulty on a few
toy examples. However, we believe that its biggest payoff will be for sys-
tems that are too complex to verify easily by hand. The theorem makes
it possible for decision procedures to do most of the work in verifying a
system, even when these procedures cannot be applied to the whole system
because its state space is very large or unbounded. This approach is cur-
rently being pursued in one substantial example: the mechanical verification
of a multiplier circuit using a combination of TLA reasoning and mechanical
verification with COSPAN [11]. Because it eliminates reasoning about the
complete low-level system, the Decomposition Theorem is the key to this
division of labor.
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A  Appendix

We now prove our propositions and theorems. Section A.1 introduces some
definitions and notation required for the proofs, and explains our structured
proof notation. The proofs are in Section A.2.

A.1 Definitions
A.1.1 Additional Semantic Notions

As before, o denotes concatenation of sequences, and angle brackets () are
used to form sequences. We write o|,, for the finite behavior consisting of
the first n states of a behavior o. In particular, o|p is the empty sequence
(), which satisfies every formula. We write o, for the nth state of behavior
o, s0 0 equals (01, 02, ...). When o is finite, we write last(o) for its last
state, and |o| for its length.

We let [e] denote the meaning of an expression e. When e is a state
function, [e] is a mapping from states to values; in the special case when e
is a state predicate, [e] is a mapping from states to truth values. When e
is an action, [e] is a mapping from pairs of states to truth values. When
e is a temporal formula, [e] is a mapping from behaviors to truth values.
We extended this mapping to finite behaviors by letting [e](p) = true iff
[e](c) = true for some o that extends p. In all cases, we let v = e mean
le](u) = true. If I is a temporal formula and o a behavior, then

o =C(F) iff |, E F for all n. Hence, [C(F)](p) = [F](p) for any finite
behavior p.

If s and t are states and z is a tuple of variables, we write s =, t when
s and t are identical except possibly for the value they assign to the tuple
z. In other words, s =, t iff [y](s) = [y](¢) for every variable y not in the
tuple . We extend this notion to behaviors, and write o =, 7 iff 0, =, 7,
for all n > 0.

The stutter-free version of a behavior is the behavior obtained by re-
moving from it all finite repetitions of states; thus, the stutter-free ver-
sion of o o (s, s) o 7 equals the stutter-free version of ¢ o (s) o 7. Two
behaviors are stuttering equivalent iff they have the same stutter-free ver-
sion. Every TLA formula F' is invariant under stuttering, in the sense that
[Fl(e) = [F](r) for any two stuttering-equivalent behaviors ¢ and 7. More
generally, [F](c) = [F](r) if there is a behavior T stuttering equivalent to
o such that [y](7,) = [y](7,) for all n > 0 and all variables y occurring free
in F.
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We write ¢ ~, 7 when & =, T for some & and 7 stuttering equivalent
to ¢ and 7, respectively. If F' is a TLA formula and ¢ a behavior, we
let [Az : F](o) = true iff there exists a behavior 7 such that o ~, 7
and [F](r) = true. Equivalently, since I’ is invariant under stuttering,
[Az : F](co) = true iff there exist behaviors ¢ and 7 such that & is stuttering
equivalent to 0, o =, 7, and [F](T) = true.

An operator H on formulas is superdiagonal iff = A = H(A) for all
A in its domain. For example, C is superdiagonal. As usual, an operator
H is monotonic iff = A = B implies | H(A) = H(B) for all A and B.
Antimonotonicity is defined similarly, with the second implication reversed.

A.1.2 Proof Notation

Reliable reasoning about specifications depends on the correctness of the
underlying logical proofs. Even a minor error, such as the omission of a
hypothesis in a proposition, could allow one to “prove” the correctness of
an incorrect implementation. To avoid such errors, we provide detailed,
hierarchically structured proofs.

In our proof notation, the theorem to be proved is statement (0)1. The
proof of statement (7)j is either an ordinary paragraph-style proof or the
sequence of statements (14 1)1, (¢ +1)2, ... and their proofs. (The absence
of a proof means that the statement follows easily from definitions, previous
statements, and assumptions.) Within a proof, (k){ denotes the most recent
statement with that number. A statement has the form

ASSUME: Assump PROVE: Goal
which is abbreviated to Goal if there is no assumption. The assertion Q.E.D.
in statement number (i + 1)k of the proof of statement (¢)j denotes the goal
of statement (7). The statement

Casge: Assump
is an abbreviation for

AssuME: Assump ProvE: Q.E.D.
Within the proof of statement (i), assumption (i) denotes that statement’s
assumption, and (i):k denotes the assumption’s k" item.

We recommend that proofs be read hierarchically, from the top level
down. To read the proof of a long level-k step: (i) read the level-(k+1) state-
ments that comprise its proof, together with the proof of the final Q.E.D.
step (which is usually a short paragraph), and (ii) read the proof of each
level-(k+1) step, in any desired order.
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A.2 Proofs

Results are organized in groups that roughly correspond to their subject
and to the position of the corresponding discussion in the text.

Our proofs employ many lemmas. We omit the proofs of some of the
simpler ones. We also omit the proof of Proposition 1, which is given in [2].

A.2.1 Properties of > and

The proofs of most of these properties are straightforward and are omitted.
Some of the basic arguments about —> can be found in [4].

Lemma 1 If P, ), and R are safety properties, then
1. P+ Q and P *> () are safety properties.
2. EP=(Q—=+>R)ifand only if =E PANQ = R.

Lemma 2 For any properties P and (),
LE(P—=>Q)=(C(P)>CQ)ANP=0Q)
2. (P Q) =(C(P) »CQ)A(P=Q)

Lemma 3 For any properties P and (),
I.LEPA(P>Q)=Q
2.EPA(PBQ)=Q

Lemma 4 If P and @) are safety properties, then
FP=>QAQ—>P) = (PVQ) > (PAQ))

Lemma 5 If P, and Q; are safety properties, for e =1,...,n, then
= AE Q) = (\P) = (A\Q))
=1 =1 =1
Lemma 6 If P is a safety property and ) is any property, then

F(P*Q)=(Q—»P)+Q)

Lemma 7

AssuME: 1. P, QQ, and R are safety properties.
2 EQAR=P

ProvE: E (P % Q)= (R % Q)

HL E@Q—=»>R)=(Q—=>P)
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2)1. EQAN(Q—+>R)=R
ProoF: Lemma 3(1). [
22 EQAQ > R) = (QAR)
ProOF: (2)1 and propositional logic. []
(2)3. EQA(Q > R)=P
PRrROOF: (2)2 and assumption (0):2. [
(2)4. Q.E.D.
PROOF: (2)3, assumption (0):1, and Lemma 1(2). []
(12, (P % Q) A Q@ P) = Q
ProOF: Assumption (0):1, Lemma 6, and Lemma 3(1). []
(13, [ (P % Q) A (Q » 7) = Q
Proor: (1)2 and (1)1. []
(Wi £ (P Q) = (Q » B) = Q)
PRrOOF: (1)3, assumption (0):1, and Lemma 1. []
(1)5. Q.E.D.
PROOF: (1)4, assumption (0):1, and Lemma 6. []

A.2.2 Closure and Existential Quantification

These results are useful for reasoning about the closure of a quantified for-
mula. This reasoning can be difficult because C and 3 do not commute.

Lemma 8 For any property M and tuple of variables x,
EC@z:C(M))=C(3z: M)

(Hl. ECAx - M)=C 3z :C(M))
PRroOF: C is superdiagonal and both € and 3z are monotonic. []
(2. EC(A2:C(M))=C(Az: M)
). EM=3z: M
Proor: 3 is superdiagonal. []
(2)2. EC(M)=C(3x: M)
PRrROOF: (2)1 and the monotonicity of C. [
(2)3. F(Jz:C(M))=C3z: M)
Proor: (2)2, since 2 does not occur free in C(Iz : M).
(2)4. Q.E.D.
PrOOF:(2)3 and the monotonicity and idempotence of C. []
(1)3. Q.E.D.
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Lemma 9

ASSUME: z; is a tuple of variables, and no variable in z; occurs free in M;,
foralli, j € {1,...,n} withi# j.

Prove: E=A;C(3z; : M;) = C(3x1, ..., 2, : \;C(M;))

The proof is by induction on n, setting apart the cases for n = 1 and n = 2.
(1)1. Case: n=1
ProOF: Immediate from Lemma 8. []
(1)2. CASE: n=2
LET: A= C(3ay, v : C(M;) AC(My))
ProOF: Predicate logic, since C is superdiagonal. []
(2)2. | C(My) = (C(My) - A)
ProoF: (2)1 and Lemma 1(2).
PRrOOF: (2)2, since C is superdiagonal. []
(2)4. = (Jxy : M) = (C(My) > A)
Proor: (2)3 and the hypothesis that no variable of 21 occurs free in
M,. O
(2)5. EC(Qxq : My) = (C(M3) - A)
ProorF: (2)4 and the monotonicity and idempotence of C, since A is
closed by definition and C(Ms) —> A is closed by Lemma 1(1). [
(2)6. EC(My) = (C(Az1 : My) - A)
Proor: (2)5 and two applications of Lemma 1(2)
Proor: (2)6, since C is superdiagonal.
(2)8. = (Jag: My) = (C(Axy : My) > A)
PRrOOF: (2)7 and predicate logic. [
(2)9. EC(Axy: My) = (C(Fxy : My) - A)
Proor: (2)8, Lemma 1(1), and the monotonicity and idempotence of
c.O
(2)10. Q.E.D.
Proor: (2)9 and Lemma 1(2).
(1)3. CASE: n > 2
Assumi: = AC@a; M) = C(Aay .oz NI C(M))
Prove: AL, CAz;: M;) = C(Axy... .2, Aluy C(M;))
Proor: A/, C(Az; : M;)
= C(Azy...xn 1 NI C(M)) ACTz, : M)
by assumption (1)
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= CAzy...xp 1 CNZ C(M))ACT 2, My)

a conjunction of safety properties is a safety property
= C(Axy ...z, : C(NIZC(M,)) AC(M,))

by (1)2
= C(Azq...2, : N2y C(M;))

a conjunction of safety properties is a safety property

(1)4. Q.E.D.

Proposition 2
AssuME: 1. x; is a tuple of variables, and no variable in x; occurs free in
M or M;, foralli,je{l,...,n} withi+#j
2.ENZ C(M;) =32 :C(M)
Prove: E AL, C(3z;: M;) = C3x: M)
Proor: Al C(Az; : M;)
= C(Azqy...2, : N2 C(M;))
by Lemma 9 and assumption (0):1
= C(Azy...2,: A2 : C(M))
by assumption (0):2 and the monotonicity of 3 and C
= C(Az:C(M))
by assumption (0):1
= C(Az: M)
by Lemma 8. []

A.2.3 Properties of +

Lemma 10 For any state function f, if P is a safety property, then Py is
a safety property.

ProoF: By the definition of safety properties, it suffices to:
AssuME: 1. P a safety property.
2.Vn:o|, E Py
PrOVE: o = Piy
(I)1. CASE: Vn:o|, EP
PRroOF: Assumption (0):1. [
(1)2. Casg: dAn : =(0|, E P)
(2)1. Choose the largest m such that o|,, = P.
PROOF: m exists since ol = P is true for any ¢ and P. []
22, ¥n > m: [fl(on) = [l{oms)
PROOF: (2)1, assumption (0):2, and the definition of Py ;. []
(2)3. Q.E.D.
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PrOOF: (2)1, (2)2, and the definition of Py . []
(1)3. Q.E.D.

Lemma 11
AssuME: 1. P and Q) are safety properties.

2. the tuple z includes all the free variables of ().
PrROVE: | (Py, + Q) = (P % Q)

W1 (P 5 Q) = (P%0Q)
By assumption (0):1, Lemma 1(1), and the definition of &, it suffices to:
AssuME: 1. For all n, o, E (Py. Q)
2. O'|n_1 ): P
ProvE: o], EQ
<2>1 U|n ): P—I—x
PRrRoOF: By assumption (1):2 and the definition of Py,. [
(2)2. Q.E.D.
PRrOOF: (2)1 and assumption (1):1. []
12 E(P%Q) = (Pra Q)
By assumption (0):1, Lemmas 10 and 1(1), and the definition of —, it
suffices to:
AssuME: 1. For all n, o], = (P % Q)
2.0lp E Py
ProvE: o], EQ
(2)1. Choose m < n such that
l.o|l, EP
2.¥p:m < p<n=[z](c,) = [2](0nt1)
PRrooF: Assumption (1):2. [
(2)2. olmt1 FQ
PRrROOF: (2)1.1 and assumption (1):1. [
(2)3. Q.E.D.
Proor: (2)2, (2)1.2, and assumption (0):2, since () is invariant under
stuttering. [
(1)3. Q.E.D.

Lemma 12

AssuME: 1. P, QQ, and R are safety properties.
22.ERi s ANP=Q

ProvE: E (R * P)= (R *» Q)

(H)1. ER * Ry
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By assumption (0):1 and Lemmas 10 and 1, it suffices to:
AssuME: o], E R
PROVE: 0|41 | Ryy
(21, olng1 0 (Ont1; Ong1, .- ) F Ray
Proor: The definition of R, ;. [
(2)2. Q.E.D.
(1)2. Q.E.D.
Proor: (R % P) = (R % P)A (R > Ryy)
by (1)1
= (R % (PA Ry )
by assumption (0):1 and Lemmas 5 and 10
= (R*Q)
by assumption (0):2 and monotonicity of *> in
its second argument.

Lemma 13

AssUME: No variable of the tuple x occurs free in v.
Prove: E(Jz: Py,) =3z : P)ty

(1. E(Jz:Pyy) = Tz : P)yy
AssuME: o = (Jz : Pyy)
Prove: o FE (Jz: P);,
(2)1. Choose ¢ such that ¢ ~, ¢ and 0 | Pj,.
PRrROOF: Assumption (1) and the definition of 3. []
(2)2. CasE: 0 =P
3)1. o= (3z: P)
PRrROOF: (2)1 and case assumption (2). [
(3)2. Q.E.D.
ProoF: (3)1 and the definition of (...);,.
(2)3. Cask: There exists p and T such that ¢ = po 7, p E P, and
7 | Ofalse],.
(3)1. Choose p and 7 such that 0 = poT, p~, p, and 7 ~, 7.
PRrROOF: (2)1 and case assumption (2). [
(3)2. p=Ja: P
ProorF: (3)1 (which asserts p ~, p) and case assumption (2) (which
asserts p = P). U
(3)3. 7 = Olfalse],
ProoF: (3)1 (which asserts 7 ~, 7), case assumption (2) (which
asserts 7 |= O [false], ), and assumption (0). []
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(3)4. Q.E.D.
Proor: (3)1 (which asserts 0 = po 1), (3)2, (3)3, and the definition
of (.. ). U
(2)4. Q.E.D.
PROOF: (2)1, (2)2, (2)3, and the definition of (...)y,. []
(2. = (Jz: P)yy = Az : Pyy)
AssuME: ¢ | (Jz: P)4,
Prove: o (Jz: Pyy)
(2)1. CasE: o = (Jz: P)
PRroOF: Immediate, since |= P = Py, and 3 is monotonic. []
(2)2. Cask: There exist p and 7 such that o = po7, p E dz : P, and
7 | O[false],.
(3)1. Choose p such that p~, p and p E P.
ProoF: Case assumption (2) and the definition of 3. []
<3>2' ﬁOT ):P-I—v
Proor: (3)1, case assumption (2) (which asserts 7 |= O [false], ), and
the definition of (...)4,. U
(3)3. Q.E.D.
PRrOOF: (3)1, (3)2, and case assumption (2), which imply pot ~, o.[]
(2)3. Q.E.D.
PROOF: (2)1, (2)2, and the definition of (...)4,. L
(1)3. Q.E.D.

Lemma 14 If s is a variable that does not occur in Init, N', w, or v, and

Init 2 (Init A (s =0)) vV (=Init A (s = 1))
N 2vE=0AV(E=0)ANY (0 =uw))

V(=1 ANV (v =w))
Vis=1) A =1)A 0 =0)

then = (Init AO[N]w)pe = s : Init A D[/\Af]<w7v7s>.

(1. | (Init AONT) 40 = s @ Tnit A O[N] 0, 5)
AssuME: o | (Init A O[N]w) 40
PrOVE: o = s : Init A D[J/\/\’]<w7v75>
LET: & be the behavior such that ¢ =, ¢ and, for all n > 0:
[s](6,) = if ol, = (Init AO[N],) then 0 else 1
(2)1. & | Init A O[N], )
(1. 6 = Init
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Proor: The definitions of ¢ and I/n?t7 assumption (1), and the hy-
pothesis that s does not occur in Init.

o~

(32. 3 b= OV (.0,
(1. Case: o | Init A O[N],
()1 & b= Ol(s = 0) A (5 = 0) A NV (0 = 0))] .
ProoF: The definition of o, case assumption (4), and the hy-
pothesis that s does not occur in A or w. [
(5)2. Q.E.D.
PrOOF: (5)1 and the definition of A/, [J
(4)2. CAsE: o [~ Init
(5)1. o |= O[false],
Proor: Case assumption (5), assumption (1), and the definition
of (.. ). [
(5)2. o =0 (s = 1) A O[false],.
ProoF: (5)1 and the definition of &. []
(5)3. Q.E.D. N
Proo¥: (5)2 and the definition of A/. []
(4)3. Cask: o | Init and o (£ Init A O[N],.
(5)1. Choose p and 7 with |p| > 0 such that
l.o=por,
2. p Init AO[N],,
3. po (n) i O
4. 7 | O[false],
Proor: Case assumption (4), assumption (1), and the definition
of (.. ). [
(5)2. Choose p and 7 such that ¢ = poT, p=,p, and 7 =, 7.
Proor: The definition of ¢ and (5)1.1.
(5)3. 5 Ol(s = 0) A (& = 0) A (N V (0 = ©))]u, v
ProorF: The definition of 7, (5)1.2, (5)2, and the hypothesis that
s does not occur in A or w.
(5¥4. (last(p), ) E (s=0)A (= 1) AN A (v # w)
ProorF: The definition of 7, (5)1.3, (5)2, and the hypothesis that
s does not occur in A or w.
(5)5. T = 0O (s = 1) A O[false],
Proor: The definition of &,, (5)1.4, (5)2, and the hypothesis
that s does not occur in v. [
(5%6. Q.E.D.
PROOF: (5)2, (5)3, (5)4, and (5)5, and the definition of /. [J
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(4)4. Q.E.D.
Proor: (4)1, (4)2, (4)3, assumption (1), and the definition of
(..)4o. U
(3)3. Q.E.D.
(2)2. Q.E.D.
ProorF: The definition of 7, (2)1, and the definition of 3.
()2, = 3s: Init AO[N ]y, o = (Init AO[N],) 4,
AsSUME: o = Js : Init A D[ﬁ](wvv@
PrROVE: o | (Init A O[N]w) 4o
(2)1. Choose ¢ such that 0 ~; o and 7 | Init A D[ﬁ]<w7u7s>.
PRroOF: Assumption (1) and the definition of 3. []
(2)2. 0 = (Init AO[N]y) 44
(3)1. Case: ¢ =0(s=0)
(H1. o = (Init AO[N]y)

PROOF: (2)1, case assumption (3), and the definitions of Init and

(4)2. Q.E.D.
PROOF: (4)1, since the operator (...)y, is superdiagonal. []
(3)2. Case: o =0O(s=1)
(1)1. o = Offalse],
ProorF: (2)1, the definition of N, and case assumption (3y. [
(4)2. Q.E.D.
PRrOOF: (4)1 and the definition of (...)4,. [
(3)3. Case: 0 O(s=0)and £ 0O(s=1)
(4)1. Choose p and 7 with |p| > 0 such that
l.e=poT

2. 5 0(s=0)

3.7EO(s=1), L
Proor: Case assumption (3), (2)1, and the definitions of Init and
N0

(2. p E (Init NO[N]y)
PROOF: (2)1, (4)1.2, and the definitions of Init and A. [J
(4)3. 7 = O|false],
Proor: (2)1, (4)1.3, and the definition of N. 0O
(4)4. Q.E.D.
ProOOF: (4)1.1, (4)2, (4)3, (3), and the definition of (...)4,. [
(3)4. Q.E.D.
(2)3. Q.E.D.
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ProorF: (2)1, (2)2, and the hypothesis that s does not occur in Init,
N, w,orv. [
(1)3. Q.E.D.

Proposition 3 If © is a tuple of variables none of which occurs in v, and
s 1s a variable that does not occur in Init, N', w, v, or z, and
Init

o~

N

(Init A (s =0)) V (=Init A (s =1))
V(s=0) A \/(3_0) NV (v = w))
V(s = D) ASN Y (0= w))
V(=1 A (= AW = 0)
then = Az : Init AO[N )4y = 2, s: Init A D[//\\/]<w7v7s>.

Proor: Follows immediately from Lemmas 13 and 14. []

e (e

A.2.4 Properties of L

Lemma 15
1. For any properties P and Q, = P L Q =C(P) L C(Q).
2. If P and Q are safety properties, then = P L Q = (PAQ) > (PVQ).

Lemma 16 For any properties P and @),
FP®Q) = (P>QANPLQ)

(1)1. Casg: P and @ safety properties
2L EFPH»Q) = (P>Q)A(PLQ)
B EP®»Q) = (P>Q)
PRrOOF: Obvious from the definitions of —> and . []
32 (P Q)= (P LQ)
PROOF: Lemma 15(2), since > is monotonic in its second argument
and antimonotonic in its first. [
(3)3. Q.E.D.
22 FP>QAPLQ) = (P*Q)
BLEER>QAN P LN Q—>P) = Q
Proor:
(PLOANEP Q)N (Q - P)
= (PVQ) > (PAQ)) > (PVQ) NP +>Q)AN(Q - P)
case assumption (1), Lemma 15(2), and Lemma 6
= (PVQ) > (PAQ)) = (PVQ)A(PVQ) > (PAQ))
by Lemma 4
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= (PVQ)A((PVQ) =+ (PAQ))
by Lemma 3(1)
= Q
by Lemma 3(1). [
32 E(P>QAPLQ) = ((Q=P)+0Q)
ProoF: (3)1 and Lemma 1(2). [
(3)3. Q.E.D.
PROOF: (3)2, case assumption (1), and Lemma 6. []
(1)2. Q.E.D.
Proof: P % Q = (P = Q) A (C(P) % C(Q))
by Lemma 2(2)
= (P=Q)AC(P) 5 CQ) A (C(P) LC(@)
by (1)1
= (P=Q)ACP) +CQ)APLQ)
by Lemma 15(1)
= P QAP LQ)
by Lemma 2(1). [

Proposition 4
AssuME: 1. P, QQ, and R are safety properties.
2. EPANQ=R
3.EQ= PLR
4. the tuple x contains all the free variables of R.
ProvE: E P, ANQ=R
Hl. EQ=(P—+>R)
ProOF: Assumptions (0):1 and (0):2, and Lemma 1(2). [
(1)2. EQ= (P *»R)
PRrOOF: (1)1, assumption (0):3, and Lemma 16. [
(3. EQ = (Pyx » R)
PRrOOF: (1)2, assumptions (0):1 and (0):4, and Lemma 11. []
(1)4. Q.E.D.
ProoF: (1)3 and Lemma 1(2). [

Lemma 17
LET: E = Initg A O [Ngl,, o

M= Inityr A O [NM](y,m)
Prove: [ ((Fz:Initg)V Ay : Inity)) A Disjoint(e, m) =
CHz:F)LCHy: M)

ProoF: By definition of L, it suffices to prove the following, for all n > 0:
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AssuME: 1. o = (B2 : Initg) vV (Jy : Inity))
2. 0 |= Disjoint(e, m)
3.0, EC(Rz: EYACAy : M)
ProvE: o|,41 ECAz: E)vC 3y : M)
(I)1. Case: n=0
(2)1. CaAsE: o |= (Ja : Initg)
(3)1. Choose a state s such that s =, 01 and s | Initg.
Proo¥: Case assumption (2). []
(3)2. (s,s,5,...) L
Proo¥: (3)1 and the definition of F. [
(3)3. (01,s,8,8,...) =3z I
Proor: (3)1, (3)2, and the definition of 3. []
3. o)y 2 I
Proor: (3)3. [
(3)5. Q.E.D.
(2)2. CAsE: o |= (Fa : Inityr)
ProorF: The proof is the same as the proof of (2)1, with M substituted
for E and y substituted for z. [
(2)3. Q.E.D.
Proor: (2)1, (2)2, and assumption (0):1.
(1)2. CaseE: n >0
1. ([l0n) = [Dnen) v ([7](o0) = [ (o0s1)
PRrROOF: Assumption (0):2. []
(2)2. Casg: [e](o,) = [e](on41)
(3)1. Choose p such that:
l.p~; ol
2.pEF
Proor: Assumption (0):3, since n |= C(P) iff n = P, for any property
P and finite behavior 5. [J
LET: ¢ be the state such that t =, 0,41 and [z](¢) = [=](last(p)).
(32 po(t)
PROOF: (3)1.2, case assumption (2), and the definitions of ¢ and E.[]
(3)3. 0lny1 =z po(t)
ProoOF: (3)1.1 and the definition of ¢. []
34 olppr EA2 - F
Proo¥: (3)2 and (3)3. [
(3)5. Q.E.D.
Proor: (3)4. [
(2)3. Casg: [m](o,) = [m](0,41)
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Proor: The proof is the same as the proof of (2)2, with m, M, and y
substituted for e, F, and 2, respectively. []
(2)4. Q.E.D.
PROOF: (2)1, (2)2, and (2)3. []
(1)3. Q.E.D.

Proposition 5
AssuMmE: 1. = C(E) = Initg A O[NE](z, 0
2. EC(M) = Inityy AN O [NM](y,m)
Prove: [ ((Fz:Initg)V Ay : Inity)) A Disjoint(e, m) =
CHz:F)LCHy: M)
Proor: Follows from Lemma 17, with C(F) substituted for £ and C(M)
substituted for M, and Lemma 8. []

A.2.5 Composition as Conjunction

Proposition 6 Let mq,...,m,, 21,...,2, be tuples of variables, and let
A A
m = (My,...,My) = (x1,...,2,)
S oA
Ty = <x17"'7$i—17$i+17 7xn>

M; £ 3Fua;:Init; A O[N]

AssuME: For all v,j with ¢ # j:
1. no variables of x; occurs free in x; or M;.
2. m includes all free variables of M;.
3. F N = (m) = m;)
Prove: E AL M, =
Fa: Nioy Inity A O[ViZ N A @ = 20)](m,0y A Nizi Li

ProoOF: The hypotheses remain true and the conclusion is unchanged if we
remove from m; any variable that appears in z;. (Assumption 2 remains
true because, by assumption 1, the variable removed cannot occur free in
M;.) Therefore, without loss of generality, we can strengthen assumption 1

A L;

mg, x;)

to:
AssuME: 1(a). The variables in z; do not occur free in M;, and are distinct
from the variables in x; and m;.
The proof is by induction on n, with the cases for n = 1 and n = 2 proved
separately.
(1)1. Case: n=1
Proo¥: This case follows immediately from the definition of AZ;. [
(1)2. CASE: n =2
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VN A (2h = 23)
LET: Ny = 2
" VN A =an)]
. VN A (2 = x9)
No = VN A (2] = 2q)
_VNl/\NQ (m, )
H 2 32,29 Inity Anita A\ONg ALy A Ly
U 2 Inity A Inity AONy A Ly A Ly

Prove: E M AMy=H
<2>1 ): M1 /\M2 = 3$17$2 U
A Nl V (<m1 $1>/ = <m1 $1>)
LET: M ’ ’
v ANV ((mg, 23) = (my, 23))
V2 Inity A Init; AONy A Ly A Ly
1. ENy = Ay

ProoF: Assumption (0):3, which implies

1>

(m,z)

1= 1)
= NLA ((mg, 22) = (ma, 29)) = N1 A (2 = 29) [
(3)2. EV=U
ProoF: (3)1 and the definitions of V and U. [
<3>3 ): [Nl](muﬂb’l) N [ 2](m27l’2> = NV
Proor: The definition of m and z. [
<3>4 ): M1 /\M2 = 3$17$2 vV
PRrOOF: (3)3 and assumption (0):1(a), since O distributes over A. [
(3)5. Q.E.D.
Proo¥: (3)2 and (3)4. []
(2)2. = H = My N M,
PROOF: (2)1, since = Ny = Apr. [
(2)3. EMyANMy; = H
AssUME: ¢ = My A My
ProvE: o H
(3)1. Choose 7 such that 7~ ,,) 0 and 7 = U.
PROOF: T exists by assumption (2), (2)1, and the definition of 3. []
LET: n be the behavior such that, for all n > 0:
2n—1 =
T2n

Tn

if [[il]](Tn) = [21](Tnt1) or [w2](7) = [w2](7n41)
then 7,
else the state such that [z1](n2,.) = [z1](T0t1)
and n2, =z, T

A
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(1 is the same as 7 except that each step is split in two. A step
that changes both z; and z5 is split into a step that changes only
x1 followed by one that leaves zy unchanged. For a step that
leaves x1 or x5 unchanged, a stuttering step is added.)
(3)2. For all n > 0, if [z1](7n) # [21](Tnt1) and [z2](7) # [22](Tnt1)
then (7, To41) is an Ny AN A (m/ = m) step.
Assvm: [01](rn) # [1](7s1) and [2](7) # [22](Foss).
PROVE: (7, Thy1) is an N1 AN A (m/ = m) step.
(1. {Tp, Tat1) is an Ny step.
ProoF: (3)1 (which asserts 7 = U) and the definition of U. []
(2. (T, Tny1) is an Ny A N3 step.
PrOOF: Assumption (3), (4)1, and the definition of A7r. [
(1)3. Q.E.D.
PRrROOF: (4)2 and assumption (0):3. [
(3)3. For all n > 0, (1, Np41) is an Ny step.
LET: k = (n+1) div 2
(1. Case: [z1](mr) = [e1](Teq1) or [22](7r) = [22](Tr41)
(In this case, (1, uy1) is a step of T or a stutter.)
GBI My 1) = (Thy Tht1) O Ny = N1+
ProoF: The definition of 5 and case assumption (4). []
(5)2. [21] () = [21](Mn41) or [w2] (1) = [22] (Mr41)-
Proor: (5)1 and case assumption (4).

<5>3 <77n7 77n+1> is an Ay step.
Proor: (5)1, (3)1 (which asserts 7 |= U), and the definition of

v.
(5)4. Q.E.D.
Proor: (5)2 and (5)3, since = Ny A (2] = 21) V (2 = 22)) =
Ng. U
(4)2. Case: n =2k —1, [z1](m) # [#1](Tk+1), and

[z2](7) # [zl (Th1)-
(In this case, (1, 7n+1) is a step that changes only z4.)
G np = 7, [w1](ns1) = [e1](7r41)s and mpgy =5, 7%
ProoF: The definition of 5 and case assumption (4). []
(5)2. (T, Thg1) is an Ny ANy A (m/ = m) step.
PRrOOF: (3)2 and case assumption (4). []
(5)3. [ (1) = [l () and () = [l (i)
Proor: (5)1 implies [m](n,) = [m](mx), (5)1 and assumption
(0):1(a) (which implies that no variable in 2y occurs in my or
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ma) imply [n)(ns) = [ml(rs), and (5)2 implies [m] () =
[n](7es1).
Gy [21] () = [21](7x) and [21](1n41) = [21](7r41)
Proor: (5)1. [
(5)5. (m, x1) contains all variables free in Aj.
PrOOF: Assumption (0):2 and the definition of M;. [
(5Y6. (Nny Nnt1) is an Ny step
PrOOF: (5)2, (5)3, (5)4, and (5)5. []
(BYT. (s Mnt1) is an zfy = x4 step.
Proor: (5)1 and (0):1(a), which implies that 2y and x5 have no
variable in common.
(5)8. Q.E.D.
PRrOOF: (5)6 and (5)7, since |= N} A (2}, = 29) = Np. [
(4)3. Case: n =2k, [z1](m) # [21](Tk+1), and
[z2](7e) # [w2] (Th41)-
(In this case, (., Mut1) is a step that leaves x; un-
changed.)
G Mnt1 = Tetr, [21](00) = [21](7r41), and gy, =5, 75
Proor: The definition of 5 and case assumption (4). []
(5Y2. (), Tk41) is an Ny step.
PrOOF: (3)2 and case assumption (4). []
(53. [{m, w2))(10) = [{m, 22)](73) and
[(m, 22)] (1) = [(my 22)] (Trgr)-
Proor: (5)1 and assumption (0):1(a), which implies that z; has
no variables in common with x5 or m.
(5)4. (m, xz2) contains all variables free in N;.
PrOOF: Assumption (0):2 and the definition of M,. [
(5Y5. (Nny Nng1) is an Ny step
ProOF:(5)2, (5)3, and (5)4. []
(5Y6. (Ny, Mng1) Is an 2§ = 7 step.
Proor: (5)1. [
(5)7. Q.E.D.
ProOF:(5)5 and (5)6, since = Ny A (o) = 21) = Npg. [
(4)4. Q.E.D.
PROOF: (4)1, (4)2, and (4)3. []
(3)4. n = Inity A Inity
(D1, 7 | Inity A Inity
ProOF: The definition of U and (3)1 (which asserts 7 = U). []
2. m=mn
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Proo¥: The definition of 7. []
(4)3. Q.E.D.
ProorF: (4)1 and (4)2, since [P](p) = [P](p1) for any predicate P
and behavior p. [J
(Ol nE Ly
5L T E Ly
ProoF: (3)1 and the definition of U7. []
(5)2. For all n > 0:
L.omp—1="7n
2. [, e1))(2e) = [, 20)](7) o1
[(m, 1)) (n2n) = [{my 2] (T41)
Proor: Part 1 follows from the definition of 5. Part 2 fol-
lows from the definition of 1 and (3)2, which implies [m](7,) =
[m](Tn41) when the if condition in the definition is false. []
(5)3. (m, x1) contains all variables occurring free in L;.
PrOOF: Assumption (0):2 and the definition of M;. [
<5>4 T :(m,m) n
Proor: (5)2. [
(5)5. Q.E.D.
Proo¥F: (5)1, (5)3, and (5)4. []
(2. n Ly
(5)L. 7= Ly
ProoF: (3)1 and the definition of U. []
(5)2. pozgy T
Proor: The definition of 7. ]
(5)3. Q.E.D.
Proor: (5)1, (5)2, and assumption (0):1(a), which implies that
z1 does not occur free in L. []
(4)3. Q.E.D.
(3)6. = H
ProOF: (3)3, (3)4, and (3)5, and the definition of H. []
<3>7 T =y, 2) O
Proor: (3)1, which asserts 7 =~ .,y o, and the definition of 7,
which implies 7 ~,, 7. [
(3)8. Q.E.D.
PRrOOF: (3)6, (3)7, and the definition of H. []
(2)4. Q.E.D.
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(1)3. Casge: n > 2, and the theorem holds with p substituted for n, for all

p<n.
LET: mm = (my,...,Mmp_1)
A
rr = <$17 . 7$n—1>
o~ A
TT; = (T1ye  Ticly s Tigly ooy Tn1)
Proor:

by propositional logic
= ANJew A Nigjy Init;
A /\n—l LZ
A M,
by case assumption (1), with n — 1 substituted for p
= Jzx,x, : AN Init;
VA Vicuo Ni A (23] = 7))
AO | Az, =a,)
VN A (T =7,)
ANL;
by case assumption (1), with 2 substituted for p
= e Ny Init; A D[V N A (@ = 8,0y A Niog Li O
(1)4. Q.E.D.
ProoF: (1)1, (1)2, (1)3, and mathematical induction. []

(mm, zz, mn, Tn)

A.2.6 Decomposition and Composition

Theorem 1 is an immediate consequence of Theorem 2. The proof of The-
orem 2 assumes Theorem 3, but Theorem 2 is not used in the proof of any
lemma or theorem, so there is no circularity.

Theorem 2

AssuME: Fori=1,...,n:

1. = C(E) A /n\C(Mj) = I

2. a. = C(E) 4o NC(M}) = C(M,)
b= E; AM = M;
3. v is a tuple of variables including all the free variables of M;.
PROVE: a. =C(E)3 A \C(MY) = N\ C(M])
7=1

i=1
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b.lEEAN AM = A\M;

j=1 j=1
(1)1. For any F, F;, M!, and M; satisfying assumptions (0):1-3, and all

i=1,...,n ):(;\M})i(EiDMi)

(2)1. For j=1,...,n: | M| = (E; % M;)

(3)1. Fori=1,...,n: = C(M}) = (C(E;) ¥ C(M;))
Proor: Assumption (0):2(a), Lemma 1(2), assumption (0):3, and
Lemma 11. [

(3)2. Fori=1,...,n: = M! = (E; = M;)
PRrOOF: Assumption (0):2(b).

(3)3. Q.E.D.
ProoF: (3)1, (3)2, and Lemma 2(2). []

(2)2. Fori=1,...,n: = (\(E; ¥ M;)) = (E % M)
j=1
Proor: The Composition Theorem (Theorem 3), with A; substituted
for M, where hypothesis 1 of the Composition Theorem follows from
assumption (0):1, and hypotheses 2(a) and 2(b) are vacuous when M;
is substituted for M. []
(2)3. Q.E.D.
PRrROOF: (2)1, (2)2, and propositional reasoning. [
(1)2. Conclusion (a) holds.
(2)1. Fori=1,...,n: | (/\C(M]l)) = (C(E) &> C(M;))
j=1
Proor: (1)1, substituting C (L) for F, C(M]l) for M]l, and C(M;) for M;.
Since C is idempotent, this instantiation changes only assumption 2(b),
which becomes & C(F;) A C(M}) = C(M;). This assumption follows
from 2(a), since = P = Py, for any P. []

(2)2. Fori=1,...,n: |= (/_\C(M})) = (C(E)4v = C(M,))

PROOF: (2)1, assumption (0):3, and Lemma 11. []
(2)3. Q.E.D.
PRrROOF: (2)2 and Lemma 1(2) (conjoining over all 7). []
(1)3. Conclusion (b) holds.
1. EEA(A\M) = M,

i=1
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ProoF: (1)1 and Lemma 2(2). [
(2)2. Q.E.D.
PRrROOF: (2)1 (conjoining over all 7). []
(1)4. Q.E.D.

Lemma 18
ASSUME: Fori=1,...,n:
0. M; is a safety property.
1. F and E; are safety properties.
n
2. (En \M;) = E;
i=1

Prove: = (A (B % M) = (E % (\)

Proor: A’_;(E; % M;))
Lemma 5 and assumptions (0):0 and (0):1
assumption (0):2 and Lemma 7, substituting F for R,
Nj=1 E; for P, and Aj_; M; for Q. [

Theorem 3

ASSUME: Fori=1,...,n:

L) A NC(M) = B
2. a. = C(E) 4o n \CQOM) = COM)
b.):E/\ /n\M]‘ = M

J=1

Prove: E A (E; M) = (E % M)
=1

(1. (N (CUES) % C(My) = (C(B) % (N, €M)
Proor: Assumption (0):1 and Lemma 18, since = I; = C(E;) (because
C is superdiagonal). []

(2. (C(E) *> (A=, C(M)))) = (C(E) *> C(M))
PrOOF: Assumption (0):2(a) and Lemma 12. [

(13 £ Ny (s B My) = (E = M)
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(A= (C(E)) *> C(M))) = Nj= C(M;)
1 and TLemma 3(2). U
(2)2. = EA (N2 (B 2 M) = N C(M))
ProoOF: <2>1 since = F = C(F) (because C is superdiagonal) and
= (E; % M; ) (C(E;) > C(M;)) by Lemma 2. []

()1 | C(E) A
Proor: (1)
(A7

(2)3. | EA (N1 (Ej > Mj)) = Nz Ej
ProorF: (2 >2 and assumption (0):1, since C is superdiagonal. []
(24, E EA (N2 (B > Mj) = N
Proor: (2 >3 and Lemma 3(2). [
(2)5. = EA (N2 (B 2> M) = M
Proor: (2)4 and assumption (0):2(b). [
(2)6. Q.E.D.
Proor: (2)5. [
(1)4. Q.E.D.
Proor: (1)1 and (1)2, which 1mply

= A (CE) B (M) = (C(E) = (M)
(1)3, and Lemma];(Q)
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Four
l\'):U. :

ool 35

|...][, 5
enclosing atomic operation, 2
sequence notation, 5

(]9

[-.], 35

A, list of, 9

Vv, list of, 9

action, 9
next-state, 14
angle brackets
enclosing atomic operation, 2
sequence notation, 5
antimonotonic, 36
assumption, environment, 2, 6, 28
assumption /guarantee specification,
6, 28

behavior, 8
intuitive interpretation of, 9
Berthet, Christian, 33
Boolean operator, 8
brackets, angle

enclosing atomic operation, 2
sequence notation, 5

C, 16, 35

canonical form, 9
Cerny, Eduard, 33
Chandy, K. Mani, 31

channel, 5
circuit description as low-level spec-
ification, 1

circular reasoning, 24

closure, 16

closure, machine, 16

Collette, Pierre, 33

complete system, 2
decomposition of, 1-4, 19-27

component guarantee, 2

composition, 1, 4-8, 28-31

Composition Theorem, 29

conditional implementation, 15

conjunction of components, 22-24

conjunction, list notation for, 9

COSPAN, 33

CSP, 31

decomposition, 1-4, 19-27

Decomposition Theorem, 24

Decomposition Theorem, General,
27

Disjoint, 10

disjunction, list notation for, 9

environment assumption, 2, 6, 28

fairness
strong, 9
weak, 9



flexible variable, 8
form, canonical, 9
formula, TLA, 8

function, state, 8

GCD program, 2-4, 9, 20, 23, 25

General Decomposition Theorem,
27

guarantee, 2, 6, 28

Head, 5
hiding, 1, 16
Hoare triple, 31

iff, 3

implementation, 1
conditional, 15

indentation, eliminating parenthe-

ses with, 9

inductively defined system, 27

Init, 9

input variable, 19, 21

interface refinement, 15

interleaving representation, 10

internal variable, 9

invariant under stuttering, 35

Joseph, Mathai, 31
last, 35

machine closure, 16
mapping, refinement, 12
Misra, Jayadev, 31
monotonic, 36
multiplier
recursive definition, 27
verification, 33

next-state action, 14
noninterleaving representation, 10

64

number, statement (in proof), 36

open system, 4
operator
Boolean, 8
precedence of, 9
output variable, 19, 21

Pandya, Paritosh K., 31

Plotkin,Gordon, 33

Pnueli, Amir, 1, 31

predicate, state, 8

program as low-level specification,
1

proof style, explanation, 36

queue, 5-6, 10-12, 20-23, 30-31
implemented by two queues,
12-14

real-time specification, 15
refinement mapping, 12
refinement, interface, 15

safety property, 8, 15
semantics of TLA, 8-10
sequences, notation for, 5
SE, 9
specification
assumption/guarantee, 6
higher-level, 1
low-level, 1
real-time, 15
Stark, Eugene W., 31
state, 8
state function, 8
state predicate, 8
statement number (in proof), 36
step, 9
stuttering, 1



strong fairness, 9
stutter-free version of a behavior,
35
stuttering equivalent, 35
stuttering step, 1
stuttering, invariant under, 35
subaction, 16
superdiagonal, 36
syntax of TLA, 8-10
system
defined inductively, 27
open, 4
system guarantee, 6, 28
system, complete, 2

Tail, 5
Temporal Logic of Actions, 1
TLA, 1, 8-10

Unity, 33
universe, 9

valid, 8
variable
flexible, 8
hiding of, 1, 16
history, 31
input, 19, 21
internal, 9
intuitive interpretation of, 9
output, 19, 21
primed, 9

weak fairness, 9

WF, 9

Yu, Yuan, 33
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